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AN EXTRAPOLATION THEOREM IN NON-EUCLIDEAN GEOMETRIES
AND ITS APPLICATION TO PARTIAL DIFFERENTIAL EQUATIONS

JONAS SAUER

ABSTRACT. We prove a generalization of an extrapolation theorem in the fashion of
Garcifa-Cuerva and Rubio de Francia towards R-boundedness on weighted Lebesgue
spaces over locally compact abelian groups. This result can be applied to show maximal
LP regularity for differential operators that correspond to parabolic evolution equations
subject to more general spatial geometries, for example the partially periodic Stokes op-
erator. As a main tool, we generalize the classical Muckenhoupt theorem on maximal
operators to locally compact abelian groups.

1. INTRODUCTION

In the setup of R™ the concept of Muckenhoupt weights has been studied extensively
throughout the last four decades or so, with many remarkable results in the fields of harmonic
analysis, weighted inequalities and partial differential equations (cf. [2], [9], [11], [12], [13],
[14], [19], [20], [25]). For ¢ € (1,00), a nonnegative weight function w € L{ (R") is said to
be in the Muckenhoupt class A, (R™) if

a
7

1 1 a’ ¢
Ay (w) :=sup sup 7/ wdzx / w e dx < o0,
! r>0yen \ [Br()] /B, @) 1Br ()| /. ()

where B,.(x) denotes the open ball of radius r around the center z, and where ¢’ is the Holder
conjugate of ¢q. The weight w is said to be in A;(R™) if there is a constant ¢ > 0 such that
Mpgrw(z) < cw(zx) for almost all z € R™. Here, Mg~ denotes the usual (centered) Hardy-
Littlewood maximal operator on R™. These classes of weights have been introduced by
Muckenhoupt, who considered such weights for bounded intervals and products of intervals
[21].

Muckenhoupt weights are known to possess several interesting properties. In particu-
lar, the maximal operator is bounded on weighted L%-spaces for ¢ € (1,00), see Theorem
V.3.1 in [25]. This result was used by Garcia-Cuerva and Rubio de Francia to show their
Extrapolation Theorem in Section IV.5 of [13], which states that if a family of operators
is uniformly bounded in LZ(R™) for one ¢ € [1,00) but all w € A4(R™), then it is already
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bounded in L?(R") for all p € (1,00) and all v € A,(R™). Strengthening this result towards
R-boundedness of families of operators as defined in Section 4, Frohlich [12] proved maximal
LP-regularity of the Stokes operator on weighted spaces L% (), where Q is the whole space,
the half space or a bounded domain of class C''!. For details about maximal LP-regularity,
see e.g. [6], [17].

In this paper, we wish to generalize the theory of Muckenhoupt weights and extrapolation
towards locally compact abelian groups G. We apply the abstract methods obtained here
in [23], [24] in order to obtain maximal regularity of the partially periodic Stokes operator
and to treat a spatially periodic nonlinear model describing the dynamics of nematic liquid
crystal flows. Let us briefly discuss how the results of the present paper affect the Stokes
equations in R" exhibiting a periodic behaviour in some of the space dimensions. For
simplicity, assume that there is exactly one direction of periodicity, say in z,-direction.
That is, we consider for a fixed time T > 0 the set of equations

ou—Au+Vp =f in (0,7) x R™,
diveu =0 in (0,7) x R™,
(1.1) u(0) =g in R™,
u(t, ', xn + 27) = u(t, 2’ z,),
lim w(t,2’,z,) =0,
|z’ | =00

with periodic external force f(¢,2', x,,) = f(t,2', x,+27). We analyze this problem in an L9-
setting, whence the decay condition in the last line of (1.1) will always be fulfilled, at least in
the sense of summability. Taking the work of Kyed [18] on the time-periodic Stokes equations
as an inspiration and introducing the locally compact abelian group G := R"~! x R/27Z, we
can use the Fourier transform on G to define the Helmholtz projection P : LY(G) — Li(G),
1< g < oo, via

FalPfl(n) = (I — W)]—"G[f](n), 0£nel =R1x2,

and equivalently reformulate (1.1) as an abstract Cauchy problem on the Banach space
L1(G) via

ou+Au = f in (0,7),
(1.2) { w(0) = uo,
where the partially periodic Stokes operator A is defined as usual, i.e., A := —PA. We

wish to establish maximal LP-regularity of the partially periodic Stokes operator, which is
equivalent to the R-boundedness of the family of resolvent operators {A\(A+A4)"H X € Sy, =}
with ¥yyz :={A € C: |arg\| <9+ §, A # 0} for some J € (0,7/2). Thus, the question is
how to obtain the corresponding R-bounds. In [24] we show that at least uniform bounds
can be obtained via Fourier analysis on the group G. These uniform bounds hold true
not only in L4(G), but in fact in all Muckenhoupt weighted L% (G)-spaces as introduced in
Section 3 below. Therefore, the aim of this paper is to establish an extrapolation theorem
which ensures that R-boundedness follows already from uniform boundedness in all weighted
spaces. Theorem 2 gives exactly this.

