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ASYMPTOTICS FOR DILUTE EMULSIONS WITH SURFACE TENSION

GRIGOR NIKA AND BOGDAN VERNESCU

ABSTRACT. We consider an emulsion formed by two newtonian fluids, one being dispersed
in the other under the form of droplets, in the presence of surface tension. We investigate
the dilute case where the droplet size a. is much smaller than the distance € between
the droplets’ centers. We prove that the limit behavior when € — 0 is described by the

unperturbed Stokes flow and estimate the order of convergence rate of the velocity to be

a?/Q. We improve the convergence result and determine the first corrector in the velocity

expansion. Taylor’s and Einstein’s viscosity formulas are recovered.

1. INTRODUCTION

A fundamental question in hydrodynamics is the characterization of the behavior of sus-
pensions, emulsion and foams, in terms of the properties of the different phases, geometry
and volume fraction.

The work on dilute suspensions of rigid spherical particles in a viscous fluid starts with the
papers of A. Einstein [7], [8] who showed that dilute emulsions have a newtonian behavior
and derived the well known effective viscosity formula:

(1.1) pIt = (14256 + O(6°)) po-

where the fluid viscosity is pg and ¢ is the volume fraction of particles.

Emulsions of small fluid droplets were studied by G. I. Taylor [22]; he generalized Ein-
stein’s viscosity formula for suspensions of rigid particles to emulsions of spherical fluid
droplets suspended in a viscous fluid

eff _ 2p0 + Spta 9 >
012) et = (14 22 4 06 )

where the fluid viscosity is pg, the droplet viscosity is pg and ¢ is the volume fraction of the
droplets. From here Einstein’s formula can be obtained for pg — oco.

Using the homogenization method, T. Lévy and E. Sanchez-Palencia [14] obtained the ve-
locity asymptotics for small concentrations and also derived the emulsion viscosity behavior
in terms of the volume fraction ¢

eff _ 5(pta — 1o) 2 )
(1.3) ptl = (1 S T 30 ¢+ O(¢%) ) po-
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The same formula for spherical droplets (1.3) is obtained in the paper of H. Ammari et
al. [1], where the authors extend their previous work on elastic composites to emulsions of
droplets of arbitrary shape without surface tension. The latter paper is extended to the case
of emulsions with surface tension in the work of E. Bonnetier et al. [4].

The two formulas (1.2) and (1.3) do not agree, and one can observe that in the case
of similar viscosities, pg = pg, in the framework of (1.3) one obtains that there is no
perturbation of the flow in the presence of droplets, although keeping the droplets spherical
should perturb the flow. This is due to the fact that in [14], [1], [4] the boundary conditions
at the droplet interface are imposed in the Lagrangian frame, while the Stokes equations are
written in the Eulerian frame.

The non-dilute case for emulsions with surface tension was studied in [16] in the framework
of the homogenization method and the Stokes homogenized limit was obtained using two-
scale convergence. Upper and lower bounds for the effective viscosity were derived in [16]
and were shown to agree with Taylor’s formula (1.2) in the dilute limit for spherical droplets.

We should also mention here that the case of non-convected droplets was studied in the
framework of periodic homogenization in [15] and in [19]. In the former a Darcy-type flow
is recovered in the limit, while in the latter a Stokes or a Brinkman type flow is obtained,
depending on the speed of convergence to zero of the ratio between the particle size and the
distance between the particles’ centers.

In this paper we study the asymptotics of the velocity in the case of dilute emulsions
of arbitrary shaped droplets of size a., in the presence of surface tension. The system is
modeled by a stationary Stokes flow in an open, bounded, Lipschitz domain € in R™ with
n > 3. We assume that the distance between the droplets’ centers to be €, with € > a. and
that the droplets do not intersect 9f2.

In Section 2. we formulate the problem and explain the choice of boundary conditions on
the surface of the droplets. The weak formulation and the setting for the periodic problem
is given in Section 3. The corresponding local problem on a reference cell is given in Section
4. and the convergence of the solutions results from our previous work [19].

In Section 5. we derive the convergence of the emulsion velocity v to the velocity field
v° corresponding to the unperturbed flow; this is done using I'- convergence of the corre-
sponding functionals and in Section 6. the rate of convergence is shown to be

0

v — U||(Hg(ﬂ))" < Ca?/Q-

Furthermore, in section 7 we find the a term in the expansion of the velocity, which
involves bulk and surface polarization tensors. The formula for the effective viscosity of the
dilute emulsion is derived in Section 8. and the first term in the volume fraction expansion
recovers G. I. Taylor’s result [22].

