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CRITICAL GROUP ESTIMATES FOR NONREGULAR CRITICAL
POINTS OF FUNCTIONALS ASSOCIATED WITH QUASILINEAR
ELLIPTIC EQUATIONS

SILVIA CINGOLANI, MARCO DEGIOVANNI, AND GIUSEPPINA VANNELLA

ABSTRACT. We consider a class of quasilinear elliptic equations whose principal part
includes the p-area and the p-Laplace operators, when p lies in a suitable left neighbor-
hood of 2. For the critical points of the associated functional, we provide estimates of
the corresponding critical groups, under assumptions that do not guarantee any further
regularity of the critical point.

1. INTRODUCTION

Consider the quasilinear elliptic problem

(L1) —div {(/{2 + \Vu|2)% Vu] +g(z,u) = A in Q,
u=0 on 082,

where €2 is a bounded open subset of RY, while p > 1 and x > 0 are real numbers.
Under suitable assumptions on g and A, weak solutions u of (1.1) correspond to critical
points of the C'-functional f : W, () — R defined as

(1.2) fu) = /Q\Ilpy,ﬂ(Vu) dx + /Q G(z,u)dx — (A u),

where
ya
2

S
¥n©) = [+ -] G = [ et

About the principal part of the equation, the reference cases are the p-area operator for
x = 1 and the p-Laplace operator for k = 0. In the case p = 2 the value of x is irrelevant.

In the recent years, several works have been devoted to the description of the critical
groups of f at a solution ug of (1.1) via Hessian-type notions.

For functionals defined on Banach spaces, serious difficulties arise in extending Morse
theory (see [23, 22, 5, 6, 7]). More precisely, by standard deformation results, which hold
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also in general Banach spaces, one can prove the so-called Morse relations, which can be
written as

D Cut™ =" But™ + (1+1)Q(1),
m=0 m=0

where () is the sequence of the Betti numbers of a pair of sublevels ({f < b},{f < a})
and (C),) is a sequence related to the critical groups of the critical points w of f with
a < f(u) < b (see e.g. [6, Theorem 1.4.3]). The problem, in the extension from Hilbert to
Banach spaces, concerns the estimate of (C,,), hence of critical groups, by the Hessian of f
or some related concept. In a Hilbert setting, the classical Morse lemma and the generalized
Morse lemma [16] provide a satisfactory answer. For Banach spaces, a similar general result
is so far not known.

In the specific case of the functional defined by (1.2), for p > 2 and k > 0 the first and
the last author have proved an extension of the Morse Lemma and established a connection
between the critical groups and the Morse index (see [11, 12, 13]), taking advantage of the
fact that, under suitable assumptions on g and A, the functional f is actually of class C? on
WyP(€) and that

‘I’Z,H(U)K]Q 2 Vp7r€|§|2 with vp . > 0.

Moreover, an approximation result of Marino-Prodi type is proved in [14].

The results of [11] have been extended in [9, 10], in order to cover the whole case 1 < p <
oo, when k > 0, and the case 1 < p < 2 when k = 0.

If Q is a ball centered at 0, for any p > 1 estimates of critical groups associated to p-
Laplacian equations have been obtained by Aftalion and Pacella [2] at the positive radial
solutions ug such that |[Vug(z)| # 0 for = # 0.

In [2, 9, 10], the assumptions on g and A imply that any solution of (1.1) is of class
C12(Q) for some a €]0,1]. This is crucial for the arguments used in those papers.

Our purpose is to consider a class of functionals including (1.2) for a certain range of p < 2,
under assumptions that do not guarantee any further regularity of the critical point ug. More
precisely, define

(1.3) ﬂwzﬁmwmm+éa@ww—mwy

Throughout the paper, we will assume that:
(¥) the function ¥ : RN — R is of class C! with ¥(0) = 0 and V¥(0) = 0; moreover,

there exist
1 2N <p<2
max _—
7N+ 2 p —_ b

k> 0 and 0 < v < C such that the functions (v —v ¥, ) and (C ¥, , — ¥) are
both convex;
(V) if k = 0 and p < 2, then W is of class C? on R \ {0}; otherwise, ¥ is of class C? on
RY:
(g9) the function g : @ x R — R is such that g(-, s) is measurable for every s € R and
g(z,-) is of class C! for a.e. x € 2; moreover:
— if p < N, then g(z,0) € L®)'(Q) and there exist a € L*/2'(Q) and b > 0
such that
|Dsg(x,5)| < a(w) + bl 2,
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where p* = NN—_’;;
— if p = N, then there exist ¢, > 1, a € LI(Q) and b > 0 such that g(z,0) €
L1(Q) and

|Dsg(x, )] < alz) +bfs[";
— if p > N, then g(z,0) € L'(Q) and, for every M > 0, there exists ay € L'()
such that
‘5‘ <M = |Dsg(xa S)| < G‘M(x);

