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ON THE ASYMPTOTIC BEHAVIOR OF THE FIRST EIGENVALUE OF
ROBIN PROBLEM WITH LARGE PARAMETER

ALEXEY FILINOVSKIY

ABSTRACT. We consider the eigenvalue problem Au+ Au = 0 in 2 with Robin condition
% 4+ au = 0 on 92 where Q2 C R™, n > 2, is a bounded domain with a smooth
boundary, v is the outward unit normal, « is a real parameter. We obtain two terms of
the asymptotic expansion of the first eigenvalue of this problem when o« — +o00. We also
obtain an estimate for strong solutions of the non-homogeneous Robin problem for large
positive values of the parameter.

1. INTRODUCTION

Let us consider the eigenvalue problem
(1.1) Au+Adu=0 inQQ,
Ou
ov
where Q C R", n > 2, is a bounded domain with boundary I' = 9Q € C3. Here v is the
outward unit normal vector to I', « is a real parameter. The problem (1.1), (1.2) is usually
called a Robin problem ([6], Ch. 7, Par. 7.2).

There is a sequence of eigenvalues Aj(a) < A2(a) < ... of the problem (1.1) — (1.2)
enumerated according to their multiplicities such that klim Ar(a) = +00. Note that A\ (@)
—00

(1.2) +ou=0 onl,

is simple with a positive eigenfunction. Let 0 < AP < AP < ...| khj& )\,’3 = +o00 be the
sequence of eigenvalues of the Dirichlet eigenvalue problem
(1.3) Au+Adu=0 1in{,
(1.4) u=0 onl.
By variational principle ([8], Ch. 4, Par. 1, no. 4) we have

Jo IVuPde 4+ a [ v?ds

1. = inf
(1.5) Ai(e) yegll(ﬂ) Jo v2dx ’
(1.6) AP = inf Jo Vol

Ve (Q) Jovidz
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We are interested in the behavior of A; (a)) when a@ — +o0. In [10], for n = 2, the following
two-side estimate was obtained:

AP\ ! 47 \ 7t
A1+ 22 ) <h@) < AP 1+ —— 0
1 < + aq1> — 1(0[) = N1 + Oé|P| 5 o >0,
where g; is the first eigenvalue of the Steklov problem
Ay =0 in €,
u =0, Aufq@:o onT.
v
One can prove that Ay(a) < APk =1,2,..., which gives an upper bound of A () for

all values of a. The behavior of higher order eigenvalues of the problem (1.1), (1.2) for large

positive « is considered in [1] for n = 2 and a smooth boundary T". It was noticed in ([1],

Ch. 6, Par. 2, no. 1) that hI_?{_l Ae(a) = AP. In [4] the following inequalities were obtained
a—r—+00

for A\ («):

AP)?
(1.7) AkD—Cl(\;g<Ak(a)<AkD, a>a; >0, k=1,2,....
The inequalities (1.7) were improved in [5]: the eigenvalues \x(a), k = 1,2, ... satisfy indeed

the estimates

p_ o OB D
(1.8) g —C’lTS)\k(a)S)\k, a>a; >0,

where the constants C; and a; do not depend on k.

2. RESULTS

The main result of this paper is the following.
Main Theorem. Letn > 2. Then the eigenvalue A\ («) satisfies
ouP 2

S (%) ds 4
(2.1) M) = AP — % 1
Jo(@wP) dz @

where ul’ is the first eigenfunction of the Dirichlet problem (1.3), (1.4).

1
o () . when a — +00,
«

Remark 1. Formula (2.1) is valid for n = 1 with an appropriate correction. For Q = (a, b)
we have

Dy 2 Dy b 2 1 1
(2.2) (o) = AP — (fur] (ag) i (2[“1 ') — 4o () ,  a— Foo.
[ (uP)" da « «
One can obtain the equality (2.2) also by analysis of the asymptotic behavior of the eigen-
function of a Sturm-Liouville problem with Robin condition for large positive a’s.