2. VISCOUS DROPS IN A VISCOUS FLUID WITH SURFACE TENSION

We will consider in which both the droplets and the ambient fluid are Newtonian and
incompressible and the flow is at low Reynolds numbers; thus the flow will be governed by
the Stokes equations and the velocity will be solenoidal.

To make things more precise, let us denote by ) the domain occupied by the emulsion,
by Q1 the domain occupied by the droplets, of viscosity ug, and by 22 the domain occupied
by the continuous liquid phase of viscosity po and Q = Q; U Qy. The droplets are denoted
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by T, and their surface by S;; the union of the bubble surfaces S = Q; N Qy. The problem
is described by the balance of momentum and mass equations

(2.1) —div (—pI +2u(x)e(®))=Ff in QU
(2.2) dive=0 inQ

where v and p represent the fluid velocity and pressure, f are the body forces, u(x) = ugq if
z € Q and p(x) = po if £ € Qo and the strain rate tensor is e(v) = (Vv + (Vv)T). The
stress tensor will be denoted by 0 = —pI 4 2 u(z) e(v).

As was mentioned in the introduction, it is important to understand the boundary con-
ditions on the interface between the two fluids in the emulsion problem.

i. First a kinematic boundary condition needs to be imposed on the droplet boundary to
ensure that the boundary remains a material interphase boundary.

Let us assume that the shape of the droplets is given by the surface F(t,z) = 0. Then
the normal velocity of the droplet boundary is given by

aF
ot
Vo |
The kinematic boundary condition on the droplet surface imposes the normal velocity of
each fluid to be equal to the normal velocity of the surface:
o
(2.3) [v-n] =0, andv-n Ml
Let us now assume that, although it moves, the droplet shape does not change in time,
thus F(t,z) = G(z'), where &’ are the coordinates of a point on the droplet surface in a
moving frame, with orthonormal base {€’;}, centered at the center of mass . of the droplet.
Thus

v-n=—

6/1‘

dt

' =z -z, and = A;j€';,
with A = (4;;) an antisymmetric matrix. Then
o= e =) € Aue —wule'))
and thus the kinematic boundary condition becomes
(2.4) [v-n] =0, andv-n= (v’ + Alx —z.)) - n.
Let us observe as in [19] that the kinematic boundary condition (2.4) implies

1
(2.5) vl = — vdr.
Te| Jr,

and the normal velocity in (2.4) can thus be written as

1
v~n:(/ vdx+A(z—xc))~n.
Tel Jr,

In the particular case of spherical droplets £ — z. is parallel to n and thus the kinematic
condition (2.4) reduces to

(2.6) [v-n] =0, andv-n:<|TlA/T'vdx>-n.

0
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ii. A second type of boundary condition connects the jump of the stress across the
boundary to the surface tension. Indeed on the droplet surface there is a stress jump
[on] # 0, and (2.1) is only valid in ; and €. The stress jump can be obtained from the
principle that the forces on an element of interfacial area of arbitrary shape and size must be
in equilibrium, because the interface is assumed to have zero thickness and thus zero mass.
One can thus obtain [12]

[on] = A (Vs -n)n — VA
where A is the surface tension and V, = V —n(n - V) is the surface gradient operator. If

the surface tension is uniform, the stress has only a normal jump across the interface, that
is proportional to the surface tension and the mean curvature x:

(2.7) [on] = Akn.

iii. A third type of boundary condition that needs to be imposed is the balance of forces
and torques for each droplet:

(2.8) [on]ds = 0, and / (x — z.) X [on]ds = 0.
Se Se

Let us show that in the case of uniform surface tension (2.8) is satisfied. Let us assume
that T, has a W2 boundary and that g € W21(T}) and u € (C*(R™))" uniformly bounded
and use the formula for integration by parts on Sy = 9T} ( see [10]):

(2.9) / (v-Vg+gdivew)ds = / (89 + Iig) v - nds
S s on

where divgy = div v — Von - n.
From (2.9) for g = X and v = e; we get that

[on]ds = / Aknds = 0.
Se SE
Similarly by denoting y = x — z. from (2.9) for ¢ = A and v = e; X y we have

/Sl(x —xz.) X [on] - e;ds = / Ak(y X n) - e;ds =

S

= / Ak(e; X y) -nds = / Adivg(e; x y)ds = 0.
Sz SIZ

For simplicity on the exterior boundary we will consider a no-slip condition:

v =0 on 99.