(A) we have A € W—12'(Q).
Under these assumptions, it is easily seen that f : VVO1 P(Q2) — Ris of class C!.

Let us recall the first ingredient we need from [6, 15, 19].
Definition 1. Let G be an abelian group, ¢ = f(up) and f°¢ = {u e W, P(): f(u) < c}.
The m-th critical group of f at uy with coefficients in G is defined by

Con(f,u0;G) = H™ (f, f*\ {uo}; G) ,

where H* stands for Alexander-Spanier cohomology [21]. We will simply write Cy, (f, ug),
if no confusion can arise.

In general, it may happen that C,,(f,up) is not finitely generated some m and that
Cin(f,uo) # {0} for infinitely many m’s. If however wuq is an isolated critical point of f,
under assumptions (¥1), (g) and (A) it follows from [8, Theorem 1.1] and [3, Theorem 3.4]
that C.(f,ug) is of finite type.

Now, as a second ingredient, we need a notion of Morse index, which is not standard, as f
is not of class C2 on Wy*(€). More precisely, because of (¥1), (g) and (A), the functional

{uH /QG(ac,u)dx— (A,u)}

is actually of class C? on WO1 (). On the other hand, the principal part

{u — /Q T (Vu) dx}

is never of class C? for p < 2 and is of class C? in the case p = 2 iff ¥ is a quadratic form
on RY (see [1, Proposition 3.2]).
So, let ug € VVO1 "P(Q) be a critical point of the functional f, namely a weak solution of

—div [V¥(Vu)] + g(z,u) = A in Q,
u=20 on 0.
Because of the term A € W17’ (), we cannot expect any further regularity on ug, even in

the case g = 0.
In the case k > 0, observe that

- c
1) I KPS VOE S ot kI ra g RY,
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as (V—-vV¥,,) and (C¥,, — ) are both convex. Let us define a generalized quadratic
form Q. : Wy P(Q) —] — 0o, +00] by

Qu,(v) = /Q U (Vug) [Vv]? de + /Q D,g(z,up)v? da .

In the case k = 0 and p < 2, observe that

— v C .
(1.5) (I|?77|2_2) 1€ < U (n)[€)* < PR €] for any 1, ¢ € RY with n #0.
Then set
(1.6) Zuo = {2z € Q: Vup(x) =0}

and define Q,, : Wy P (Q) =] — 00, +00] by

/ U (Vo) [Vv)? da +/ Dyg(z,up)v*dr  if Vu(z) =0 ae. in Z,, ,
Qu,(v) = Jonz Q

= uQ
+00 otherwise .

Finally, define the Morse index of f at ug (denoted by m(f,ug)) as the supremum of the
dimensions of the linear subspaces V of C}(Q) such that

Quy(v) <0 for any v € V'\ {0}

and the large Morse index of f at ug (denoted by m™*(f, ug)) as the supremum of the dimen-
sions of the linear subspaces V of Wy (Q) such that

Quo(v) <0 for any v e V.
We clearly have m(f,ug) < m*(f,uo).

Now we can state our main results.

Theorem 1. Let k > 0 and let ug € Wol’p(Q) be a critical point of the functional f defined
in (1.3). Then we have m*(f,ug) < +oo and

Con(f,uo) = {0} whenever m < m(f,ug) or m >m*(f,up) .

Remark 1. Since the value of k is irrelevant in the case p = 2, Theorem 1 covers also the
case kK = 0 with p = 2.

Remark 2. If ug € WH°(Q), from inequality (1.4) we infer that

{UH/Q\IJ”(vuO)[W]?dx}

is well behaved in the space WO1 -2 (€2), which is compactly embedded in L?(£2), and this is
on the basis of the technique used in [9, 10].