The expansion (2.1) was announced in [3]. Let us note, that thanks to the properties of
the function u? one has

(2.3) /F (%))st > 0.
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Moreover, the relations (2.1), (2.3) show that the power 1 of « in the denominator in (1.8)
cannot be replaced by 1+ ¢ with § > 0.

The proof of the expansion (1.8) uses uniform (with respect to large positive values of )
estimates of the strong solution of an elliptic boundary value problem with Robin boundary
condition.

Let h(x) € L2(Q) and u(x) € H*(Q) be a weak solution of the boundary value problem
with parameter

(2.4) —Au4+u=h inQ,
Ou
ov

In domains with C? boundary the weak solution of the problem (2.4), (2.5) belongs to
H?(Q) and is a strong solution ([8], Ch. 4, Par. 2, Th. 4).

Theorem 1. The solution of the problem (2.4), (2.5) satisfies
(2.6) ullzz() < CollhllLy@), o> a1 >0,

(2.5) +ou=0 onI, a>0.

with the constant Cy independent of c.

Remark 2. Let us note that the estimate (2.6) for the solution of the problem (2.4), (2.5)
is known for fixed « (see, for example, [8]). But we need the estimate (2.6) to be valid with
a constant Cy for o — +o0.

3. ESTIMATES FOR THE PROBLEM WITH PARAMETER

For h(z) € L2(Q) a weak solution u(x) € H(2) of the problem (2.4), (2.5) satisfies the
integral identity

(3.1) /Q((VwVv)—kuv)dx—ka/Fuvds:/thdx

for all v € H'(Q).
Proof of Theorem 1. At first we obtain some auxiliary estimates for the solution of the
problem (2.4), (2.5) for & > 0. Taking v = u in (3.1), we obtain

(3.2) /(|Vu|2+u2)dx—|—oc/u2ds= hudz.
Q r Q

It follows from (3.2) that

(3.3) /Q(|Vu|2—|—u2)dx+a/

1 1
ulds < f/ w’dr + = [ h2dx.
r 2 Jo 2

Q

Due to I' € C? a weak solution of the problem (2.4), (2.5) is a strong solution in H?(Q2). So,
94 ¢ H'(Q) and we have a trace %h‘ € Ly(T). By the boundary condition (2.5) we obtain
the equalities

and

s L[ (2)
(3.4) a/Fu dsfa Ao ds.
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Combining (3.3) and (3.4), we have the estimate

1 2
(3.5) /(\Vu\Q—i—ug)dx—i—a/qus—i——/ (8u> ds§/h2dx.
Q r o Jr \ov Q

Now we suppose that u(z) € C?(Q2) and that u satisfies the boundary condition (2.5).
Since I' € C? we consider u as extended to R" \ Q such that u € C?(R"). A direct
computation gives

1
(3.6) (Au)? = [VZul? + div(AuVu -5V (|Vu|2)),
where
V= Y 2,
ij=1
Integrating the relation (3.6) on Q and applying the Gauss-Ostrogradskiy formula, we have

ou 190
2. 2,12 _Z 2
(3.7) /Q(Au) dxf/QW ul d:L'Jr/F (Auay 550 (|Vul )) ds.

To estimate the surface integral in (3.7) consider a local orthogonal coordinate system
(Y15--3Yn) = (y1(x), ..., yn(x)) around an arbitrary point « € I' such that n-th axis direc-
tion coincides with the outer normal vector v to I" with origin in z. The first n—1 coordinate
axes lie in the tangential hyperplane to I'. Now, for any x € I' there exists a neighborhood
B.(0) such that the surface I' N B.(0) is determined by the equation y, = w(y’) € C?*(D),
v = (Y1,...,Yn_1) € D C R"1. Note that