Note that on locally compact abelian groups one can define a nontrivial, translation in-
variant, regular measure p, called Haar measure [1], [4], [15], [27], with u(K) < oo for
all compact K C G. Furthermore, such a measure is unique up to multiplication with a
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constant. However, we often deal with the measure du,, := w dy, which is not translation in-
variant anymore. Therefore, if not stated otherwise, we shall drop the translation-invariance
condition on p. For ¢ € [1,00] one can thus introduce the space LI(G) of g-integrable func-
tions f : G — R, which turns into a Banach space if equipped with the usual norm

1l = ( / Ifl“du>q . qelLoo),

I = p-esssup 1.

Further we introduce the notion L?*°(G) for the weak L7(G)-space, as introduced e.g. in
[26]. Note that the space of continuous functions with compact support Cy(G) is dense in
L1(@G) for all ¢ € [1,00), see Appendix E.8 of [22] for details.

As we wish to carry over as many concepts known from classical harmonic analysis as
possible to the general setting, we will have to assume that the group G is furnished with
something that resembles the concept of balls and that the measure p enjoys a doubling
property with respect to these balls. We therefore make the following assumption.

Assumption 1. Suppose that G is a locally compact abelian group equipped with a non-
trivial and regular measure pu, such that u(K) < oo for all compact K C G. Furthermore,
assume that there is a local base of 0 € G consisting of relatively compact measurable
neighbourhoods Uy, k € Z, such that
(i) UU=G,
keZ
(ii) Ux C Up, if k < m,
(iii) there exist a positive constant A and a mapping 6 : Z — Z such that for all k € Z
and all x € G

k< 0(k),
Uk — Ux C Upry,
(x4 Ugary) < Ap(x + Uy).
Observe that necessarily A > 1 because Uy C Ug(y)-

Remark 1. From now on, we will always assume that the locally compact abelian group
G admits a family of sets (Uy)xez satisfying Assumption 1. We will call any set of the form
x+Uy, x € G, k € Z a base set. 1t is instructive to think of such base sets as an equivalent of
balls in the R™ with center in = and radius 2¥. Observe that by the following considerations
we can assume without loss of generality the base sets to be symmetric and the function 6
to be non-decreasing.

(i) Replace 0 by 6 defined via
(k) :=min{l € Z: 1 > k with Uy, — Uy C Uy }.

The thusly defined function is non-decreasing and satisfies f(k) < (k) for all k € Z.
Therefore, for all x € G and k € Z,

1Ugy) < mUpy) < Ap(Uk),

and hence we may assume that 6 is non-decreasing.
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(ii) We call a set U C G symmetric if U = —U. Since G is abelian, the set V :=U —U
is symmetric for any U C G. Replacing the base sets Uy by the symmetric sets
Vi := Uy — Uy, and replacing the doubling constant A by A2, we may assume that
all of our base sets are symmetric. Indeed, the Vj still form a local base of 0 € G
consisting of relatively compact neighbourhoods, see e.g. Appendix B.4 of [22].
The inclusion Vi, C V;, for k < m is obvious and the union of the Vi (D Ug) covers
the whole group.

Concerning condition (iii) of Assumption 1, we see

Vie = Vi C Uy — Ugre) = Vai)-

Moreover, the doubling property will be fulfilled with constant A2, since for all
re€Gandal keZ

(@ + Vo)) < (@ + Ugzy) < Apa + Up) < Ap(a + Vi).

Thus, from now on we will assume the base sets Uy to be symmetric and we will
write Uy — Uy, = Uy, + Uy =: 2Uj,.

Remark 2. Among the most prominent groups satisfying Assumption 1 are the groups R,
Z, the torus T and finite products of these groups.

(i) In the case of the real numbers R equipped with the Lebesgue measure, define
Up = (—2F 1281 A =2 and O(k) = k + 1.
(ii) For integers, an analogous construction to (i) corresponding to the counting measure
satisfies Assumption 1. Namely, choose Uy := (=2F"1 2F-1)N7Z A = 3 and
(k) =Fk+ 1.
(iii) If one chooses the arc length as a measure on the torus, possible choices are
Upg:={2€C:|argz| <2F}, A=2and § =k + 1.
Moreover, if G is a locally compact abelian group with an increasing sequence (Ug)gez of
compact open subgroups, such that

keZ kez
then Assumption 1 is fulfilled if and only if A := sup,cy |Uy : Uk—1| < 00, and one may take
0(k) = k41 in that case. See Examples 2.1.3 in [10] for details.