As we have already observed, in our case ug € I/VO1 "P(Q) and we cannot expect any further
regularity, because of the presence of the term A € W‘LP,(Q). As a substitute, we will
prove in Proposition 2 a WO1 P (Q)-coercivity which allows, in combination with the compact
embedding of W, ?(Q) in L*(Q) due to assumption (¥;), to recover enough information to
prove our results.

In the case Kk = 0 and p < 2, we can prove that critical groups of high dimension are
trivial.
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Theorem 2. Let k =0 and p < 2. Let ug € Wol’p(Q) be a critical point of the functional f
defined in (1.3). Then we have m*(f,ug) < +00 and

C(f,uo) = {0} whenever m > m*(f,up) .

2. PARAMETRIC MINIMIZATION

First of all, let us recall some basic facts. The next concept is taken from [4, 20].

Definition 2. Let X be a reflexive Banach space and D C X. A map F : D — X’ is said
to be of class (S)4 if, for every sequence (ux) in D weakly convergent to u in X with

hmsup <F(uk)a U — ’U,> < 07
k

we have |lup —ul| — 0.
The next result is contained for instance in [10, Proposition 2.5].

Proposition 1. Let X be a reflerive Banach space, let f : X — R be a function of
class Cland let C be a closed and convex subset of X. Assume that f’ is of class (S)+
on C.
Then the following facts hold:
(a) f is sequentially lower semicontinuos on C with respect to the weak topology;
(b) if (ug) is a sequence in C weakly convergent to u with

limsup f(ur) < f(u),
k

we have ||ug — ul| = 0.

Throughout this section, ug will denote a critical point of the functional f defined in (1.3).
We will also denote by || ||, the usual norm of LP.
Given a continuous function ® : RN — R, for any z,v € RY we set

D(y + tw) + P(y — tw) — 2&(y)
12 '

" 2 ins
" (x)[v] —llgggf

t—0
w—v

Then the function {(z,v) — ®"(x)[v]?} is lower semicontinuous. If ® is convex, it is also
clear that ®"(x)[v]? € [0, +oc] and that ®”(z)[0]> = 0. In particular, it is easily seen that

400 if n=0 and 0,
szandp<2:>2/;m(7])[ﬂ2= . K 7
’ 0 iftn=¢=0.
Since (¥ — v ¥, ) is convex, we also have
400 if n=20 and 0,
K:Oandp<2:>g//(77)[§]2: . ! 7
0 lfn:£:0a

while ¥ (n)[£]*> = ¥ (n)[¢]? in the other cases. In particular, the function {& — ¥"(n)[¢]?}
is convex for any n € RV,
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Proposition 2. For every u,v € W, "*(2), we have

2-p

(p— )| Vo2 < </ (k2 + |Vul?) ? dx) ’ /g"(vu)[vu]mx
Q Q
with the convention 0 - (+00) = +00.

Proof. If kK > 0 and p < 2, we have

(2=p)p |VU|P

IVo|P = (k% + |Vul?) a.e. in Q.

(2-p)p

(K2 +|Vul?) 1

From Hélder’s inequality we infer that

(/ [Vol? dx) < (/ (% + |Vul?)? da:) / %daj
Q Q Q (k24 |Vu|?) =

and the assertion follows from (1.4).
Taking into account (1.5), the case K = 0 and p < 2 can be proved in a similar way, while
the case p = 2 is obvious. ([l

The next result is contained in [10, Proposition 3.1].

Proposition 3. For every u,v € Wol’p(Q), the function
{(CL‘, t) = (1= t)¥" (Vu(z) + t(Vo(z) — Vu(z))) [Vo(z) — Vu(x)]Q}

belongs to L' (2x]0,1[) and one has
/ U (Vo) dx — / U (Vu) dx — / VU (Vu) - (Vv — Vu)dx
Q Q Q

= /01(1 —t) {/Q\Il”(Vu(x) + t(Vo(z) — Vu(z))) [Vo(z) — Vu(xﬂ2 dx} dt.