(3.8) wy, (0)=0, i=1,...,n—1

In this local coordinates system we have

ou 190 "
/F <Auay T 200 (|Vu|2)> ds = /F; (tyy,ty, — ty;ty,y,) ds

n—1
= / § :(“yjyj“yn - uyjuyjyn) ds
ri=

n—1
(3.9) = /F Z (tyy,ty,, — Uy, Uy,y;) ds = Ti(@) + Io(a),
j=1
n—1 1 9
(3.10) Ii(a) = /F;uyuyy ds = ’i/rawfums’

n—1
(3.11) Ir(a) = / Zuyi%uyn ds = / A uuy,ds,
r;on r
where the vector

(3.12) Viu=Vu— —v
v
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is a tangential gradient of the function w on I' and

n—1
(3.13) Aru = Z Uy;y,
j=1

127

is the Laplace operator in the (n — 1)-dimensional tangential hyperplane. Due to (3.10) —

(3.13) the values of I;(a) and Iz(a) do not depend on the position of the yi, ..

in the tangential hyperplane.

'7y’r747

At first we consider the integral I («). The normal vector to I' in I' N B.(0) is

1
= W (—wyl,...7—wyn71,1),

The boundary condition (2.5) in the local coordinates system is

Uy, (v, w(y Zuy Y w(y))wy, (v)

(3.14) 04( + Vo) u(y,w(y') =0, o €D.
Differentiating the equality (3.14) on y;, ¢ =1,...,n — 1 we obtain

n—1

Uy, y; T Uy, y, Wy, — E ((uyw + uyﬂlwu) Wy, + Uy, Wyjyi)
i=1

n—1
(3.15) + a(Z I (14 [Vl (g, + 1y, ,)) = 0.

(14 |Vw|?)1/2

Consider the relation (3.15) at ¢y = 0. We have by (3.8) the following equality

n—1

Uy, yi — Z Uy Wy, +aty, =0 onl.
j=1
Consequently,
n—1
(3.16) Uy, ys = Z Uy, Wy, — Uy, =0 on T
j=1
and
n—1 n—1
5L (a) = /I‘ Z Uy; (auyi - Z uijyjyi) ds
(3.17) = /\V ul ds—/ Z Wy, Uy, Uy dS.

1,7=1
Since I' € C? we have

sup | wyiyjl <K
zel

1 axes
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and

n—1
(3.18) '/ E Wy, Uy, Uy, ds| <
r .=
i,j=1

Combining (3.17), (3.18), we obtain the inequality

(3.19) Li(a) > (o —(n— 1)K)/ |V, ul?ds.

(nfl)K/ |V ul?ds.
r

Yi

n—1
(3.20) I(a) = a/F IV ul?ds — a/F Zl (uuyj)yj ds
j=

To estimate the second integral in (3.20) we need some results about differentiable functions
on closed surfaces ([9], see also [7], Ch. 1, Par. 7).

Let I' € C? be a closed surface in R™ and © be the tangential hyperplane to I' at the
point z. Let p(x) € CY(T") be a vector function such that for all x € T we have p(z) € ©.
For any z € T and 2/ € T'N B.(z) we consider the projection &’ of the point z on © and
the projection p(z’) of the vector function p(z) on ©. Denote by divegp(x) the value of the
divergence of the function p(z’) in the (n — 1)-dimensional space © at the point z’ = z.
Then

(3.21) /Fdiv op(x)ds =0.