3. PERIODIC HOMOGENIZATION FOR DROPLETS OF ARBITRARY SHAPE

Let Q € R™, n > 3, be a bounded open set with Lipschitz boundary I' = 012, and let
1 1\"
=\-3 2> be the unit cube in R™. For every € > 0, let N€ be the set of all points
£ € Z™ such that €({ +Y) is strictly included in © and denote by |N€| their total number.
Let T be the closure of an open connected set with Lipschitz boundary, compactly included

in Y. For every € > 0 and £ € N° we consider the set Ty CC e({+Y), where T = el +aT,
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and a. = O(¢"/("=2)). The set T represents one of the droplets suspended in the fluid, and
S = 0T denotes its surface. We now define the following subsets of €2:

Q= J Tr, =0\,
leN¢<
where 21, is the domain occupied by the droplets of viscosity pg, and g is the domain
occupied by the surrounding fluid, of viscosity pg. Let m be the unit normal on the boundary
of Q9. that points outside the domain.
The problem describing the flow in the presence of droplets is the following:

(3.1a) —div 6° = f + Ackenxse in €,
(3.1b) 0 = —pI+2ue(ve),
(3.1c) div v =01in Q,

with boundary conditions on the surface of each droplet T, £ € N°:

(3.2a) [v] =0 on S,
(3.2b) v =V"4wx@E—z) ons,

and, for simplicity, no-slip condition on the exterior boundary

(3.3) v=0 onl,

where x g represents the characteristic function of the union of the droplet surfaces S, []
denotes the jump across S7, w is an unknown, constant vector in R", z! the position vector
of the center of mass of the droplet Tj, and the viscosity u¢ defined as

if Q1e,
p@) =i
wo if x € Qoe.

The boundary conditions (3.2) are those deduced in the previous section. Moreover, we
have that the droplet velocities are related to the flow by the following:

1

VE,E -
T5| Jre

v dx
3.1. Weak formulation. The emulsion flow problem in (3.1) — (3.3) has the equivalent
variational formulation: For any f € (LQ(Q))n7 find v¢ € V¢ such that,

(3.4) / 2 e(v): e(w)de = / f-wdz, for any w € V°,
Q Q
where V¢ is the closed subspace of (H&(Q))n given by:

C

Ve = {'we (H3()" | divw =0in Q, w=W" +wx (z —2%) on S, weR?’}.

The proof of the equivalence is similar to the one in [19] and relies on the fact that,
for uniform surface tension, the jump of the stress is of the form (2.7) and thus (2.8) is
automatically satisfied.

The existence and uniqueness of a weak solution of the emulsion flow problem follows
from the Lax-Milgram lemma. Furthermore, v€ is the unique solution of the problem:
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Find v¢ € (H}())" such that

(3.5) Jw) = min  J(u)
ue(HI(Q))"
where
(3.6) J(u) = /Q;f e(u): e(u) de + Iy (u) — /Qf ‘udz

and Ip represents the indicator function of the set D, defined by

0 iftseD
]b@%‘{+a) if s¢ D

4. THE LOCAL PROBLEM

Let us consider for some £ € N the reference cell, Y/: = ¢({ +Y') and the ball Bj with
center in the center of cell £ € N€¢ and radius €/2. The local problem is defined as finding
(w*e, ¢*¢) solutions of

—div g% = Ak enXss in B;\Sy,
o.ke _ _qkeI+ 2/}(16(1‘0166)7
divw* =0 in B,
(4.1) L
[w™] =0 on Sy,
w =W +wx (y—vy’) onsSy,
whe = ey, on 0By,

where ey, is the k" - unit vector of the Cartesian base and p = g in Tf and pu = pg
in B — Ty. Existence and uniqueness of a solution to (4.1) is established as in [19] and
furthermore the following result is also proved:

Lemma 1. If a. = O(¢"/("=2) then the solution to the local problem (4.1), w*e converges
strongly to ey, in (H(2))".