Theorem 3. Let (uy.), (vg) be two sequences in Wy'P(Q) such that (uy,) is convergent to u
in Wy (), while (vy,) is weakly convergent to v in Wy ().
Then we have

[ 2w is+ [ Digle,u?as
Q Q

< limkinf </ " (Vug) Vo) de +/ D.g(x,ug)vi dx) :
Q Q

Proof. We have

Dyg(x, ug)vj; — Dyg(, u)v?
= (Dsg(z,up)vi — Dsgla, u)vi) + (Dsg(x, u)vi — Dsg(, u)v?) .
Since (¥) implies p* > 2 in the case p < N, from (g) we infer that

/Dsg(x,u)vzd:c:hm/Dsg(ac,uk)v,%dx.
Q ko Ja

Then the assertion follows from the Theorem in [17]. O
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Proposition 4. There exists a direct sum decomposition
Wer@Q) =vVaew

such that:

(a) dimV = m*(f,ug) < +oo and W is closed in WyP(Q);
(b) we have

/E”(Vuo)[V(v+w)]2dx+/Dsg(x,uo)(v+w)2dx
Q Q
:/g"(Vuo)[Vv]de—i—/Dsg(x,uo)UQda:
Q Q

+/ V' (Vug)[Vw]? da +/ Dig(,up)w? dx
! for anyveﬂV and w € W,
|20 ol? e+ [ Duglr, oy de <0
) ’ foranyv eV,
/ V" (Vug) [Vw]® da +/ D,g(x, ug)w? dz > 0
’ " for any w € W\ {0}.

Proof. Let us treat the case kK = 0 and p < 2. The case k > 0 is similar and even simpler.
If ug = 0, we have

/Qg”(VuU)[VU]2 dx = 400 for any v € W3 *(Q) \ {0}

and the assertion is true with V = {0} and W = W, ?(Q). Otherwise, let

: : [Vol?
Xy = {v e W, P(Q): Vo(z) =0 a.e. in Z,, and Vuo=? €LY\ Zu) ¢ »

where Z,,, is defined in (1.6). By Proposition 2 it follows that
(W|w)u, = / V" (Vug) [Vv, Vw] dx
O\ Zu,

is a scalar product on X,, which makes X,, a Hilbert space continuously embedded in
WP (€2), which is in turn compactly embedded in L2(£2).

Moreover, we have that {v+— Dsg(z,up)v} is a compact operator from Wol’p(Q) into
W12 (Q), hence from X,, into X
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It follows that there exist a finite-dimensional subspace V of X,,, and a closed subspace
W of L?(Q2) such that L?(Q) is the orthogonal sum of V and W and

Yo e V,Vw € Xy N W V" (Vug)[Vv, Vw| dz —|—/ D,g(x,up)vwdr =0,
O\ Zuy Q
YoeV: / U (Vo) [Vv]? dz +/ D,g(x,up)v*de <0,
O\ Zuy )
Vw € X,y MW : w#0 = U (Vo) [Vw]? da +/ D.g(z,up)w?dz > 0.
O\ Zug Q

In particular, if we set W = WP () N W, we have WgP(Q) = V & W with W closed in
WO1 P(Q). Moreover, dimV is the supremum of the dimensions of the linear subspaces of
Xy, on which the quadratic form

{u > / U (Vug)[Vul* de + | D.g(x,up)u? dx}
O\ Zu,

Q

is negative semidefinite. Since
/ " (Vug)[Vu)? dx +/ D.g(x,up)u? dr = +oo for any u € Wol’p(Q) \ Xug s
Q Q

the assertion follows. O

In the following, we consider a direct sum decomposition as in the previous Proposition.
We also set, for any 7 > 0,

B, = {ueWgP(@): |Vull, <7},
D, = {u eWIP(Q): |Vull, < r} .

