Orthogonal |
JEPE Vol 1, 2015, p. 63-74

ASYMPTOTIC BEHAVIOUR OF THE SOLUTIONS OF NONLOCAL
p-LAPLACE EQUATIONS DEPENDING ON THE L NORM OF THE
GRADIENT

MICHEL CHIPOT AND TETIANA SAVITSKA

ABSTRACT. In this paper we extend some results regarding the asymptotic behaviour of
a class of nonlocal nonlinear parabolic problems, which have been previously considered
in [7]. In particular, we obtain a local stability result for isolated local minima of the
energy functional associated to this class of problems.

1. INTRODUCTION

In this paper we consider the asymptotic behaviour of the solution u = w(x,t) of the
following problem

uy — V- a(||[Vul[B)[VulP2Vu = f  in Qx(0,T),
(1.1) u=0 on I' x (0,7,
’u/(~70) = Ug in Q,

where € is a bounded open set of R", n > 1 with Lipschitz boundary I'. In what follows we
assume a’ is continuous and that there exist constants A, A such that

(1.2) 0<A<a(pw) <A VueR
By | - |, we denote the LP(€)-norm, 2 < p < 400 and we assume

1 1
(1.3) f=f(z) € L*(Q), uo € Wy " (Q), PRt

The motivation to study this type of problems can be found in [1], [3] —[8] and the references
therein. This problem has been considered in our previous work [7], where the existence
and uniqueness of a weak solution has been obtained and the question of the asymptotic
behaviour has been addressed. In particular, we know that if the stationary problem has
a unique solution, then the solution of problem (1.1) converges to this unique equilibrium.

2010 Mathematics Subject Classification. Primary: 35K92, 35B35, 35B40; Secondary: 35A01, 35D35.

Key words and phrases. nonlocal problem, asymptotic behaviour, asymptotically stable, p-Laplace
operator.

Received 01/10/2014, accepted 15/05/2015.

63



64 MICHEL CHIPOT AND TETIANA SAVITSKA

However, it has been shown that the corresponding stationary problem may have from one
up to a continuum of solutions, which are also critical points of the energy functional:

(1.4) E(u) = %A ( /Q Vupdx) _ /Q Fuda

with
(1.5) A(z):/o a(s)ds.

Furthermore, in [7] it was shown that the critical points can be either local minima or saddle
points of the energy functional (1.4), depending on the function a (see Figure 1.1 and (4.3)).
We already know [7] that an isolated global minimum of E is asymptotically stable. The

Y Yy
1 t\y=uw
[ —Q i fa—a  f oo it gt ra g
(a) Case of a local minimum (b) Case of a saddle point
Figure 1.1

main result of this paper is the following theorem:

Theorem 1.1. Under the assumptions above the isolated local minimizers of the energy E
defined by (1.4) are asymptotically stable.

The paper is organized as follows. In the next Section we formulate and prove some
auxiliary lemmas, which are used throughout the paper. In Section 3 existence, uniqueness
of a strong solution and its convergence to a stationary solution is shown. In the last Section
we describe the proof of Theorem 1.1.

2. SOME AUXILIARY LEMMAS
Lemma 2.1. Let g : Ry — Ry be a continuous function with g(x) > 0 Va > 0 or such that

(2.1) VYo > 0 small, sup g=C, > 0.
[a,2a]

Let y, h be nonnegative functions, y continuous such that

“+o0 “+o0
(2.2) /0 y(s)ds, /0 h(s)ds < 400,

y(t) — y(s) < / (9(y(€)) + h(€))de, Vs < 1.
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Then it holds that
lim y(t) = 0.

t—+o0

+oo
Proof. From the condition / y(s)ds we have that hrn+1nf y(t) =0.