Let us define the (centered) mazimal operator on G. Suppose f € L (G) and define the
sublinear operator

1
(13) Mof(e)i=sup s [ fld
rez (T + Uk) Jotu,
Note that Mg f is obviously lower semi-continuous and therefore measurable.
Our two main theorems can be viewed as direct generalizations of their equivalents in the
classical R™-setup. For the definition of A,(G)-consistency see Section 3.

Theorem 1. Let G be a locally compact abelian group satisfying Assumption 1 and assume
g€ (1,00) andw € Ay(G). Then Mg is bounded in LL(G) with an Ay(G)-consistent bound.

Theorem 2. Let G be a locally compact abelian group satisfying Assumption 1. Suppose
that r,q € (1,00), w € Ay(G) and that Q C G is measurable. Moreover, assume that T is a
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family of linear operators such that for all v € A,.(G) there is an A, (G)-consistent constant
¢r = ¢r(v) > 0 with

ITfllLr ) < crllfllLr

forall f € LT(Q) and all T € T. Then every T € T can be extended to LL(Q) and T is
R-bounded in L(LZ(K2)) in the sense of Definition 4 with an A,(G)-consistent R-bound c,.

This paper is organized as follows. In Section 2 we provide further properties of the group
G subject to Assumption 1 and the maximal operator M. In the case of a translation-
invariant measure p, most of the results in this section are known and can be found in
Chapter 2 of [10]. Section 3 is devoted to establishing Theorem 1. Finally, in Section 4, we
provide basic information about R-boundedness and prove Theorem 2.

2. HARMONIC ANALYSIS ON LocALLY COMPACT ABELIAN GROUPS
We first provide some basic properties that follow directly from Assumption 1.

Proposition 1. Suppose Assumption 1 is satisfied.

(i) For every x € G and k € Z it holds p(xz + Uy) > 0.
(ii) The interiors of the base sets Uy cover G, i.e., Upey Ur = G. In particular, for
every compact K C G there is k € Z such that K C Uy.

Proof. (i) By Assumption 1 (i) and the regularity of measure p, we easily deduce
w(x +Ug) = u(G) as k — oo. Since p is nontrivial, we have p(G) > 0 and hence
there exists K € Z with u(x + Ug) > 0. Then for k € Z, Assumption 1 (iii) gives
k < 6(k), which shows that for all k € Z there exists N € N with 6V (k) > K.
Hence

0 < e+ Ux) < pla+ Upviy) < ANp(e + U),

proving the assertion.

(ii) It suffices to show that for every k € Z we have Uy, C Tofg(k) and then use property
(i) of Assumption 1. So fix k € Z and choose an open neighbourhood O of 0 € G
such that O C Uy. Then we have

Uy CO = | (z+0)C 20Uy

xzeUy

Observe that O’ is open, since it is the union of the open sets x + O. It follows
Ur C O" C Uy(yy and by definition of the interior even Uy C O" C (?g(k), which is
what we wanted to show. )

For the assertion about the compact set K we note that {Ug}rez is an open
cover of K and we thus find a finite subcover by compactness. But since the base
sets Uy are nested, so are their interiors, and so the finite subcover consists only of
the largest element. Hence there is k € Z with K C [j'k C Uy. O

One can define the uncentered maximal operator Mg in an analogous way, if one takes
the supremum in (1.3) not only over all k € Z, but also over all centers y € G such that
x € y+Uy. By a similar reasoning as for the centered maximal operator, M¢ f is measurable.
In fact, the uncentered maximal operator is comparable to the centered maximal operator.
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Lemma 1. Let f € L} _(G). Then

loc
(2.1) Maf < Maf < A*Mgf.
Moreover, for all x € G it holds

1
M f(x) ;== sup sup

_ Fldn < M f(x).
keZ y+Us sz 1Y + Upz (1)) /y+Uk| | c/(@)

Proof. The first inequality of (2.1) is obvious. For the second inequality, let =,y € G and
k € Z be such that x € y + Uy. Hence, we obtain x + Uy C y + Uy, and the doubling
property yields

1wz + Ugry) < Ap(z + Ui) < Ay + Ugry) < A%uly + Uy).
On the other hand y + Uy, C = + Uy, and thus

1 / 1
- fldp < ——— / fldp
M(y + Uk) y+Us ‘ | /L(y + Uk) z+Ug (k) l
A2
e fldg.
p(x + UQ(k)) /96+Ue(k) | ‘

Taking the supremum first on the right-hand side and then on the left-hand side yields (2.1).
The second assertion follows analogously if one observes that = + Up) C y + Upgz(x)- |

As the measure i possesses the doubling property, we expect the weak estimate

A
(2.2) p{z € G: Maf(z) >th) < - fl, t>0,
and even the stronger form
2A
(23) ploeGiMef@) > <0 [ fjdn t>0
{1f1>¢/2}

In order to show this, we need the following covering lemma due to Edwards and Gaudry
[10] to apply the known technique from the R™-setting.