Now we set p = uV,u. Consequently, in the local coordinate system (y',y,)|, we have

Wy wyn
p:u<“y1 1—|—|V1(JJ|2 (Zwyguyg uyn)7"'7uyn—1 - 1_’_|v;‘2 (Zwygu% - 'n,)’

Now, consider the integral I5(a). By the relation w,,, u = —ul + (uuyj)yj we have

n—1

1
Uyn + HW(; wyjuyj — uyn)), y/ c D,

and

n—1 o n—1
> (X )
uu Wy W u

— ( Yi 1 + |V(U|2 — Yi "Y; Yn s

n—1 u n—1 n—1
:E Uy, *75&)7.7.(5(,&)‘11,,*’11,”)

. ( Y )yi 1 _|_ |vw‘2 - YilYi . Yj Yj Yn
=1 1=1 J=1

n—1

n—1
u
(3.22) — ; Wy, (m (; Wy Uy — Uyn))yi
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and by (3.8) we obtain

n—1 n—1
divep(x) = Z(uuy)% + Uy, Z Wy,

i=1 j=1

n—1

= Z(Uuy)yl + (n — 1) H(z)uu,, .

=1

where H(z) is the mean curvature of the surface ' oriented by the outer normal v at the
point z. Therefore,

Z(uuy)yl =divep(z) — (n — 1)H(x)uu,,

(3.23) =divep(z) — (n — 1)H (x)u— .
Combining the equalities (3.20), (3.21) and (3.23), we have

—a/ IVl ds—a/ (divep(x) _ (n—l)H(x)uZZ) ds

:a/ IV uf2ds + a(n — 1)/H(m)u? ds
(3.24) —a/|V ulds — (n — 1 /H @ ds.
Now, by
/Q(Au)gdzv:/Q|V2u|2dx+l1(a)+12(a)

Z/Q|V2u|2d$+(2a(n1)K)/F|VTUQdS(nl)/FH(x)<gZ)2ds

for a > (n — 1)K/2 we obtain the inequality

(3.25) /Q|V2u|2dx§/Q(Au)2dx+(n1)AH(1)(Z;L)2ds.

Let us note that for convex domains Q2 we have H(z) < 0 and the inequality (3.25) provides

the estimate
/|V2u|2dm§ /(Au)de
Q Q

In general case, it follows from (3.25) that

(3.26) /|V2u|2dx§ /(Au) dm+(n71)H1/(au) ds,
Q Q 8U
where Hy = sup |H(z)| > 0. Using the inequality
zel
(3.27) % <|Vu| on T,
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we obtain
/Q |V2u|?dx < /Q(Au)de +(n—1)H; /r |Vu|? ds.
Now we apply the inequality in [8], Ch. 3, Par. 5, Formula 19,
Gs
€
valid for v(z) € H*(Q2) with an arbitrary € > 0. Hence,

(3.28) [0l|7, iy < el Vol @ + =017, @)
2 2,112 Cs 2

(3.29) ||VUHL2(I‘) <ellv u||L2(Q) + ?HVU”LQ(Q)
and
(3.30) /|V2u|2dx < /(Au)2d:c+(n—1)H1 (5/ \v2u|2dx+@/ |Vu|2dx).

Q Q Q € Ja
Taking e =1 /(2(n — 1)H;), in (3.30) we obtain

1
(3.31) 5/ |V2u|?dx < /(Au)2dx—|—C4/ |Vu|?*de, a>a; >0.
Q Q Q

It follows from (2.4) and Green’s formula that

/Qh2dx:/ﬂ(—Au+u)2dx
= /Q((Au)2 + u® — 2ulAu)dx

:/((Au)2+2\Vu|2+u2)dxf2/u?ds.
Q

T 14

Therefore,

1/2 un2  \1/2
3.32 / Au2+2Vu2+u2dac§/h2da:+2 /qus /— ds .
(332) [ (A 2Vul s ut)de < | ([ wds) ([ (5,) @)
By the inequality (3.5)

1
(3.33) /ust < —/ h*dz,
r @ Ja
Ou\ 2 9
. — < .
(3.34) /F(au) ds_a/ﬂhdx
Now, combining the inequalities (3.32) — (3.34), we have
(3.35) /((Au)2 IV + a?)de < 3/ Wz, a0,
Q Q

and, finally, it follows from (3.31) and (3.35) that
(3.36) / (IV2ul* + |Vul® + v?) dz < Cg/ Ridr, o> oy, C,=3(1+Cy).
Q Q

