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ON THE EXPONENTIAL CONVERGENCE RATE FOR A
NON-GRADIENT FOKKER-PLANCK EQUATION IN
COMPUTATIONAL NEUROSCIENCE

J. A. CARRILLO, S. MANCINI, AND M.-B. TRAN

ABSTRACT. This paper concerns the proof of the exponential rate of convergence of
the solution of a Fokker-Planck equation, with a drift term not being the gradient of
a potential function and endowed by Robin type boundary conditions. This kind of
problem arises, for example, in the study of interacting neurons populations. Previous
studies have numerically shown that, after a small period of time, the solution of the
evolution problem exponentially converges to the stable state of the equation.

1. INTRODUCTION

The exponential convergence of the solutions to evolution problems towards the steady
states has been largely addressed for many years, see for example [1, 5, 7, 9, 10, 11, 12].
Techniques and proofs are usually based on the nature of each equation. However, the
general entropy method developed in [12] for linear problems and used in computational
neuroscience in [6, 8] is a powerful method for investigation of this question in the problem
under consideration here.

In this work, we are concerned with the mathematical proof of the exponential rate of
convergence of the solution of a non-gradient Fokker-Planck equation towards its stationary
state. This problem arises, for instance, in the modeling of the evolution of the firing
rates of two populations of interacting neurons. In this framework, the partial differential
equation describing the evolution of the probability distribution function p = p(¢,v), with
v = (v1,12) € Qand t > 0 is the Fokker-Planck equation (or forward Kolmogorov equation):

2
Op+ V- (Fp— in) =0, in[0,00[xQ

where Q is a bounded domain of R? and the vector field F' = F(v) is defined by:

F_( ™™ + oM 4+ wiirn + wite)
—va + ¢(Ag + warvr + waals)
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with ¢(z) a sigmoid function and w;; positive weights. The Fokker-Planck equation is
endowed by the following Robin or no flux boundary conditions:

62
(Fp—QVp> -n =20, on 0N

with n the outward normal unit vector on 02, # being the noise level, and a non-negative
initial data p(0,v) = po(r) > 0. It is easily seen that the F' does not satisfy the Schwarz
conditions, that is 0,,F1 # 0,, F», so that there exists no potential function V(v) such
that F' = —VV. This in particular implies that it is less likely that there is an explicit
formulation of the associated steady state, as it would be the case with a drift F' defined by
F = —VV for some smooth potential function V. We refer to [2, 3, 4] for some discussion on
these issues and some cases in which, despite of the non-gradient drifts in the Fokker-Planck
equations, one is able to find explicit stationary states. In our case, for general domains and
so complicated drift it is in general not possible to find explicitly these stationary states.

Note that as soon as we find a potential function V' such that the drift FF = —VV, the
steady state reads
-2V
pooCexp( 7 >

with C' a normalization coefficient.
In this work, we will deal with estimates of the exponential convergence rates for general
linear Fokker-Planck equations with non-gradients drifts of the form:

Ou—Au+V-(Fu)=0 inQx(0,T),
(1.1) u(0,-) =ug(-) inQ,
(Fu—Vu)-n=0 on 0.

where the unknown wu(t, ) is a probability density function, the drift I € C?(Q) satisfies
the incoming boundary condition

(1.2) F.-n<0 onodf,

and the initial data is normalized to 1, [, uo(x) dz = 1. We have assumed unit diffusion con-
stant for simplicity without loss of generality. Under these hypotheses, existence, uniqueness
and positivity of the solution v = u(t,z) of the evolution problem (1.1), and of the stable
state (stationary solution) u(z) of the associated problem were proved in [8, Theorem 2],
as well as the mass density conservation,

/Qu(t,x) dx = /Quo(a:) dx =1,

and the L2-convergence of the time dependent solution to the stationary solution ... Nu-
merical simulations were also performed underlying the exponential rate of convergence of
the solution of the evolution problem towards the stable state. However, the theoretical
proof of this exponential rate of convergence was not discussed in [8]. In the next section we
will discuss the exponential convergence towards the steady state u., by direct Poincaré’s
inequalities. Section 3 is devoted to an alternative approach implying relations between the
sharp exponential convergence rates with the best constants for different Poincaré’s type
inequalities.
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2. CONVERGENCE TO EQUILIBRIUM

Consider a drift F' € C?(Q2) such that F'-n < 0 and let u = u(t, ) be the unique solution
of problem (1.1), and 1o, = ueo(z) be the solution of the stationary associated problem:

—Augo + V(Fus) =0 in Q,
(2.1)
(Fuso — Vi) -n=0 on 09,

ensured by [8, Theorem 2] and satisfying

/Quo(a:)d:c:/guoo(x)dle.

We shall prove the following result:

Theorem 1. The solution u to (1.1) exponentially converges to the steady state un.: there
exist a, C > 0 such that

[u — tosllL2 (@) < Cexp(—at).