5. A CONVERGENCE RESULT

Using (3.6), let us define the energy functional E€: (H} (Q))n — RU {400} by
(5.1) Ef(u) = / ue(u): e(u) de + Iye(u).
Q

Theorem 1. The sequence (E€)_ defined by (5.1) I' - converges in the strong topology of
(H} (Q))n to the functional E defined by

(5.2) E(u) = /Quo e(u): e(u) dz + Iy (u),
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where V' is the closed subspace of (H&(Q))n defined by
V= {w € (HL(Q)" | divw = o} :

Proof. We first remark that for every u € (Hj} (Q))n which is not divergence-free in ) we
have

' —liminf £*(u) =T — limsup E¢(u) = +o0.

e—0 e—0

and thus we only have to deal with divergence-free functions.
In order to prove the theorem we have to prove the following two assertions

(a) For all v° € V there exists a v € V¢, v — v in (HF(Q))" such that lim E¢(v¢) =
e—

E@°),
(b) For all u® € V, for all u¢ € V¢, u¢ — u® in (H&(Q))n such that limi[r)leE(ue) >
e—
Eu).

Part (a). Let v° € (D(Q))" such that div ¥° = 0. Define the sequence v¢ in the following
way (see [5], [23]):

v9(z) in £ — B,
(5.3) ve(x) = ¢ v0(z) + (wh(z) — ex)vd(zl) — curl (Vder) in B — T§,
vp (@) w (z) in T§,

L

where ¥ is the vector valued function associated with v°(z) — v°(x

properties listed below:

) with some relevant

1. divog =0,
2. curl (D) =2v°(x) —vO(zfh),
~ 0 0/,
(5.4) B [Weell 2oy < Cac [0 (@) = 0" @0)]| 2y -
_ 0 0/t
4. ||vv€éH(L2(BZE))”X" < C HU (flf) -0 (mc)H(LQ(Q))" ’
5. ) curl (Beeger) — 0 strongly in (Hg(€))" as e — 0.
(ENE
and where
z— gzt 1 ifzeTyf
e\ L) = C7em€DB€7€‘T: .
Pee(T) ¢z< . ) der(x) € D(BY), derlm) =1 if £ € By — B,

with supp(¢ee) C By, where By« is the ball with center the center of cell £ € N¢ and radius
2a.
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One can now verify, that the sequence v° is divergence free, belongs in (H3(Q))", v¢ =

W +wx (y—y’) on S§ and v — v° in (Hol(Q))n Hence, computing F°(v¢) we obtain:

Z/Y ® iz + 3 / pofal)ol, @h)e(™): e(w™) do

leEN€ leN¢€

/B TEQ/wk (x")e@?): e(w") dz — Z/B Te?ue(vo):e(curl (Vepder)) dae

LeENE

/ 2;“% (@))e(w): e(curl (Fuou)) do

LeEN¢E

LeEN¢

/ e(curl (Verder)): e(curl (Verder)) dx

LeEN¢€

:/ Me(UO); e(v?) dz + o(1)
O\ Qe

Passing to the limit we obtain lim._,o E<(v¢) = E(v"). For v° € (H} (Q))n we use a
diagonalization process to complete the argument.

Part (b). Let u¢ € V¢ such that u® — u® in (H; (Q))n, where u® € V. Moreover, assume
that v° € (D(Q2))" such that div v° = 0 and define the sequence v¢ as before. Using a
sub-differential type inequality we get:

(5.5) B ) > B (o) +/Qz,fe(v6); e(us — v°) dz.

Due to the strong convergence of u¢ — u’, and v¢ — v° in (H{(©2))" we can pass to
the limit first as € — 0 then using the continuity of the functional £¢ and a diagonalization
argument to make v° — 4 in the strong topology of (Hé(Q))n we get, lim iglf E¢(uf) >

€E—

E(u). O
An immediate consequence of Theorem 1 is

Corollary 1. The sequence {v¢} of solutions to (3.5) is convergent in the strong topology
of (H ()™ to v solution of

Findv € (H} (Q))n such that,

(5.6) Jw)= min J(u),
ue(HL(Q))"
where
(5.7) J(u) = /Quo e(u): e(u) de — /Qf-uda: + Iy (u),
and

v={we (HQ)" |divw=0ina}.
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6. ASYMPTOTICS OF THE VELOCITY FIELD FOR A SINGLE DROPLET

We now consider the emulsion flow problem for a single droplet T centered at z. in (2
and of size a.