We prove now the estimate (2.6) for all functions v € C%(Q) satisfying the boundary con-
dition (2.5). To prove the estimate (2.6) for solutions of (2.4), (2.5) in H2(Q) we take a
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sequence of functions u,, € C?(Q) satisfying (2.5) such that ||u — || g2) — 0, m — oo.
Applying the estimate (2.6) to the functions u,, we have
(3.37) lumllg2(0) < Collhm|lLa0), @ > aa,

where Ry, = —Auy, + Uy, Therefore, ||hn|lz,) — [|hllz,@), m — oo. Taking a limit in
(3.37), we obtain the inequality (2.6) for all functions u € H?({2) satisfying (2.5).
Theorem 1 is proved.

4. Lo-CONVERGENCE OF EIGENFUNCTION

Let u, € H'(Q) be the first eigenfunction of the problem (1.1), (1.2) such that u, > 0 in
Q and ||uql|z,(@) = 1. This eigenfunction satisfies the integral identity

(4.1) /Q(Vua,Vv) da:—|—oz/ruav ds = Al(a)/gluav dx
for all v € H'(Q). Therefore, taking v = u, in (4.1), we obtain:

(4.2) /Q Vg |*dx + a/ urdr = M\ (a) < AP,
and )

(4.3) ltallZs e + a/Fuids <AP 1.

Consider a sequence oy — +00, k — co. By (4.3) the sequence u,, is bounded in H(Q)
and

(4.4) o llm@) < /AP + 1.

Take a subsequence (denoted also by {u,, }) such that

(4.5) U, — U weakly in H(Q), strongly in Ly(Q) and Ly(T).
Let v €' (€2), then by (4.1) we have

(4.6) /Q(Vuak,Vv) dx = M\ (ag) /Q Ug, U dT.

Note that by (1.8)

(4.7) im () = AP,

Now, it follows from (4.5), (4.6) and (4.7) that

(4.8) /Q (Vii, Vo) dx = \P /Q @w dx

for any v € }OI 1(Q). Applying the estimate (4.2), we obtain the inequality

)\D
/uikds < —17
r ) g

/ W2ds =
r

SO
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Hence, we obtain that @ € IO{ (). So, the function 7 is a weak solution of the boundary
value problem
(4.9) At + \Pa =

U in Q,
(4.10) i

0
0 onI.

Moreover, it follows from (4.5) that @ > 0 in Q and ||@[|, () = 1. Therefore, @ = u®, where

uP is a positive normalized eigenfunction of the Dirichlet problem (1.3), (1.4) and

(4.11) |uP — e, 220 — 0, Kk — oco.
Now, we want to show that
(4.12) [uP = ual|py@) = 0, @ — +oo.

Let us suppose that (4.12) is not true. It means that there exists an € > 0 and a sequence
ap — 400, k — oo such that

(4.13) [P — oyl pa) > €, k=1,2,....

Let us take a subsequence (denoted also by {u,, }) such that (4.5) holds for some @ € H*((2).
But this means that @ = u” and (4.11) holds, which contradicts (4.13). The relation (4.12)
is proved.

5. H?-CONVERGENCE OF EIGENFUNCTION

Let v and u, be nonnegative first normalized Dirichlet and Robin eigenfunctions re-
spectively. Therefore,

(5.1) Aty + A1(a)ue, =0 in Q,

(5.2) aaiya +taua=0 onT,

(5.3) AuP + \PuP =0 inQ,

(5.4) u? =0 onT.
By (5.1) — (5.4) the function w = uP — u,, is a solution of the boundary value problem
5.5 —Aw+w=AP+1) (P —ua) + AP = \(a)) us in9,

1 1
1 Juq
(5.6) w=_ aauy onT.

