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EXISTENCE OF STANDING WAVES SOLUTION FOR A NONLINEAR
SCHRODINGER EQUATION IN RY

CLAUDIANOR O. ALVES

ABSTRACT. In this paper, we investigate the existence of a positive solution for the
following class of elliptic equation

—E2Au+V(z)u= f(u) in RV,

where € > 0 is a positive parameter, f has a subcritical growth and V is a positive
potential verifying some conditions.

1. INTRODUCTION

In recent years, many authors have considered the existence of solution for the following
class of elliptic equation

—2Au+V(z)u= f(u) in RN,
w>0 in RY, (P).
u € HY(RY),

where € > 0 is a positive parameter, V : RY — R and f : R — R are continuous functions
with V being a nonnegative function and f having a subcritical or critical growth. The
existence and concentration of positive solutions for general semilinear elliptic equations
(P). for the case N > 2 have been extensively studied, see for example, Ackermann and
Szulkin [2], Alves, do O and Souto [4], Bartsch, Pankov and Wang [5], do O and Souto [9],
del Pino and Felmer [6, 8], del Pino, Felmer and Miyagaki [8], Floer and Weinstein [10], Oh
[11], Rabinowitz [12], Wang [13] and their references.

The knowledge of the solutions of (P), has a great importance for studying the existence
of standing wave solutions for, the nonlinear Schrodinger equation

ov
ey = —EAV + W (2)¥ — f() for all z € RY, (NLS)
which are solutions of the form ¥(z,t) = exp(—iEt/e)u(x), where u is a solution of (P),.
The equation (NLS) is one of the main objects of the quantum physics, because it appears
in problems involving nonlinear optics, plasma physics and condensed matter physics, see
[10] and [11] for more details about these topics.
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In a seminal paper, Rabinowitz [12] introduced the following condition on V'

0< ZIEIﬁQfN Vi(z) < ‘E‘Igi_nog V(z). (V)
Later Wang [13] showed that these solutions concentrate at global minimum points of V' as
€ tends to 0.

In [6], del Pino and Felmer established the existence of positive solutions which concen-
trate around local minimum of V', by introducing a penalization method. More precisely,
they assumed that there is an open and bounded set @ compactly contained in RY such
that

O0<y< V= Zuel(fDV(z) < min V(2). (1)
Motivated by this result, Alves, do O and Souto [4] and do O and Souto [9] studied the same
type of problem with f having critical growth for N > 3 and exponential critical growth for
N = 2 respectively.

In [7], del Pino, Felmer and Miyagaki considered the case where potential V has a geom-
etry like saddle, essentially they assumed the following conditions on V: First of all, they
fixed two subspaces X,Y C R¥ such that

RV=X@Y.
By supposing that V is bounded, they fixed cg,c; > 0 satisfying

= inf V(2)>0
°= &V

and

c1 = sup V(z).
reX

Furthermore, they also supposed that V € C?(RY) and it verifies the following geometric
conditions:

(V1)
co = inf sup V(z) < inf V(y).
’ R>03€0BR(0)NX (=) yey )
(Va) ~ The functions V, ¥ and 3;2;2 - are bounded in RY for all 4,5 € {1,...,N}.

(V3)  V satisfies the Palais-Smale condition, that is, if (z,,) C RY is a sequence such that
(V(x,)) is bounded and V'V (z,) — 0, then (x,,) possesses a convergent subsequence in RY.

Using the above conditions on V', and supposing that
2(p—1)

c1 < 2N+2-p(N-2) Co,

del Pino, Felmer and Miyagaki showed the existence of positive solutions for the following
problem

—EAu+V(2)u = |uP%u in RV,
where p € (2,2*) if N > 3 and p € (2,+00) if N = 1,2, for € > 0 small enough. The main
tool used was the variational method, more precisely, the authors found critical points of
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the functional
Ew) = [ (Va4 o) do
]RN
on the manifold

Mz{uEHl(RN)ﬂP : / |u|pdx:1},
RN

where P denotes the cone of nonnegative functions of H*(RY). Recently, in [3], Alves has
studied the same type of problem with f having an exponential critical growth and N = 2.
In [8], del Pino and Felmer have considered the following assumptions on V:

(V4) V is of class C! and there exists an o > 0 such that
V(z) >a, VzeRY.