(6.1a) —div 2p e(@) —pI) = f + AckeNgXse in Q,
(6.1b) div v¢ =0 in Q,
(6.1c) [v] =0 on S¢,
(6.1d) v“=V4twx(z—z.) on S¢,
(6.1e) v°=0 on I

where as before §¢ = 9T and p(x) = pgq if x € T¢, and p(x) = po if x € Q\T°€ .

The weak formulation of this problem is as in (3.4), where the number of droplets is
reduced to one. In the limit as € — 0 the velocity vector field v¢ will converge to v solution
to the unperturbed Stokes flow problem

—div 2poe(w) —pl)=f inQ,
(6.2) dive=0 inQ,
v=0 onl.

Theorem 2. There exists a constant C' > 0 independent of € such that

[ — ”||(H3(Q))” <Cal?
Proof. See [4], theorem 3.2. O

Next we want to improve on Theorem 2 and find the next term in the expansion v¢. The
main result will be shown in the Main Theorem. To prove this theorem we will adapt the
method used in Ammari et al. [1] and Bonnetier et all. [4] to our problem that includes the
kinematic boundary condition and use some results from Maris and Vernescu [18].

First let us denote by (G, F') the Green’s tensors associated with the homogenized flow
in (6.2)

—div (2per(Gi(z,2)) — Fi(z,z)) = e;6(xz — 2) in Q,
(6.3) div ,Gi(z,2) =0 in Q,
Gi(z,z)=0 on .

Moreover, we introduce the following problems centered at the origin,

—div (2,ue(¢kl) — SMI) = AKNyXs in R”,

div ¢*' =0 in R",
(6.4) [¢"] =0 on S,
¢kz _ ¢c,k:l +wkl Xy on S,

¢kl — BN at oo,
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—div ,(2pey (V) —q¢°I) = Akny xs in .,

div V¢ =0 in Q.,
(6.5) [vel=0 on S,
VeE=V*4wxy on S,

Ve=e()(z.)y on 09..

—div ,(2pey(V) —qlI) = Aenyxs in R”,

div ,V =0 in R™,
(6.6) [Vli=0 on S,
V=Viwxy on S,

V = e(v)(z.)y at oo.

where BF! = (emk +epn; — %nyékl), wF! w are unknown constant vectors in R”, ¢&kl Ve
and V¢ are defined in similar spirit as in formula (2.5), and Q. is the scaled domain defined

the following way
Q, = {y:x—zc xeﬂ}.
a

€

For simplicity we have assumed (2. to be a ball in R™.

The balance of forces and torques for each problem is automatically satisfied by virtue
of formula (2.9), whilst existence and uniqueness of the above problems follows from the
theory of pseudo-monotone operators in Hilbert spaces [17].

In what follows, it will be convenient to re-define problems (6.4), (6.5), (6.6). In accor-
dance we define ¢*' := k! — BFl. W< := V¢ — e(v)(z.)y, and W := V — e(v)(z.)y. Hence,
we obtain the following corresponding problems for (6.4), (6.5), and (6.6),

—div (2/,66((}3“) — 5“]) = AKNy Xs

2 o
— (pta — o) (erny + exng — ﬁnyfskz)Xs in R",

6.7) div ¢:l =0 in R",
[¢ 1=0 on S,
qgkl — BN 4 ¢4kl y on S,
&kl —0 at oo,
—div y(2pey (W) —¢°I) = (A1 —2(po — pa) e(w)(xe))nyxs in €,
div ,W° =0 in .,
(6.8) Wwe=0 on S,
We=—eu)(z.)y+ V> +wxy on S,

We=0 on 9€,.
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—div ,(2p1e,(W) — 1) = (AR T —2(o — pa) elw)(@))myxs  in R,

div ,W =0 in R",
(6.9) W]=0 on S,
W=—eu)(x.)y+V-+wxy on S,

W -0 at oo.