Suppose that limsup y(¢) > 0 and choose « such that limsup y(t) > 2a. By the mean value

t——+oo t—+oo
theorem one can find a sequence of disjoint intervals (t,,t),), t, — +oo such that

y(tn) = a < y(t) < 20 =y(t,) VtE (tn,ty,).
Then from the last inequality of (2.2) and (2.1) it holds that

¢

n

a=y(t) —y(te) < /t ng(y(s))ds+/t " h(s)ds < Calt!, — ) +/t h(s)ds.

n n n

28
For n > ng large enough, by (2.2), / h(s)ds < — and from above we get
tn

It follows that

—+o00 d Oé2
> - =
JRECCEDS / A

0 n>ngo n>ng

and a contradiction. O

Lemma 2.2. Letp > 2, a,b € R. Then

7 [bf".
2

1
1—s)|a+ sb|P~2|b?ds >
0 et sbr e > s

Proof.
(i) Let us first assume that |a| > |b|. Then we have that
la+ sb| > [a] — slbl > 6] — slo| = (1 = 5) o], s € [0,1].
Consider now

1 1 |b|p
/ (1 —s)|a+ sb|P~2|b|*ds > / (1 — )P Lp|Pds =
0 0
and the statement of the lemma holds.
(ii) Let now |a| < |b|. Then we see
la + sb| < |a| + s]b] < (1 +s)|b] <2]b] s€]0,1].

Hence,

1 1 1
_ + sb|P o1
1— b|P~2|b|%d :/ 1— o b|%ds / 1— b|Pds.
/0( s)|a + sb|P~=|b|"ds O( 8)|a+$b|2|| 4 (1 —s)la+ sbPds
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1
. P . . .
Since / 2(1 —s)ds =1 and X — X = is convex by Jensens’s inequality we get
0

1 ., 1 1 5
/(1—5)(|a—|—sb| )2ds >2(/ 2(1—3)(|a|2+25ab+52b|2)ds>
0 0
a2+ Zap+ L) s a2 = 2 L) ?
= (10 + Sab+ 22)” = 2 (10l = Slallb] + 2 i) "
2 b2

Using the Young inequality ab < % + 5 and combining the two inequalities above

we obtain the statement of the lemma.

O

3. ASYMPTOTIC BEHAVIOUR AND REGULARITY

Theorem 3.1. Let the assumptions above hold. Then for any T > 0 there exists a unique
L2-strong solution u of (1.1) such that

(3.1) ue C0, T Wy P(Q), g, V- |VulP~2Vu e L*(0,T; L*()).
Moreover, u(t) = u(-,t) converges to a stationary point in Wol’p(Q) when t goes to infinity.

Proof. Consider ¢1,...,¢n,... a basis in W22=1)(Q) such that
(3.2) wi € Hy(Q), (#i,v)ms0) = 1i(wi, v)r2(0) Yo € Hg (),

where s is chosen in such a way that Hg(Q) ¢ W22P=1(Q) (see [11]). We will suppose that
@i are orthonormal in L2(Q) (W22(P~1(Q) C L?(Q), since p > 2). If ug = 3. Bip; consider

t) = Z Yi(t)p

solution to

/ dyodz + a(|[ Vg |2) / IVt P2V, Vode — / fuda
Q Q Q

(33) V’U € [9017"'790n]7

n
=> Bipi,
=1
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where [p1,...,pn] is the space spanned by ¢1,...,¢,. Taking v = ¢, and using the fact
that the ¢;’s are orthonormal we see that (3.3) is equivalent to the Cauchy problem

= _a(H i%(t)Vapi :) /Q‘ i%‘(t)v%‘ ’

_o
> ilt) Ve Vipjda
=1

34
(3:4) +/fg0jdx, Vi=1,...n
Q

’}/j(O):ﬁj, Vj:l,...n

By the existence theorem for ordinary differential equations this Cauchy problem possesses
a solution v, € C%([0,6)), § > 0. Taking v = v/, in (3.3) we get

(3.5) /\un|2d;v+ 4 B () = 0,

where FE is defined by (1.4). By integration we obtain

(3.6) / / i Pdedt = E(un(0)) — B(un(t)) < C.

since E is uniformly bounded from below. Indeed, from (1.4) using (1.2), Holder’s and
Young’s inequalities and the fact that W,?(Q) c L2(2) for p > 2 we have that

(Clfl2)?

A A
Blun) 2 JIVunlly = |flafunlz 2 IVl = Cl7 2V unlly 2 =555

Hence, (3.6) implies that
(3.7) ul, € L*(0,T; L*(Q)) = L*(Qr), Qr = (0,T) x Q.
We can now differentiate (3.3) with respect to ¢ and since
EVunl = L (1w ) = (19w, ) L,
= §|Vun|p_22VunVu; = p|Vu,|P2Vu, Vi),
we get

/ unvdr + pa’(||Vuan)/ |Vun|p_2VunVu;de/ |V, P~ Vu, Vod
Q Q Q
a([Vun 2) / (0 = 2)|Vitn P4V Vil Vi Vo + [V P2V, Voda = 0,
Q
Taking v = u/, and noting that the last term is nonnegative we get

2
(3.8) 2dt/ lup, [Pda < —pa (|| Vu|B) (/ |V, |P~2Vu, Vul, dx) .