Lemma 2. Let E be a subset of G and k : E — Z a mapping bounded from above such that
for every kg € Z the set {x € E : k(x) > ko} is relatively compact in G. Then there is a
sequence (x,) C E, finite or infinite, such that

(i) the sequence (k) := (k(zy)) is decreasing,
(i) the sets x, + Uy, are pairwise disjoint and
(iii) E C U (xn + 2Us,).

Proof. The lemma has been proven in Lemma 2.2.1 of [10] in the case of an translation
invariant measure u. The proof in the more general case considered here needs some modi-
fications.

If there is a finite sequence x1, ..., %, of points of E such that (ii) and (iii) are satisfied,
then one can always achieve (i) by relabelling and there is nothing further to prove. Hence,
assume that there is no such finite sequence.
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Then, arguing exactly as in [10], we find a sequence of points (z,,)nen C F such that (i)
and (ii) are satisfied and such that k,, = max{k(z) : x € A,_1}, where

A, :E\ U l’l+2Ukl
1<i<n

It remains to proof (iii), i.e, that the intersection over all A4, is empty. Were this not the
case, there would exist a point @ € E belonging to every A,, yielding k, > k(x) for all
n € N. Therefore, by assumption, the set M := {x,, : n € N} is relatively compact in G.
Since Uy, C Uy, and Uy, is relatively compact, it follows that

Fo= ] (@n+Us,) C M+ U,
neN

is relatively compact and so u(F) < u(F) < oo. On the other hand, the compact set
M is contained in a base set Ux, K € Z, by Proposition 1 (ii). Hence z,, € Uk for all
n € N. Furthermore, by the monotonicity of §, we find N € N with 8V (k(z)) > K, and so
0e Ty + UGN(k(JL)) This shows

Uk C (J,‘n + UON(k:(;z))) + Uk Cxp + 2U9N(k(,£)) Czp+ UON+1(k(x)).
Since the z,, + Uy, are disjoint, this finally yields
WF) ="l +Ui,) > > il + Usay)

neN neN
> A-(NHD Z [1(@n + Ugnat (j(ay)) = A~ Z w(Uk) = oo,
neN neN

since u(Uk) > 0 by Proposition 1 (i). This contradicts the finiteness of p(F). Hence
Mnen An is empty, finishing the proof. [

Theorem 3. Let ¢ € (1,00]. Then the mazimal operator Mg is bounded in LY(G). Fur-
thermore, M¢ is weakly bounded in L*(G), i.e., estimate (2.2) (and even (2.3)) holds true.

Proof. Since Mg f is lower semi-continuous for f € L, (G) and obviously Mg f(z) < || f]lo
almost everywhere, the maximal operator extends to a bounded operator in L™ (G).
Let us now establish (2.2). Assume that ¢ > 0 is such that (G) > 2| ||, since otherwise

the assertion is trivial. As we want to apply Lemma 2, consider the set

E,:={x € G: Mgf(zx) > t}.
If E; is empty, there is nothing to prove. Otherwise, choose a compact subset E; C E; and
define a function k : Ef — Z via

k(x):max{kGZ: f|du>t}.

o ).

This mapping is certainly well-defined. Indeed, if there was no maximal k € Z, then we
would find a sequence (k,,) C Z with k,, — 0o as n — oo such that for all n € N it holds

A 1 1
- > = > =
ST

/ |fldp > w(x + Uyg,) — pu(G), as n — oo,
tJarun,

contradicting our assumption.
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We have to show that the mapping k is bounded from above. Assume again otherwise.
Then we find (2, )neny C E} such that &, := k(z,) — 00 as n — oo. Since Ej is compact,
there is a K € Z with {J,cn{zn} C Ef C Ux by Proposition 1 ii. Taking sufficiently large
n € N, we obtain k, > K. Therefore 0 € x,, + Uy, and consequently Uy, C x, + Up,)-
Hence, we see

w(Uk,) < p(@n + Usr,)) < Ay + Uy,).

But then
A

A
Sl =% [ 14> Auta+ ) > n(U,) = w(G). a5 n = .
Tn+Uk,

yielding again a contradiction.