Lemma 1. There exist r,0 > 0 such that, for every u € (ug + D,) and every w € W, one
has

/ " (Vu)[Vw]? dz +/ Dg(z, u)w? dz > 6||Vw||;21
Q Q

Proof. Assume, for a contradiction, that there exist a sequence (vy) strongly convergent
to ug in Wy *(R2) and a sequence (wy) in W such that

1
(2.1) /g'/(Vvk)[Vkadx—i—/ D,g(z, vp)w? de < Z ||Vwk||}2,.
Q Q

Without loss of generality, we may assume that |[Vwy||, = 1. Then, up to a subsequence,
(wy) is weakly convergent to some w in WO1 P(Q). In particular, w € W. From Theorem 3
we infer that

/g”(Vuo)[Vw]de—F/ Dg(z,up)w?dz <0,
Q o

whence w = 0.
Coming back to (2.1), now we deduce that

lim / V" (Vog)[Vwg)?dr = 0.
Q
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By Proposition 2 we infer that Vwy — 0 in LP(Q). Since |[Vwgl||, = 1, a contradiction
follows. O

Theorem 4. There exists r > 0 such that:

(a) the map f' is of class (S)+ on ug + Day;
(b) for every v € V N D,., the C*-functional

W — R
w = flug+v+w)

is strictly convexr on W N D,..

Proof. By [3, Theorem 3.4] there exists r > 0 such that the map f’ is of class (S); on
ug + Do,. By decreasing r we infer by Lemma 1 that

(2.2) / U (V(ug + u))[Vw]? do + / Dig(z, ug + w)w® dz > 5| Vw2
Q Q

for every u € Dy, and every w € W.
IfveVnND,,tel0,1] and wy,w; € WN D,, by Proposition 3 and (2.2) we deduce that

(1 —=t)f(uo +v+wo) +tf(uo +v+wi)
> f(ug+v+ (1 —t)wy + twy) + gt(l —t)[|[Vwy — Vonz )
Therefore {w — f(ug+ v+ w)} is strictly convex on W N D,. O
Theorem 5. There exist r > 0 and ¢ €]0,7] such that, for every v € VN D, there exists
one and only one w € W N D, such that
flup+v+w) < flug+ v+ w) for any w € WND,.

Moreover, W € B, and W is the unique critical point of {w + f(ug +v+w)} in WN D,.
Finally, if we set ¢¥(v) = w, the map v is continuous from V N D, into Wol’p(Q) with
$(0) =0,

Proof. Let r > 0 be as in Theorem 4. Since ug is a critical point of f and the functional
{w > f(up +w)} is strictly convex on W N D,, we have f(ug) < f(up + w) for every
w e W N D, with w # 0.

We claim that there exists ¢ €]0,r] such that

flug +v) < flup +v+w) for any v € VN D, and any w € W with | V||, = r.

By contradiction, let (vg) be a sequence in V' with vy — 0 and let (wy) be a sequence in W
with || Vwgl|l, = r and f(uo + vk) > f(uo + vg + wg). Up to a subsequence, (wy) is weakly
convergent to some w € W N D,.. Then (ug + v + wy) is weakly convergent to ug + w with

limksup fug + v +wy) < lilzn fuo +vi) = f(uo) < fluo +w).

Combining Proposition 1 with Theorem 4, we deduce that (ug + vg + wg) is strongly con-
vergent to ug + w, whence f(ug+w) = f(up) with ||Vw||, = r, and a contradiction follows.

Again by Theorem 4, for any v € V N D, there exists one and only one minimum point
w e WnND, and in fact w € B,.. In particular, we have

(f'(up +v+w),w)y =0  for any we W.
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If v = 0, then w = 0.
Finally, we set ¢(v) = w. If (vx) is convergent to v in V N D,, up to a subsequence
(1 (vg)) is weakly convergent to some w in W N D,.. Since

fluo + vk +9(v)) < fluo +op +2)  forany 2 € WnND,,
from Proposition 1 we infer that
flup+v+w) < flug+v+2) for any z € WND,,
whence w = ¢ (v). Then the choice z = ¢ (v) implies that
limksup fluo + v +1p(vg)) < fluo +v+11(v)),

whence (vg 4+ ¥ (vg)) = (v 4 ¥ (v)) strongly in W, *(Q). Therefore the map ¢ is continuous
from V N D, into W endowed with the topology of Wol’p(Q). O

3. THE FINITE DIMENSIONAL REDUCTION

Let ug still denote a critical point of the functional f defined in (1.3). We also keep the
notations of Theorem 5 and define the reduced functional ¢ : VN B, — R as

o) = flup +v+9¥W)) =min{f(ug+v+w): we WnND,}.
Theorem 6. The functional ¢ is of class C' and
(3.1) (' (z),v) = (f'(uo + 2+ ¥(2)),v)  foranyz€VNDB, andv eV .
In particular, 0 is a critical point of p. Moreover, we have
Cin(0,0) = Cyp(f, uo) for any m > 0.
Finally, 0 is an isolated critical point of ¢ if and only if ug is an isolated critical point of f.
Proof. For any vg,v1 € V N B,, we have
p(v1) = fluo +v1 +Y(v1))