From the first equation in (3.3) written with v = u/, we have

a(HVuan)/ |Vun|p_2VunVu;ldx:/fu;ldx—/ |ul |?dx
Q Q Q
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and from (3.8) follows

dz < p UV 1) d d
s [ e < pl e T ([ e [

Since E(uy) is uniformly bounded so is ||[Vuy,|[5. Due to the fact that a € C' from Holder’s
inequality we obtain

(3.9) 2dt/| n|2d:c<C</ \f|2dx+/ |un|2dx>/ ! |2da.

Denote by y,(t) = |u/,(t)|3. Integrating (3.9) we get

yn(t) — yu(s) < 20 / (IF12 + 9 (€))m (€t

Passing to the limit in (3.6) as ¢ — +o00 we obtain that

+oo
/ Yn(s)ds < +o0.
0

Hence, since g(z) = 2C(|f|32 + 2*) > 0 on = > 0 from Lemma 2.1 we derive
(3.10) yn(t) = 0 as t — +o0.
Thus y,, remains bounded in time. Remark that
V- | VulP72Vu = |VulP 72 Au + (p — 2)|VulP~* Z U, Uz Ugs 2, -
i,j=1

Applying twice the Cauchy-Schwarz inequality we get

1
(3.11) /|V-|Vu|p_2Vu|2dx§ —(/ |Vu|*P =4 Aul?dx
Q 2 Q

-2 [ [Vt S ).

1,7=1

From Hélder’s inequality with the exponents ;2, — 1 we get that

=2 _1
/ |Vu|2p74|Au|2dx < (/ |VU|2(p1)dx> p—1 (/ |A’LL|2(p1)d.r> p—1 .
Q Q Q

We can estimate the second term in (3.11) in a similar way. Thus, since ¢; € W22(P=1(Q),
we can multiply the first equation in (3.4) by ¢;V - |Vu,[P~?Vu,, then integrating over
and summing in j we get

n 2
/ V - [Vup [P Vupu,dz = a(||[Vu, ||D) E (/ V. |Vun|p2Vu”<pjda:>
Q - Q
Jj=1

+Z/ fwjdz/ V- [Vu, [P 2Vu,p;de.
=/e Q
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Since 1, ..., @, are orthonormal in L?(£2) the equality above can be written as
/Q VP2V, Vit dir + ||Vt [2) Pa(V - [Vt P2Vt 2
—/QPan |V, P2 Vu,dz,

where P, denotes a projection operator from L2(Q) onto [¢1,...,¢,]. Then from (1.2),
Holder’s and Young’s inequalities we get

1d _ _
7E||Vun\|§ + AP (V- [Vug[? 2Vun)|§ <|(f, Pa(V - [Vu, [P 2Vun))|

2 ) p—2 2
< Ao PV - [V P29 )|y < 2 4 MV [Vl 200 )

Therefore, we obtain

1d A |£13
- D p—2 2
2 IVunllp + S1Pa(V - [Vun [V, )3 < N

And after integration in time

1 A7 1 |fI2T
3.12 ~Vunlh+ 5 | 1Pa(V - [ Vup|P 7>V, [3dt < =[|Vugl|h + 53—
312 IVl 5 [P Tl ) e < S ol + 2
From (3.7), (3.12) follow that we can find a subsequence of n such that
ul, = in L*(Qr),
Po(V - |Vu,[P72Vu,) = x in L*(Qr).
One can prove (see a proof of existence for a weak solution [7]) that
V - |V, |P2Vu,, — V- |Vu|P"2Vu in L90,T; W~14(Q)) c L10,T; H*(Q)),
[Vun b — [[Vullh a.e. t.