Since for every ko € Z the set {z € Ej : k(x) > ko} is a subset of the compact Ej
and therefore relatively compact in G, we can invoke Lemma 2 to obtain a finite or infinite
sequence of points z, such that E; C J (z, + 2Uy, ), but the sets z,, + Uy, are pairwise
disjoint and it holds p(zy + Uy, ) < ¢ on UL |f] dpe. Assume the obtained sequence to be
infinite, the finite case being even easier. This yields

WE) <Y plan +20,,) < A wlen + Us,)

n=1 n=1

A& A
<23 [ inans S
n=1

Observe that this estimate is independent of the compact subset E] C E;. Since E; is open by
the lower semi-continuity of the maximal operator and since the measure p is inner regular,
we may take the supremum over all compact subsets of E; to obtain (2.2). Therefore Mg
is continuous from L'(G) to L1>°(G).

Inequality (2.3) can be verified by a standard argument using (2.2), see e.g. Chapter 1.3.1
of [25].

Since M is weakly bounded in L*(G) and bounded in L*(G), it is also bounded in L4(G)
for ¢ € (1,00) by the Marcinkiewicz interpolation theorem, see Appendix A in [10]. (]

n+Uk,

3. MUCKENHOUPT WEIGHTS

Assume that G is a locally compact abelian group with a measure p satisfying Assumption
1.

Definition 1. Given a weight function w € L. (@), we denote by f, the measure defined

via ji,(E) := [pwdp and by LL(G) the space of all measurable functions such that the
g-norm with respect to the measure y,, is finite. Furthermore we denote by Mg, the
maximal operator defined as in (1.3) with respect to the measure p,.

Definition 2. Let ¢ € (1,00). A function 0 < w € L}, (G) is called an A,(G)-weight if

00 i (i [o) (i [ <

where the supremum runs over all base sets U € G. In that case, A4(w) is called the A,(G)-
constant of w. We say that w belongs to the Muckenhoupt class A4(G) or even w € A,(G)
if it is an A4(G)-weight.
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Furthermore, we call a locally integrable, nonnegative function w an A; (G)-weight if there
exists a constant ¢ > 0 such that

(3.2) Megw(z) < cw(z), a.a. x € G.

The infimum over all these constants is called the A;(G)-constant of w and is denoted by
Al (w)

We call a constant ¢ = ¢(w) > 0 that depends on A,(G)-weights A,(G)-consistent, if for
each d > 0 we have

sup{c(w) : w is an A,(G)-weight with Ag(w) < d} < oco.
Let us note some important observations on basic properties of the Muckenhoupt classes.

Proposition 2. (i) Let w € Ay(G) for g € (1,00). Then the following hold true.
(a) w € Ap(G) for p € (¢,00) and Ap(w) is Ag(G)-consistent. Here, even the
end—/pomt case ¢ =1 1is allowed. )
(b) w T € Ay (GQ), where ¢’ is the Hélder conjugate of q. Moreover, Ay (w_q?) is
A4 (G)-consistent.
(i) Let 0 < w € L}, (G) and let q € [1,00). Then w € A, (G) if and only if there
is an A,(G)-consistent constant ¢ > 0 such that for every nonnegative measurable
function f: G — R and every base set U C G it holds

(i) (a) Let r,q € [1,00) with ¢ < r and let wy € A4(G), w1 € A1(G). Then it holds
wo - wi "€ A (G) and
A (wo - wi™") < Ag(wo)Ag(wr)" 1.
(b) Let r,q € (1,00) with r < q and let wy € A4(G), w1 € Ai1(G). Then it holds
(wo™t - wi MY € A (G) and

q—r

A (™ wd YD) < A (wo) T Ay (wr) 5T

(iv) Let g € [1,00) and w € A4(G). Then
(a) the measure u,, is reqular and has the doubling property, i.e.,

,U'w(x + U@(k)) < Cw,ufw(x + Uk)

for all x € G and k € Z, where c,, > 0 is an Ay(G)-consistent constant,
(b) slightly more general, for any base set U and any measurable subset S C U we
have

#(SHN? _ p(S)
(34 (u(U)) SCuw(U)’

where ¢ > 0 is the bound appearing in (3.3),

(c) it holds L>°(G) = L°(G) with equal norms,

(d) Mg, is bounded in L?(G) for all 1 < p < 0o and weakly bounded in L} (G)
with an A4(G)-consistent bound.
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Proof. Parts (i) and (ii) are analogous to [13]. The respective consistencies are apparent
from the proof given there. Part (iii) is analogous to Lemma 2.1 of [9]. Thus, we concentrate
on part (iv).

Regularity follows by Lebesgue’s Theorem on Dominated Convergence. To verify the
doubling property, simply use (3.3) with U = = 4 Up(xy and f = Xp4v,. Since p has the
doubling property with doubling constant A, we obtain (iva) with ¢, = cA?.