Consider a function b(z) = (b1(z),...,b,(z)) € C*(Q) such that b = v on I'. Therefore, the
function

- 1
W=w— a(b7 Vug)
is a solution of the boundary value problem
(5.7) —AW+ W = ho(z) in £,

(5.8) w=0 onT,



ON THE ASYMPTOTIC BEHAVIOR OF THE FIRST EIGENVALUE 133

where
ho = (A +1) (uP —ua) + (AP — Ai(@)) ua + é ((b, V) — A(b, Vug,))
=P +1) (uP —ua) + (A - Al(a)) Ug,
+ é((b, Viug) — (Ab, Vig) — 2 Z Jo (ta)e, = (b, VAuq) )
= (A +1) (u” —ua) + (A? - ilga)) Ua
((b Ab, V) -2 Z Yoo (e sz, + M (@) (b, V) )
= (A +1) (u” —ua) + J(;? - Al(a)) Ua
(5.9) + é((l A (a))b — Ab, Vi) — 2 Z os (Ua)ara, )

1,j=1

The first eigenfunction u, is solution of the boundary value problem

—Aug + o = (M (@) + Dug  in

Jug

; + auy, =0 onT,
and by (2.6) satisfies
(510) Hua||H2(Q) < CQ()\l(Oé) -+ 1), a > Q.

Now, using the estimate (5.10) and the boundary flattering procedure for proving the higher
regularity of solutions to boundary value problems associated to second-order elliptic ope-
rators ([8], Ch 4, Par. 2, No. 3, [2], Ch. 6, Par 6.3), we obtain

(511) Hua|lH3(Q) < C5HUQHH1(Q) < Cﬁ, o> o,

where C5, Cs do not depend on . Combining (1.8), (4.12), (5.9) and (5.10), we obtain the
estimate

hallza@) < A7 + Dllu? = uallz, )
Cr
+ (A = M) [uall o) + 7||ua||H2(Q
1
(512) < Cg(HuD — UQHL2(Q) + a), a > Q.

It follows from the inequality ([8], Ch 4, Par. 2, Th. 4) that

- 1
(5.13) @l < Co(Iu” = wallzaiey + =) a>an.
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Combining (3.5), (5.11), (5.12) with (5.13), we get

B 1
||uD — Ua || H2(0) = Hw—i— a(b, Vi)

H2(Q)

< @] 2 () + = 1(b, Vua) | m2(0)

1
«
b 1y 1
< Cuo((I1e? = wallpaor + ) + Iall o))
1
(514) < 011<||1LD — uaHLQ(Q) + a), a > o,

with the constant C; independent of a.

6. ASYMPTOTIC EXPANSION

Proof of the Main Theorem.
For the normalized eigenfunction u” the relation (2.1) is equivalent to

M) =P duP\ 2
(6%

Let us note that, by (1.8), the numerator A (a) — AP in the fraction in (6.1) tends to zero
when a@ — +o00. By the formula ([4], Th. 1, Form. (7)) and the boundary condition (1.2)

we have
1 Oug \ 2
/ _ 2 _ o
A () —/FuadS— el /F(—ay) ds,

where u,, is the first normalized eigenfunction of the problem (1.1), (1.2). Therefore,

. N(a) . Oug \ 2
(6:2) Jim SR = tim [ () ds.
a2

Let us prove that

D
(6.3) all}r_sr_loo F(aaqu)zds:/r(agyfds.

By the inequalities (3.27), (3.29), (4.12) and (5.14) we have

ouPl  Ouy\2 D 9
-z _T7a < _
/F< » V) ds /|V(u Uq)|“ds

2 2
<O (V2P = wa)|[}, 0 + VWP =)} o))

(6.4) < ClluP = uallg2@) = 0, a— +oo.

Using (6.4), we obtain the relation (6.3). Now, by L’Hopital’s rule the equality (6.1) follows
from (6.2).The proof of the Main Theorem is completed.
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