Let w € L*(Q), then P,w € [¢1,...,pn]. Taking now in (3.3) v = P,w and passing to the
limit (P,w — w in L?(Q), see [12]), we obtain

/ v'wdz — a(||Vu||£)/ xwdzr = / fwdr Yw e L*(Q) in D'(0,T).
Q Q Q
Remark that for w € HZ () it holds that P,w — w in HF(). Indeed,

Z Pj, W
j=1

and due to (3.2) we get that

oo
‘w”Hé(Q Z‘ i, W w)? pj < +00.
=1

Then
2
o0
1Paw = wl| sy = || D (#5,w)ep; Z (5, w)[*p; = 0.
Jj=n+1 j=n+1

H(€)
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Therefore for w € HE (), ¢ € D(0,T) we obtain

T T
/ / xwedrdt = lim / / Po(V - [Vu, [P~ 2Vu, )wpdzdt
0o Ja 0o Jo

n——+oo

T T
= lim / / V - |Vu, [P~2Vu, Pywedsdt = / / V - |[VulP~2Vuwpdzdt.
n=tee Jo o Ja 0o Ja
Hence, x = V - |[Vu|P~2Vu and u is a solution to (1.1) and
ur — a(|[VulB)V - [VulP7*Vu = f in L*(Q).

It remains to show that u € C([0,T7; WO1 P(Q)). By rescaling the time in the following way,
setting

¢
(3.13) o) = [ (It 9)lp)as
we reduce solving the problem (1.1) to solving the problem (see [9], [7]):
- f :
wy — V- |[Vw|P2Vw = —=—— in Q x (0,a(T)),
- e Vv (valh) (0, o(T)
: w =0 on I' x (0,a(T)),
'LU(,O) = U in Q,

where w(z, a(t)) = u(z,t). Then (we keep denoting the solution by ) multiplying the first
equation in (3.14) by u; and integrating over  we get

U 2dﬂc+/ VulP~2VuVu dx:/ de.
/Q' Pdet | IVl = VD)

Using (1.2) and Hélder’s and Young’s inequalities we obtain

1d 1 1, Judl
ulf + - IVl < 5 R

Therefore, it holds that

d

Zlivull < 13
Integrating from ¢y to t we deduce

IVu@®)p < [IVulto)ll + CIf3(E — to)-
Hence, letting t — to we get
(3.15) lim sup [|Vu(t)[l, < [[Vu(to)llp-
t—to

Recall that
[Vu(t)|l, <C vt >0,

thus for a subsequence
Vulty) — @ in (LP(Q))" as tx — to.
Note, that since u € C([0,T7]; L*(Q)) we have u(t) — u(to) in L?*(Q2). Then for ¢ € (D(Q))"

we see

/QVu(tk)apdac:—/Qu(tk)Vgadx%—/Qu(to)V@dx:/QVu(to)cpdx.
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Thus we get that @ = Vu(tg). Then by the weak lower semicontinuity of the norm we know
that

Vulto)l, < limint [Vu(ti) .

Therefore, by (3.15) we see

(3.16) IVute)lly = IVulto) [l as tx — to, to = 0.

Combining (3.16) and the fact that Vu(ty) = Vu(t) in (LP(£2))"™ we get that
IV (u(ty) —u(to))llh — 0 as ty, — to, to > 0.

Since the limit is unique and this holds for every subsequence, hence, we get the result.
Uniqueness follows by the uniqueness result for a weak solution.

It is known [7, Lemma 6.1] that there exists a subsequence ¢, — 400 such that wu(tg)
convergenes to a stationary point in WO1 P(Q). The last statement of the theorem can be
obtained as in [7] using (3.10). O

4. LOCAL CONVERGENCE RESULTS

Let us recall some results [7] on the associated stationary problem to the problem (1.1),
that is the following problem

=V -a(|Vul[)|[VulP7?Vu = f  in Q,
(4.1)
u=0 on I'.

Let ¢ be the unique solution to

~V VeV =f inQ,
(4.2)
=0 on I

Then the stationary points are determined by the solutions to

(4.3) a(p) = IVell5 e~ = y(p).

Hence, if (4.3) admits a unique solution, so does the stationary problem, then for any initial
data ug the solution w(t) converges to this solution of the stationary problem.