For (ivb), we argue analogously, using (3.3) with f = xs.

To show (ivc), recall that the norm on L2°(G) can be represented via

[ fllzee () =sup{r € R: p,({x € G : f(x) > r}) > 0},

and a similar expression for the norm on L*°(G), if we replace the measure p,, by the mea-
sure ji. Since ju,, is absolutely continuous with respect to j, clearly || f||ec(a) < [|fllze(q)-
Moreover, w > 0 almost everywhere, excepting the trivial case w = 0. Indeed, if w = 0 on
a set S such that u(S) > 0, we get in virtue of (3.4) that u,(U) = 0 for every base set U
containing S. If S is not contained in any base set, then consider the set S := SN U for

some base set U large enough such that p(S) > 0, which certainly exists, since otherwise

u(S)z,u(U(SﬂUk)> <> uSnU) =0.

kEZ keZ

Hence, w = 0 almost everywhere on every base set containing S and thus on the whole
group G. This shows that for every nontrivial Muckenhoupt weight w we have w > 0
almost everywhere. Thus, p is absolutely continuous with respect to p,. Consequently
1l (c) = IfllLe (e)-

The boundedness of the maximal operators follows by Theorem 3. Marcinkiewicz’ inter-
polation theorem yields together with part (iva) the A,(G)-consistency of the bound. O

The Muckenhoupt weights can be characterized as those weight functions such that the
maximal operator is weakly bounded in the weighted function space LE (G). In fact, Theorem
1 states that for ¢ € (1, 00) the maximal operator is bounded in L%(G) even in the strong
sense. However, we first focus on the weak boundedness, which is true also for ¢ = 1.

Theorem 4. Let 0 <w € L}, (G) and let ¢ € [1,00). Then w € A,(G) if and only if Mg

loc

is bounded from LL(G) to LL™(G) with an A4(G)-consistent bound.

Proof. Assume w € A,(G). We can apply Proposition 2 (iv) to obtain that Mg, is weakly
bounded in L} (G) with an A,(G)-consistent bound. Therefore, the “only if” implication
follows by the arguments given in Chapter V.2.2 of [25].

Conversely, assume that Mg is bounded from L% to LL>°. Let f > 0 be measurable and
let U C G be a base set. If

1
(fU)izm/deNZ(),

there is nothing left to prove. Hence, assume (fy7) > 0 and observe that for every x € U it
holds (fy) < Mg f(z) < A2Mg f(x). Fixing 0 < t < (fy), we obtain

U={zeU: Mgf(x)> (fu)/A’}
ClreU: Magf(z) >t/A?} C {z € G: Mgf(x) > t/A?},
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and by the weak boundedness of the maximal operator we obtain

cA%1
po) < = [ £ du
U

Letting ¢t — (fy), we finally see

(o)) < e [ |71 ap
U
and in virtue of Proposition 2 (ii) we obtain w € A,4(G). O

If we want to strengthen Theorem 4 towards strong boundedness, we will necessarily have
to exclude the case ¢ = 1: There are counterexamples even for the group G = R™. Take
for example w = 1. It is easy to see that applying the maximal operator to a nontrivial
nonnegative integrable function never yields an integrable function.

However, if 1 < g = p, then we do obtain such a strong estimate. In the classical setting
G = R", this is called the Muckenhoupt theorem. It is usually proven via the so-called reverse
Hélder inequality (cf. [14], [25]), which in turn shows for ¢ € (1, 00) that w € A4(G) implies
w € A,(G) for some smaller p < g. Then the Marcinkiewicz interpolation theorem may
be applied to show the assertion. Unfortunately, the proof of the reverse Holder inequality
heavily relies on the existence of dyadic cubes. In our situation, we lack of such a concept.
However, Jawerth [16] found a different approach avoiding the reverse Holder inequality
and hence suitable to adapt to our situation. Later, Lerner [19] significantly simplified the
argument.

Proof of Theorem 1. Let f € L9(G) and assume that U := z + Uy, € G, k € Z is a base

set. Define
e = (i fo90) (55 o = 00)
, W) = — w u —_— w 4 u .
@ w(@) Ju 1(0) Jorv,

Note that A, 7(w) can be estimated by A%7A,(w). We write v := w™7/9 and observe that
v € Ay (G) by Proposition 2 (ii). We calculate

’
a

U)/U|fd,“_~’4f1)U(w)%; (/ff(U[])) (,LLV(-T+U02(k) / |flv! duu>(1'> :

a’
q

q

< 4 4, 0) (u‘ff{}) (ing 8. (v 1)@))“)