Locally, it was fixed an open and bounded set D C RY and subsets By, B C D with B
connected. Using these sets, we denoted by I the class of all continuous functions ¢ : B — D
with the property that ¢(y) =y for all y € By. Define the min-max value ¢ as

1.1 c=inf sup V' ,
(1.1) Inf sup (o(y))
and assume additionally
(Vs)

sup V(y) < c.
YyE€Bo

(Vs) Forallp e, ¢(B)N{ye D : V(y) >c} #0.

(V7) For all y € 9D such that V(y) = ¢, one has 9,V (y) # 0, where 9, denotes the tangential
derivative.

Motivated by the above papers, in the present article we show the existence of solution
for (P), by considering two new class of potential V', namely :

Class 1: The potential V' verifies the Palais-Smale condition.
(Ag) There exists a Vy > 0 such that V(z) >V, V€ RY.

(A}) V€ C?*(RY)and V, g—;/; and 83321_ are bounded in RY for all i,j € {1,..., N}.

(Ay) V verifies the Palais-Smale condition, that is, if (z,,) € RY is a sequence such that
(V(xy,)) is bounded and VV (x,,) — 0, then (x,,) possesses a convergent subsequence
in RV,

Class 2: The potential V' does not have critical point on the boundary of some
bounded domain.

In this class of potential, we suppose that V' verifies (Ag) — (4;1) and the following addi-
tional condition:

(A3) There is a bounded domain A C RY, such that VV (z) # 0 for all 2 € OA.
Related to the function f, we assume that

(f1) 1imsup® =0.

s—0t §
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(f2) There exists p € (2,2*), such that

lim sup f(sz
s—+oo SPT

(f3) There exists 6 > 2 such that
0<OF(s) <sf(s) Vs>0;
where F(s) = [; f(t) dt.
The statement of our main result is the following

Theorem 1. Suppose that V' belongs to the Class 1 or 2 and [ satisfies (f1) — (f3). Then,
the problem (P). has a positive solution for € > 0 small enough.

In the proof of the Theorem 1, we will use variational methods, more precisely, the Moun-
tain Pass Theorem due to Ambrosetti and Rabinowitz [1] combined with some arguments
developed by del Pino and Felmer [6], for more details see Section 2.

The paper is organized as follows. In the next section, inspired by [6], we study the
existence of a solution for a class of auxiliary problems. In Section 3, we prove the main
theorem supposing that V belongs to Class 1, while in Section 4, we consider the case which
V belongs to Class 2. Finally, in Section 5, we make some final considerations for elliptic
problems with f having critical growth for N > 3 and exponential critical growth for N = 2.

2. DEL PINO AND FELMER’S APPROACH

In this section, following an idea found in del Pino and Felmer [6], we will study the
existence of a solution for a special class of elliptic problems associated with (P)e.
Since we intend to prove the existence of positive solutions, hereafter we consider
f(s)=0, Vs<O.
Using the change of variable v(z) = u(ex), it is possible to prove that (P). is equivalent
to the following problem
—~Au+ V(ex)u = f(u) in RV,
u>0 in RY, (P).
u € HYRY).
Therefore, in what follows, we prove the existence of a positive solution for (P).. For this
purpose, we start observing that from (4g), we can work in H1(R") with the norm

Jull = ([ 0vup + V<e:c>|u|2>dac)é ,

which is equivalent to the usual norm.