Theorem 4.1. Let p > 2, u, be an isolated solution to the problem (4.1), corresponding to
the solution . of the equation (4.3). Assume that the function o' is continuous and

(4.4) pf ca () + a(p) = 6> 0.
Then there exists € > 0 such that if the initial value ug € N (u.), where
5eP
(4.5) N (uy) = {u EWLP() : [V(u—u)p <& E(u) < E(u,) + 6,,}
16(18)2
then

(4.6) u(t) = u, in WP(9).
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Proof. Set £(s) = E(ux + s(u — uy)). Then one has

(A7) B(u)— Blu,) = £ / £/ (s)ds = £'(0) + /0 (1— 8)E"(s)ds

1
:/ (1—s)E"(s)ds
0

since £'(0) = 0 due to the fact that u, is a stationary point.
Denote by w = u — u,. After a simple computation we see that

2
(4.8)  &"(s) = pd(||V(us + sw)]}) </Q |V (us + W) P2V (uy + sw)dex)

a(||V (u. + sw)||§)</n(p — 2)|V (s + sw)|P~H(V (us + sw)Vw)?

+ |V (us + sw)\p_2|Vw|2dx).

If a’(||V(us + sw)|b) > 0 since p > 2 one has
(49) £(5) 2 |V, + su)l) [ V(. + sw) *Vulda.
Q
Remark that by the Holder and the Cauchy-Schwarz inequalities we have that
2
(/ IV (uy + sw)[P 72V (uy + Su;)dex)
Q
241
< u/ |V (s + sw) [P~V (uy 4+ sw)Vw) dx/ |V (ux + sw)|Pdx

< ﬁ((p—Q)/QIV(U*+sw)|”*4(V(u*+sw)Vw) dz

+/ |V(u*+sw)v’*2|vw|2dx)/ IV (us + sw)|Pdz.
Q Q

Therefore, if a'([|V (u. + sw)||h) < 0 we get that
p
(4.10) £7(s) > (pla%nwu* T ) [V (s + 5w + a1V (us + sw>g>)

X (/Q(p — )|V (us + 5w)[PH(V (uy + sw) V)2

+ |V (u + sw)\p*2|Vw|2da:).
For a,b non negative numbers we have that
ja? — 07| < pla — bl{a + b}~
Then using the Holder inequality for s € (0,1) we see that

19+ sw)l = V7] < ps [ (9 -+ s0)] + V)" [Fulds
Q

-1
< p[|V (e + sw)| + [V [} [Vl
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Hence, by the continuity of a’ and due to the assumption (4.4) from (4.9) and (4.10) we can
deduce that there exists > 0 such that

(4.11) IVwl, <n = &"(s)> g/ |V (us + sw)[P~2|Vw|?dz,
Q
i.e. by (4.7) and Lemma 2.2

5 1
_ Z _ p—2 2 p
(4.12)  E(u) — E(uy) > 5 /0 (1—29) /Q |V (us + sw)|P™*|Vw|*dxds > [Vwlfb.

16(18)%
We choose ¢ < n such that wu, is the unique stationary point in
Be ={u: |[V(u—ullp <e}
(we can do this since u, is an isolated stationary point) and ug € Nz (uy). We introduce the
set A defined by
A={t€0,400) | u(t) € Ne(us)}.

Since u € C([0,T]; Wy ()) it is clear that A contains a neighbourhood of 0 and is open.
Denote by to, the point such that to, = Sup{t | [0,t) C A}. Let t,, be a sequence in A such
that t, — too, tn < teo. Since u € C([0,T]; Wy (€2)) one has

19 ultoo) — w)llp < £ <1

Hence using the fact that E is decreasing along the trajectories and (4.11), (4.12) we deduce
that

g P g P
T E 1V (u(to) =)l < Bluec)) = Bow) < forge”

i.e. to € A and since A is open we get a contradiction with the definition of t,,. Thus ts
is not finite and A = [0,00). So u(t) € N:(u,) for all {. From Theorem 3.1 we know that
u(t) converges to a stationary point. Since w, is the only stationary point in B, then the
result follows. O

Remark 4.1. The assumption (4.4) is equivalent to

(1 — P)G(M*)

/
= y M* .
P« (1)

a(p) >

Therefore,
fiy ) —alps) +y(p) — y(p)
e 1= b
and it holds that there exists a > 0 such that
(a(p) —y(u) (1 — ) >0 V€ (e — @, fo + @), f1 7 fis,

that is we are in the case of Figure 1.1a.

>0

Thus from Remark 4.1 we see that the stationary point u, corresponds to an isolated
local minimum of the energy E (see [7]). Therefore, Theorem 4.1 can be reformulated in
Theorem 1.1.
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