Lemma 2. There exists a constant C' (independent of €) such that

”ey ('Ue(aey + xc) - 'U(aey + xc') - aeWE(y))H(L2(Qe))"X” < Ca?
Proof. See [4], lemma 3.3. O

Lemma 3. There exists a constant C' (independent of €) such that

lley (v (acy +x.) —v(acy + ) — QEW(y))”(B(QE))nM < Cag,/z

Proof. In view of Lemma 2 it is enough to show that

lley (W =Wl 120 yynnn < Call?
This follows from a result in [18]. O

In this subsection we derive the first corrector of the velocity expansion, expressed in
terms of the Green’s tensors and bulk and surface polarization tensors.

Main Theorem. Under the above hypotheses, for any z € Q) at a distance d > 0 away from
T we have

n

0§ (2) = vi(2) + 2 (o — pa) al €2 (Gi) (., 2): / ear(v)(zc) ey (8" (y)) ¢ dy

T\ k=1

—ag Aex(G)(xe, 2): /ny®nydsy+(9<a?+%>

S

7. THE PROOF OF THE MAIN THEOREM

Using (6.3) and (6.2) we have

UZ(Z):/S;Q,M()@I(GJ6x(’l))d$:/QfGld.'L'

Similarly, using (6.3) and (6.1a) — (6.1e) we have
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vf(z):/QQ,uoex(Gi(m,z)):em(ve)dm:/QQMez(vﬁ):ez(Gi(z,z))dz
4 [ 200 o) es0): e2(Gilo. ) do
:/f-Gida;—&—/ )\eﬁzsnr-Gi(m,z)dsz—&—/ 2 (o — pq) ex(v9): ex(Gi(z,2)) dx
Q . ;

Thus we get,

(7.1) (v —v)(2z) = / Ac kg - Gi(x, 2) dx + / 2 (o — pa) €2 (V%) : ex(Gi(z, 2)) dx

We compute the integral over the surface first and we get,

(7.2) / Ae ke Ny - Gi(x,2) ds, = a?’l / Akny - Gi(acy +x.,2) dsy
e s

=a"! /S A&y - Gz, 2) dsy + al /S Neny - V,.Gi(z.,2)yds, + O(alth)
=a” /S Neny - V,.Gi(z.,2)y ds, + O(al )

=—a! /S AV.Gi(xe, 2)ny, -y ds, + O(al™)

= —al Ny (Gi(zc, 2)): /Sny ®@n, ds, + O(a’)

where we used an expansion on G; and formula (2.9).
To compute the term over the droplet T we define the following,

R.(y) = v(ay +z.) — vlay +2.) —a. W(y), r.(@)=R. (" “"”C) _R.(y)

Qe

Thus,

/( 2 (o — ta) x(Gi(,2)): ey (v°) da = / 2 (o — p1a) ex(Gi(x, 2)): ex(re(x)) dx

€

[ 200 - ma) es(Gita,2): e (Wc) W <H>> “

Qe

The first integral above, in view of Lemma 3, becomes

(7.3) / 2(pi0 — ) (G2, 2)): ealr* () do
= | 20— i a(Gilay + 202): (R @) dy]
<CdtE

For the second integral we have,
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(7.4) / 2 (1o — j1a) €2 (Gi(x,2)): €s (v(z) Ya W ("” - ””)) dz

Qe

= 2 (10— j1a) a” /T er(Gi(ay +20,2)): (ex(@(acy +2.)) + e, (W(y))) dy

= 2 (o — ra) @ /T er(Gi(e,2)): {ea(v)(@e) + ey (W(y))} dy + O(ar*)

Kl
To complete the proof, we write W (y) as a linear combination of ¢ , solution to (6.7),
the following way,

Replacing W (y) in (7.4) we get,

(7.5) / 2 (1o — 1a) €2 (Ci(m,2)): € <v(a:) ta W (”)) iz

Qe

=2 (po — pa) af / €x(Gi(xe,2)): { ea(v) (@) + eoa(v(@.) ey () | dy

T k=1

s

+ O(a*)

Combining (7.1), (7.2), (7.3), (7.4), (7.5), and substituting qgkl(y) = ¢"(y) — B* we get

n

(v —v3)(2) = 2 (o — pa) a e (Gi(ze, 2)) / > eani()(@e) e, (8" () p dy

T k=1

_ a?/\ex(Gi(zc,z)); /ny ®ny dSy +0 <a?+%>
S

8. ASYMPTOTICS OF THE VISCOSITY FOR EMULSIONS WITH SPHERICAL DROPLETS

This section demonstrates that the kinematic condition, given by (6.1d), is essential to
obtaining the proper solution to problem (6.1). The use of the kinematic condition leads
to the recovery of the proper effective viscosity given by Taylor’s formula (1.2). The results
of this section rely on the work of [11] and [16] to compute the effective viscosity of the
emulsion. We assume that the droplets have a spherical shape with fixed centers of mass.
Moreover, we define the following tensors