Let us first remind the reader that applying the General Entropy Method [12] adapted
to this problem in [8, Theorem 4] one obtains

(2.2) %H(umm) = —D(u|us) <0,
where
_ 2
H(U|Uoo)=/ (u Uoo) dr
Q Uoo
and
u |2
D(u|uoo):/uoo V—| dzx.
Q Uoo

Therefore, in order to get the exponential convergence, the key point to prove is the following
Poincaré inequality:
2

(2.3) H(u\uoo)z/ﬂ (= oe)” 4 < Pﬂ(uw)/ da = Po (1) D(ultins),

(4
Uoo ‘V
Uco Q

Uoo

where Pq(us) > 0 is the best constant for the Poincaré inequality (2.3), with weight u in
the domain Q. In the sequel, we will not put the subindex 2 in the Poincaré constants for
notational simplicity. In fact, from (2.2) and (2.3) we then deduce that

d
%HM”“) + Ptoo) H(ulus) <0,
and applying Gronwall’s Lemma

H(ulus) < Cexp(—at),

with C = H(up|uss) and a = P(u), leading to the exponential convergence of u t0 ueo.
Notice that (2.3) is equivalent to
2 2
(2.4) / Yoo <“ - 1> do < P(uoo)/ Uoo ‘v <“ - 1> da
Q Uso Q Uoo

)
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Put w = - — 1, then (2.4) reads

Uso
/ Usow? dr < P(uoo)/ Uso |Vwl® dz .
Q Q
Note that, since both u and u., are normalized to 1, we also have the constraint:

/umwdx:/uoo (ul) d:c:/(ufuoo) dx = 0.
Q Q Uoco Q

Inequality (2.3) then follows from the following result:

Proposition 1. Under the assumption

/@de:O,
Q

where H is bounded from above and below by positive constants, there exists a sharp constant
P(H) > 0 such that the following Poincaré inequality holds

/H|<I>|2dx§7?(H)/H|V<I>|2da:.
Q Q

Proof: We follow the classical proof of Poincaré’s inequality, by contradiction. Suppose that
there exists a sequence {®,,}, such that

max(H)/ |®,,|? da z/ H|®,,|* dx zm/ H|V®,,|* dx mein(H)/ VO, |* dx.
Q Q Q Q

By normalization, we can suppose that ||®,,||rz = 1. Therefore the sequence {®,,} is
bounded in W12(Q2). By mean of the Rellich-Kondrachov Theorem, there exists a subse-
quence {®,,,} and a function ® in L?(Q) such that {®,,, } converges strongly to ® in L*(€).
Passing to the limit m — oo, we get that V® = 0 a.e. and ||®||z2 = 1, which implies ® is a
constant. But, since H is positive, this contradicts the hypothesis fQ ®H dx = 0, concluding
the proof. [

Although we can obviously relate the best constant P(us) to the classical Poincaré
inequality best constant P(1) by P(uso) < %P(l), we have no information on the

— min(uc)
value of the constant obtained by this proof. In the next section, we propose an alternative
proof in which we show that the constants C' and « in Theorem 1 are linked to the bounds

of the solution K of an auxiliary problem.

3. ALTERNATIVE PROOF

In this section, we propose an alternative proof of Theorem 1 which gives us another char-
acterization of the constants C' and «. Note first that to prove the exponential convergence
of u to ueo, is equivalent to prove the exponential convergence of & = u/uy to 1. As we
will see, the proof is based on a new conservation property, see Proposition 3 below.

Before dealing with the exponential convergence problem for the function ®, we need to
define for which problem @ is a solution. This is done in the following. Let us first define ®
and the initial data ®q as follows, since us, > 0, we define

u(t, ) Bo(x) = uo(x)

Uoo () Uoo (T)

b(t,z) =

)
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and let us introduce a modified drift F'* as

(3.1) Fr—pooYie

Uco

We note that on the boundary 92, we obtain
Vs

Uoo

F*-n:(F—Z )-n:—F-n>0,

since F'-n = (Voo /Uso) - n and F' satisfies (1.2).
Proposition 2. The function ® = u/us, satisfies

0P — AP+ F*- VO =0 inQx(0,T),
(3.2) D(.,0) = Dp(.) in Q,

V& .-n=0 on 0.

Proof: In order to simplify the notation, consider g = 1/us, g € C?(Q2) N C() and g > 0,
and ® = u g and &y = ug g. We derive ® = u g to get, for all i = 1,2
0z, ® = g0y, u + u0y, 9,

02,9 2

9

Rd=0%ug+®
T hadd g

+275599, ® — 20

These identities imply, for the boundary conditions on 0f2

T GO P

Uoo uZ, Uoo  Uoo

and inside the domain 2, we obtain
2

8t<I>—A<I>=(8tu—Au)g—<I>Ag—2V<I>-vg+2¢’vg
g g

A 2
Z—V-(Fu)g—q)!]g—QVCI)-Vgg—&-Z(I)‘Vgg

V. (FO)—2VD. VY
g

2
_<Ag_2‘w‘ >+F.w
g

(3.3) + @ ;

Since us = 1/g, we have

Vi = ——= and Aug = —— +2
g

so that, dividing (3.3) by g = 1/us, we get
U Dp® — U AD + U F - VB — 2VD - Vg,
+ P[—Auno + F - Voo + uscV - F| = 0.
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Hence ® must satisfy

Uoo NP — U AD + U - VO — 2V - Vs,
F+O[—Atuo + V- (Fus)] =0 in Qx(0,7),

©(-,0) = Po(-) in Q

V®&-n=0 on 09.