< a0 (s [ ML an)

q

1
(U)
< A2 A (w) (1 /MGV u),

where the last estimate has been proven in Lemma 1. Therefore we deduce

Q

q a
£ q

Maf(x) < A% Ay(w) T (Maw(Mau(fr=) 7w ™))
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Consequently,
1M Flzzier < A% Age) F 1Mo (Mau(fr ) Fa DI %,
39 < 4% A4, ¥ Mol By IMen (D lssic)
< A% 4,() ¥ 1Ml ¥y IMauligio W s
Here, ||[Mg o ‘LZ,(G) is the operator norm which is bounded by an A,(G)-consistent bound

C(w) by Proposition 2 (iv). Similarly, Mg .| 1) is bounded by an A,(G)-consistent
bound C(w) by Proposition 2 (ii) and (iv). Hence, the assertion follows. O

Remark 3. As remarked in [19], in the classical case G = R™ the bounds of Mgn ,, and
Mg~ ,, are uniform in w € A,(R™) by the Besicovi¢ covering theorem. Therefore, the bound
of the maximal operator in (3.5) reduces to cAy(w)?/? with ¢ = ¢(n,q) > 0 in this case.
Buckley [3] showed that this estimate is sharp, i.e., the exponent ¢’/q is the best possible. It
would be interesting to investigate if one can achieve a sharp result also in the more general
setup considered here.

4. R-BOUNDEDNESS AND EXTRAPOLATION THEOREM

This section is devoted to establishing an extrapolation theorem generalizing the classical
extrapolation theorem due to Garcia-Cuerva and Rubio de Francia towards R-boundedness.
Therefore, we first provide some basic facts about R-bounded families of operators.

Definition 3. We call the sequence of functions (r;);en defined via
Tj- [07 1} - {_L l}a
7;(t) := sgn [sin(2/ "' t)],
the sequence of Rademacher functions.
Remark 4. Note that the Rademacher functions are symmetric, independent and {—1,1}-
valued random variables on the probability space ([0, 1], B, A), where B is the Borel algebra
on [0,1] and A is the corresponding Borel measure. In fact, all arguments used in this section

can be be transferred from Rademacher functions to symmetric, independent, {—1, 1}-valued
random variables on [0, 1] without any changes.

Definition 4. Let X be a Banach space. A subset 7 C L(X) is called R-bounded, if there
exists a constant ¢ > 0 such that
1
dt<e /
x 0

(4.1) /0 1

for all Ty,..., Ty € T, x1,...,2, € X and n € N. Here, (rj)jen is the sequence of
Rademacher functions.

The smallest constant ¢ > 0 such that (4.1) holds is called R-bound of T and is denoted
by Rl (T)

n

> )T

j=1

n

> )z,

j=1

dt
x
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For 1 < p < oo, we can replace the condition (4.1) in Definition 4 by

P 1
dt < RP(T)/
X 0

due to the following lemma, which is known as Kahane’s inequality.

(4.2) ()T,

)

Lemma 3. Let (r;)jen be the sequence of Rademacher functions. Then there is a constant
kp > 0 such that for every Banach space X and for all x1,...x, € X

1 1 P » 1
/ dt < ( dt) §kp/
0 x 0 0

Hence, (4.1) holds with a bound R1(T) := kyR,(T T)# if (4.2) holds with a bound Ry(T),
and (4.2) holds with a bound R,(T) := (kpR1(T))? if (4.1) holds with a bound R1(T).

Proof. See Theorem 11.1 in [7]. O

n

> it

=1

dt.
x

(t)z; (t)z;

In the particular case that X is an L?(X, pux)-space, where (X, ux) is a measure space,
we can give a characterization of R-boundedness that is much easier to handle. It relies on
the following Khinchin’s inequality.

Lemma 4. Let 0 < ¢ < oo and (r;)en be the sequence of Rademacher functions. Then

there is a constant cq > 0 such that
n 1 1
an g (Xlek) < ( / )’ < cq(Z o)
j=1
Proof. See Theorem 1.10 in [7]. O

aj

forallay,...,a, € C and all n € N.

Proposition 3. Let (X, A, ux) be a measure space, q € (1,00) and write X := LY(X, px).
Then T C L(X) is R-bounded if and only if there is a constant ¢ > 0 such that

(4.4) H (Z ij7‘2> <c- H <Z|fj|2)

j=1 & j=1 &
forallTy,.... T, €T, fi,..., fn € X and n € N.
Proof. See e.g. Lemma 4.2 of [12]. |

Remark 5. If in the situation of Proposition 3 the constant ¢ appearing in (4.4) is A4(G)-
consistent, then also the R-bound of T is A,(G)-consistent. Indeed, from the proof of Lemma
4.2 in [12] it is apparent that R4 (T) = cZc is A4(G)-consistent; here, ¢, is the constant from
Khinchin’s inequality (4.3) which is independent of w. But since Ry (T) = k,R,(T)'/? by
Lemma 3, and since k, is independent of the underlying Banach space and therefore in
particular A,(G)-consistent, we see that R1(7T) is A,(G)-consistent.