The Euler-Lagrange functional associated with (P)” is given by
1
I (u) = = ||lul)? 7/ F(u)dz, Yuec H'(RM).
2 RN

From the conditions on f, the functional I, € C*(H*(RY),R) and its Gateaux derivative is

I'(u)v = /RN (VuVo + V(ex)uv)dz — /R f(u)vdz, Yu,v € H'(RY).

N
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It is easy to check that the critical points of I. are weak solutions of (P)L.
In the sequel, let us denote by I, : H*(R™) — R the functional

1
Lo(u) = 7/ (|Vu|2+Voo\u|2)dx—/ Fu)de,
2 RN RN
where
Voo = max V().

zERN
Furthermore, let us denote by ¢, the mountain pass level associated with I, that is,

oo = inf Lo (y(t
Coo = Inf max (v(t))

where
(2.1) I'={yeC(0,1], H*(R")) : v(0) = 0 and I.(y(1)) < 0}.
Here, we would like to point out that c,, depends only on V,, 6 and f.

2.1. An auxiliary problem. Given a bounded domain © C RY, we fix the numbers
k= 92% > 2 and a > 0 be the value at which

fla) _ Vo
a k'
where Vy > 0 is given in (Ag). Using these numbers, we set the functions
0, s<0,
fls)=14 f(s), 0<s<a,
Vo

S s>a

and

glw,s) = x(@)f(s) + (1 =) f(s), V(z,5) RN xR,
where x denotes the characteristic function associated with €2, that is,

1, z€Q
X@) =90 Lecae

Using the above functions, we will study the existence of a positive solution for the
following problem
—Au+V(ex)u = gc(z,u), x€RN,
(AP).
u € HY (RN),
where
ge(w,s) = g(ew,s), Y(x,s) € RN xR.
The above problem is strongly related to (P)., because if u is a solution of (AP). verifying
u(zr) <a, VreRV\Q,
where Q. = Q/e, then u will be a solution for (P)!

€

Associated with (AP)., we have the energy functional .J. : H!(RY) — R given by

Je(u) = %/RNUVMQ + V(ex)|u|?) dx — /RN Ge(z,u)dx,
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where .
Ge(z, ) :/ ge(x,t)dt, V(z,s) € RN xR.
0
From the conditions on f, and hence on g, J. € C*(H'(RY),R) and one has
J(u)v = / (VuVo + V(ex)uv)dz — / ge(x, u)vdz, Yu,v € H'(RY).
RN RN

Thus, critical points of Je correspond to weak solutions of (AP)..

Repeating the same arguments found in [6], it is easy to see that J. verifies the hypotheses
of the Mountain Pass Theorem due to Ambrosetti and Rabinowitz [1] for all € > 0. Therefore,
there exists a uc € H'(RY) such that

Jo(ue) =cc >0 and J!(u) =0,

where

. = inf Jo(y(t
ce = inf max (v(t))

with
I'={yeC([0,1], H'(RY)) : 7(0) = 0 and J.(y(1)) < 0}.
Observing that
J(u) < Io(u) Yue HYRY),

we have
(2.2) ce L, VYex>0.

The lemma below establishes an important estimate from above for the H'-norm of the
family (u.).

Lemma 1. For all € > 0, the solution ue of (AP). satisfies the estimate
lue|? < 2kcoo.

Proof: Using the fact that u,. is a critical point of J., we must have

1 / (0 — 2) 2 1 2
frng frng —_ = > > _ .
ce = Je(ue) = Je(ue) eJe(uE)uE 2 lue]® > o || el
Now, the result follows by combining the above inequality with (2.2). O

Here, we would like to point out that in Lemma 1, the norm |Juc|| is bounded from above,
by a constant that depends only on V,, 6 and f, then the constant does not depend on
e> 0.