1 1 i 1 1
Aijii = 5(6z’k5jl + 6udjK) — Eéij(skla By = i(yj dir +yi Ojk) — E(Sijyk
In periodic homogenization, the local problem for the suspension of spherical droplets of
viscosity pq in a viscous fluid of viscosity po has the following form [16]:
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—div ,(77) =0 inY -8,
div " =0 inY,
[v"] =0 on S,
L 1 .
BY 4+ v72) ny, = (/ vy dy) Tom on S,
(8.1) ( ) 5/,
[7%n] = [t n] -nn on S,

v¥ is Y-periodic,
[rn]ds, =0
dB
where Y is the unit period cell, S is the surface of the spherical drop, and

Tt = 2 14(Aijmt + €mi(v)) = pY b1
We remark that since the shape of the drop has already been determined, one cannot

impose the normal stress balance.
We define the Hilbert space Vper = {w € (Hp,,.(Y))" | divw =0} /R . Moreover, we

per
define the closed, convex, and unbounded subset of V., by

Hi — {w € Vper | (Bf,{+wm) Ny, = <|;|/ wmdy> Ty, ONL S} /R.
B

The weak formulation of (8.1) yields the variational inequality: Find v € Vper such that

(8.2) / 2 peri(BY 4+ v9)er (¢ —v7) dy = 0 for any ¢ € HY
Y

for which local existence and uniqueness results can be found in [17].
According to [16], the formula for the homogenized coefficients is

1 ” 1 ii
(8.3) QHgkl = m /Y(Tkg 5kl dy / [5 qu Ying + qu Yk nq) ~3 5lep{] Yp gl dsy

Using the divergence free feature of the vector field B* + v* we can re-write (8.3) as
follows:

1 ii 1 i i 1 ij
2uiulV1 = [ o = o)y [T (a4t ) = g ourup el d
17 1 7 7
= [ i = gouray = [ Irgn i as,
Y
1
:/Y(Tkl 30k 7o) Y = / [7els nol ma By ny dsy

N /YT’Z’?’ epq(B™ +v*) dy = /y 2 p1epg(BY +v") epg(B¥ +0™) dy
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Since the shape of the drop is spherical we can solve problem (8.1) explicitly for two
concentric spheres of radius a and b with b > a as in [11] and obtain

(8.4)
yH o oA (12 F N (5AT(1 —n) + (51 +2))
ight K 34X —n)+5AT(5n—2) —42n A5 +5X3(5n+2) —4(n+1)
where A = a/b and n = pg/po. Moreover, we remark that the concentration, ¢, of the
spherical droplets is given by:

I
For low concentrations (i.e. A small) we can expand (8.4) to yield

5n + 2
(8.5) uZm = pio Aijii (1 + h ¢+ 0O (¢2))

Hence, the effective scalar viscosity p*, is the viscosity of the Newtonian fluid that behaves
as the mixture of arbitrarily oriented spherical droplets of viscosity pq4, that are invariant un-
der suspension rotation. The effective scalar viscosity is computed as the angular averaging
of the tensor in (8.5)

(8.6) W= po (1 + % ¢+ 0 (¢2)>

which agrees with Taylor’s result [22].

9. CONCLUSIONS

We consider an emulsion formed by two Newtonian fluids, one being dispersed in the other
under the form of droplets, in the presence of surface tension. We investigate the dilute case
where the droplet size a. is much smaller than the distance ¢ between the droplets’ centers.
We prove using I'-convergence in Theorem 1 that the limit behavior when € — 0 is described
by the unperturbed Stokes flow and in Theorem 2 we estimate the order of convergence of the

velocity to be a?/ 2 In the Main Theorem we improve the convergence result and determine
the first corrector in the velocity expansion. Our results differ from [4] due to the fact
that the corrector ¢*! is the solution to a problem that takes into account the kinematic
condition, and as a result Taylor’s and Einstein’s viscosity formulas are recovered in (8.6).
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