= f(uo +vo +¥(v1)) + (f'(uo +vo + t(vy — vo) + 1(v1)), v1 — o)

> fluo +vo + P (vo)) + (f' (uo +vo + t(v1 — vo) + ¥ (v1)),v1 — vo)

= ¢(vo) + (f'(uo +vo + t(v1 — vo) +1(v1)),v1 — vo)
for some t €]0,1[. Since 1 is continuous from V N B, into Wy (Q), it follows that

lim inf o(v1) — @(vo) — (f'(uo + 2 +¥(2)), v1 — vo)

(v0,v1)—(2,2) lvr — wol|
Vo F#V1

>0.

We also have
p(v1) = f(uo +v1 +¥(v1)) < f(uo + v1 +¥(vo))
= f(uo +vo + ¥ (vo)) + (f'(uo +vo + t(v1 — vo) + ¥(v0)), v1 — o)
= @(vo) + (f'(uo + vo + t(v1 — vo) + 9P (v0)), v1 — vo)
for some t €]0, 1], whence
ey £000) = (i) = {0 + 2+ 9. 1 — o)

(vo,v1)—(2,2) ”Ul - UOH
Vo FV1

<0.
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Therefore ¢ is of class C! with

(©"(2),0) = (f'(uo + 2z + ¥(2)),v).
Since ¢(0) = 0, we also have ¢'(0) = 0.
Now consider
Y={u+z+9(z): 2€6 VNB,}

endowed with the WP (Q)-topology. Since {z — ug + z 4+ 1(z)} is a homeomorphism from
V' N B, onto Y which sends 0 into ug, it is clear that

C(p,0) zC’m(f‘Y,uo) for any m > 0.
Now set
U=u+(VNB,) +(WnD,).
Since
{wr flug+2z+w)}
is convex on W N D, for any z € V N B,, we have that
H(uo+ z 4+ w,t) =up+ 2+ (1 — t)w + ty(2)

defines a strong deformation retraction of

CREIAYSRL
onto
(f“ﬂYﬁU,(fc\{uo})ﬁYﬁU> .
It follows
HP(f, 1\ {uo}) ~ B (f 0, (£ 1Y)\ fuo)),
whence

Cm(QD7O) ~ Cm(f|yau0) ~ Cm(fa UO) for any m > 0.

Since any critical point u of f in ug+(VNB,)+(WND,) must be of the form u = ug+2z+1(2)
with z € V N B, from (3.1) we infer that 0 is isolated for ¢ if and only if ug is isolated
for f. |

4. PROOF OF THE MAIN RESULTS

Proof of Theorems 2 and 1.
By Proposition 4, we have m*(f,ug) = dim V' < 400. From Theorem 6 we also know that

Cm(f,uo)%cm(tp,()) for any m > 0.

Since the critical groups are defined using Alexander-Spanier cohomology, it is clear that
Cin(p,0) = {0} whenever m > dim V', both in the case k > 0 and in the case kK = 0 with
p <2

Now assume that £ > 0. Let V_ be a linear subspace of C}(2) of dimension m(f,uo)
such that

/ U (Vug)[Vo]? dz +/ D,g(z,up)v?dx <0 for any v € V_\ {0}.
Q )
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By (1.4) we have

< &

< 5 €)? for any n,¢ € RV .

Ve S — 6P

(k% +[nl?)

Then, it is easily seen that, for any u € Wol’p(Q), the function

fu() = fu+v)

is of class C? on V_ with

(fu)”(z)[v]2z/Q\I'"(Vu—i—Vz)[VU]de—&— QDsg(m,u—&—z)Ude

and, for any z,v € V_, the function {u — (fu)"(z)[vP} is continuous on Wy ? (). Moreover,
we have

(fus)"(0)[v]> <O for any v € V_\ {0}.

From [18, Theorem 3.1] it follows that C.,(f,up) = {0} whenever m < dim V_ = m(f, uo).
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