3. PROOF OF THEOREM 1: THE CLASS 1

In this section, we will prove the Theorem 1, by supposing that V belongs to Class 1.
For this purpose we will use the results obtained in Section 2 fixing
= Bg.(0),
where R, = % Consequently, we know that there is a solution u. € H(RY) for (AP)..
In what follows, our goal is to prove that there is ¢y > 0 such that

uc(z) <a, Yo eRN\ Br (0) and Ve e (0,¢).
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Lemma 2. The function u. verifies the following estimate

max uc(r) -0, €—0.
©€B g, (0)

Proof: Assume by contradiction that there exists an ¢, — 0 and v > 0 such that

max  up(x) > Vn € N
©€dB g, (0) n(@) 2 ’
where u, = uc,. From now on, we fix =, € dB=r., (0) satisfying

€n

U (zn) = xeaglg; " ue, ().

€n

Therefore,

un(xn) >, VYneN
By Lemma 1, (u,) is bounded in H'(RY). Thereby, setting w, = u,(- + z,), we can
guarantee that (w,,) is also bounded in H*(RY) and it satisfies

—Awy, + V(en® + €nxp)wy = glen® + 6,20, wy),r € RN,

u € HYRY).
Using bootstrap arguments, it is possible to show that (w,,) converges uniformly on compact
set to its weak limit w € H'(RY). Then, w € C(RY) and w(0) > ~, which implies that
w # 0. Moreover, by (A1), there exists a subsequence of (e,z,,), still denoted by (e,z,),
such that

a; = lim Veyzy),
n—-+oo

for some a; > 0. Since for each ¢ € H*(RY), the equality below holds

Vw,Vodx + / Vienz + enap)wpd de — / g(enx + €nxn, wp)ddx = 0,(1)]|4]],

RN RN RN
taking the limit of n — 400, let us deduce that w is a nontrivial solution of the problem
(3.1) Au—aju+ g(z,u) =0, z€RY,
where

32, 5) = (@) () + (1 = K@) F(),
for some ¥ € L°°(RY). Thus, by regularity theory, w € L= (RY) N H2(RY).
For each j € N, there is ¢; € C§°(R") such that
l6j —wl <1/3,
that is,
6 — wll = 0;(1).

Using % as a test function, we get

0¢; 0¢; 0¢;
- anvaﬁz dx + /RN V(enx + €n2n)wy aﬁz do — /RN g(en® + €72y, wy) aiz dz = 0,(1).
Now, applying the Lebesgue’s Theorem, we deduce that
0¢; 0¢;
Vw,V 0; dx = VwV 0; dx + on(1)
RN ox; RN Ox;
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and

99 . ¢
/RN g(en® + €n%n, W) oz, dx = /RN g(z,w) oz, dx + o, (1).

From the above limit with (3.1), we find

O
lim sup / (V(enz + €nwpn) — V(enzn))wn 2 dz| = 0.
n——+o0o RN 8 1
As ¢; has compact support, the above limit gives
. 99,
lim sup (V(enz + €nxn) — V(epzy))w dz| = 0.
n—+oo |JRN Oz
Now, recalling that % € L*(RY), we have that (g?) is bounded in L?(RY). Hence,
: 09,
lim sup (V(enx + enzyn) — V(enTn))o; dz| = 0;(1),
n—+oo |JRN Ox;
and so,
1 0(¢?
lim sup f/ (V(enz + €nwpn) — V(enwsn)) (93) dz| = 0;(1).
n—-+oo 2 RN a '3

Using Green’s Theorem together with the fact that ¢; has compact support, we obtain the
lim sup

limit below

which combined with (A;) leads to

%(enfn)/RN ‘¢J| dx

7

dz = 0;(1),

lim sup
n—-+oo

= 0;(1).