Proposition 3 suggests that a vector-valued extrapolation theorem is sufficient to pass
from uniform to R-bounds. In fact, in the classical situation G = R"”, such a vector-valued
theorem has been proven by Garcia-Cuerva and Rubio de Francia already in their book
[13]. Since then, their original arguments have been improved and simplified several times,
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see for example [5] and [9]. We will state here a more abstract version following the latter
approach.

Proposition 4. Let G be a locally compact abelian group satisfying Assumption 1 and let
Q C G be measurable. Moreover, let r € [1,00) and assume that there is

Fc{(f,9): f,9: 92— R are nonnegative, measurable functions},
such that for every v € A,.(G),
(4.5) lgllzr ) < el fllzr ), (f,9) € F,

with an A,(G)-consistent constant ¢ = ¢(v) > 0. Then for every q € (1,00) and every
w e AQ(G)7

(4.6) ||9||L$(Q) < CHfHL&(Q)v (f,9) € F,

with an A4(G)-consistent constant ¢ = ¢(q,w) > 0.
If the constant é(w) appearing in (4.5) is of the form N (A, (w)), where N is an increasing
function, then one obtains for the constant in (4.6)

(g, w) = {N(Aq(w)(2||MG|LZ(G))r_q)v if g <,

(4'7) r—1 a-r .
N(Ag(@) T (2| Mall g ) F5), i g >

/
where v = w=7/4,

Proof. See Theorem 3.1 of [9] for a proof in the classical case R™. A quick inspection shows
that the arguments given there only use elementary calculations, Holder’s inequality, the
theorem of Hahn-Banach, the factorization properties stated in Proposition 2 (iii) and, as
the main ingredient, the boundedness of the maximal operator in L? and qu,/. Hence, the
assertion carries over to our setting. O

Remark 6. The bound obtained in (4.7) is of particular interest in regard of Remark 3,
since it provides sharp bounds for the extrapolation theorem in the classical case G = R" due
to the sharp dependence of the maximal operator on the Muckenhoupt weight, as pointed
out by Dragicevié¢, Grafakos, Pereyra and Petermichl [8].

Remark 7. Proposition 4 contains an extrapolation theorem on locally compact abelian
groups in the style of Garcia-Cuerva and Rubio de Francia.

(i) Choose
Fer = {(f,|Tf]) : f: Q2 — R continuous with compact support}.

IfT: L7 (Q) — L () is bounded with an A, (G)-consistent bound, then we always
have

l9llzy ) = ITflly @) < clflleye, — (f,9) € Fa,
and thus Proposition 4 gives us
ITfllze ) = l9llLr @) < ellflle s (f,9) € Fa,

with an A,(G)-consistent constant ¢ = ¢(¢,w) > 0. By density, this yields the
A, (G)-consistent boundedness of T' in LZ ().
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(ii) We also get a vector-valued version of Proposition 4, i.e., under the assumption of
the theorem we have for all p, ¢ € (1,00) and for all w € A4(G)

I£) ..., A(E5)

for all finite sequences {(fj,g;)}7—1 C F, where ¢ = c(g,p,w) > 0 is A4(G)-
consistent. To see this, consider

7= {(r.6) - ((Z_:f)/ <¥g)/) AU < F ),

and observe that Proposition 4 applied with ¢ replaced by p gives for all v € A,(G)
and (F,G) € F,

161 e = Z [ e < cz [ < el

with an A,,(G)—cons1stent constant ¢ = ¢(p,v) > 0. Thus, taking the pth-root, we
obtain |G| zr(ey < cl|F|pp(q) for all (F,G) € F,. If we apply now Proposition 4
again, but this time with exponents r = p, ¢ = ¢ and F = F,, we obtain

I(£)" (27)

with an A,(G)-consistent constant ¢ = ¢(q,p,w) > 0.

1/p

3

L)

Li(9Q)

1/p
=Gy < cllFllra@) =c

LZ(Q),

Li()

We can finally give the proof of our main theorem.

Proof of Theorem 2. We will choose
F ={Uf,ITfD) : f: Q= R continuous with compact support, T € T }.

Then using the vector-valued extrapolation estimate in Remark 7 (ii) with p = 2, we obtain

H<Z|ijj|2> 2 <Z|fj|2> )
j=1 j=1

for all Ty,...T, € T, f1,...,fn and all n € N. Hence, Proposition 3 yields the R-
boundedness of 7 and Remark 5 shows that the R-bound is A,(G)-consistent. g

)

L () L)
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