/ |¢>j|2da:—>/ lw*dr >0 as j — 400,
R2 RN

it follows that

=0;(1), Vie{l,..,N}

1 |4 ( )
1m su —(EnT
n—>+o<]§) ox; e

Since j is arbitrary, we derive that

VV(enzn) — 0 as n— oo.
Therefore, (e,x,,) is a (P.S)a, sequence for V', which is absurd, since by (Az), V satisfies the
(PS) condition and (e,z,) does not have any convergent subsequence in RY because

1
lente, | = Re :6—%+oo, as n — +oo.

n

O
Proof of Theorem 1 ( conclusion ): From Lemma 2, there exists an ¢y > 0 such that

max u.(z) <a, Vee (0,¢).
©€dB p, (0)
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Considering the function

(ue —a)t(x), ze€RN \B%(O),

it follows that @, € H*(RY). Thereby, J!(u¢)i. = 0, or equivalently,

/ VueViie dx+/ V(ex)uctie da::/ Je (T, ue)Ue dx.
RN RN RN

Now, using the definition of g., it is possible to prove that @, = 0. From this,
uc(z) <a, VYeeRY\ Bz (0),

showing that u. is a solution for (P).. O

4. PROOF OF THEOREM 1: THE CLASS 2

In this section, we will prove the Theorem 1 for the case that V belongs to Class 2.
However, we will use the results showed in Section 2 with

Q=A.

Then, we also have a solution u, € H*(RV) for (AP)..
Next, we will show that there exists an €y > 0 such that

uc(z) <a, Ve eRN\ A, and Vee (0,¢).
Lemma 3. The function u. verifies the following convergence

—0 — 0.
R =0 e

Proof: Using the same type of arguments explored in the proof of Lemma 2, we find a
sequence (x,) C JA., , with €, — 0, satisfying

VV(enzn) — 0.

Since (e,2,) C OA, and OA is a compact set in RY, we can assume that there is z9 € A
such that

€ny —> o In RN,
Gathering the above limits with the fact that V € C*(RY,R), we get
90 € OA and VV(zg) =0,

contradicting (As). O

Proof of Theorem 1 ( conclusion ): The conclusion of the proof follows as in Section 3.
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5. FINAL CONSIDERATIONS

In this section, we would like to point out that the arguments explored in the present
paper can be applied to study the existence of solution for elliptic problems with critical
growth for N > 3 and exponential critical growth for N = 2, with the following hypotheses:

Critical growth for N > 3:

—2Au+ V(x)u = Nul? 2u + |[u|?* "2u in RN, (P)
u € HY(RYN), o
where €, A > 0 are positive parameters, ¢ € (2,2*) and 2* = %

The main result associated with this class of problem is the following

Theorem 2. Assume that V' belongs to Class 1 or 2. Then, there is g > 0 such that

a) If N >4, (P.). has a positive solution for all € € (0,¢e9] and A > 0.

b) If N =3, there exists an A* > 0, which is independent of ey > 0, such that (P.). has a
positive solution for all € € (0,e0] and X > A*.

In the proof of this result, we adapt the arguments found in [4], because in that paper,
the problem (P.). has been considered with the same condition on V, as considered in [6].

Critical growth for N = 2:

Hereafter, f € C*(R) and it satisfies the following conditions:
(f1) There is C' > 0 such that

[f(s)] < Ce* s’ for all s eR.

(f2) 1im 18 g,
s—0 8

(f3) There is 8 > 2 such that

0<0F(s) :zﬁ/sf(t)dt <sf(s), forall seR\{0}.
0

(f4) There exist constants p > 2 and C), > 0 such that
f(s) > CpsP~! for all s> 0,

where (r2))2
20 1 P
Cp > |Bp - )
6 —2 ) min{l, Vj}
with
Bp = }\I}OE Joos
Noo = {u € H'R*))\ {0} : J'_(u)u = 0}
and

1 1
Joo (1) = i/Rz (1Vul? + [V]oolul?) dz — E/RQ lufPda.

The main result related to above hypotheses is the following
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Theorem 3. Assume that V belongs to Class 1 or 2 and f wverifies (f1) — (f4). Then,
problem (P)¢ has a positive solution for € > 0 small enough.

In the proof of Theorem 3, we follow the ideas found in [9], because in that paper,
problem (P). has been considered with V verifying the same conditions, as explored in [6]
and f satisfying the above assumptions.
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