Finally, recalling the definition of F™* given by (3.1), and that u. solves (2.1), problem (3.4)
is converted into (3.2), concluding the proof. [

(3.4)

Consider now the stationary problem associated to (3.2):

“AP + F* VO =0 in Qx(0,7),
(3.5)
Vd,-n=0 on 0N

then it is easily seen that the constants are solutions to (3.5), so that proving the exponential
convergence of ® to ¢, = 1, will give us the wanted exponential convergence of u t0 Uee-
So, the main result we have to prove, yielding to the exponential convergence of u to u is
the following:

Theorem 2. The solution ® of (3.2) exponentially converges in time to its equilibrium state
b, solution to (3.5).

In the sequel, in order to prove Theorem 2, we need an auxiliary problem, which is the dual
problem to (3.5) given by

AK+V-(KF)=0 in Q
(3.6)
(VK+KF*)-n=0 on 09,

for which we next prove a conservation property of the function ®K. This conservation
results is a key point in order to prove a Poincaré’s inequality on the function ® and to get
in an alternative way the exponential convergence.

Proposition 3. Let K be a solution of (3.6) and ® be a solution of (3.2), then

/(DOKdm:/@de.
Q Q

Proof: Note that —F* - n < 0 on 9f, thus by using the same arguments as in [8], this
problem admits a unique positive and bounded solution K € H?(f2). Furthermore, we have

1 K
—AP+ FVE = V- (KV) + (VK + F> Vo,

so that problem (3.2) can be written as

1 K
0% — 2=V - (KVO) + <VK+F*> Ve=0 in Qx(0,7),

(3.7) B(.,0) = do() in O

V&-n=0 on 0.
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Use K as a test function for (3.7), then

Ozat/<I>Kd:c+/(VK+KF*)-V<I>d:c— KV® - ndo(z)
Q Q o

:8,5/@de—/V-(VK-i—KF*)q)dx—i—/ (VK + KF*) - ndo(z)
Q Q o0
:at/@de—/(AK+v-(KF*))@dxzat/@Kda:,

Q Q Q

which concludes the proof. [

Since, problem (3.6) admits a unique solution, then the constants are the unique solu-
tions, in distributional sense, of the stationary problem (3.5). Hence, up to a normalization
constant, we shall consider in the sequel that ., = 1. Moreover, if we consider ¥ = &—&,
then W still satisfies (3.2) and converges to 0, in other words its equilibrium is the null func-
tion. Therefore, renaming ¥ = ® and in order to simplify the proof of Theorem 2, we are
reduced to prove the exponential convergence of ® solution of (3.2) to 0, which is done in
Theorem 3 below. We impose the following normalization

/ PyK dx =0,
Q
so that from the conservation property in Proposition 3 we get
/ ®K dx = 0.
Q

Thanks to this normalization, the proof of Theorem 2 is reduced to prove the following
result.

Theorem 3. Assuming that

/ oK dr = 0,
Q

then, the solution ® of (3.2) exponentially decays in time towards 0, that is,
1@/ r2(q) < Cexp(—at),
where C and & are estimated by
C = é/ 2K dz  and & =P(K).
min(K) Jo

Proof: Use K® as a test function for (3.7). Since K is bounded from above and from
below by some positive constants, and since from the normalization hypothesis, the Poincaré
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inequality of Proposition 1 holds, then:

ozéat/ |<1>|2de+/ |V<I>\2de+/ (VK + KF*) - Vodx
Q Q Q
=lat/ |<I>|2de+/ |V<I>\2de+E/(VK—FKF*)-V\(I)Fdx
2 Q Q 2 Q
1 1
= 7at/ |<1>|2de+/ Vo2 K dx — f/(AK+V-(KF*))|<I>|2dx
2 Q Q 2 Q

1
zfat/ |<1>|2de+/ |VO|?K dx
2 Q Q

1
(3.8) > 5at/ |<1>|2de+7>([()/ |®|°K da .
Q Q

Inequality (3.8) implies:

/ |PI2K da < (/ |<I>0|2de> exp(—2at),

with & = . With some more computations, we finally obtain

/|<1>\2dx in(K)/Q@Fdeg (M/Q@OPK@) exp(—2at),

concluding the proof of theorem 3. [

Finally, to conclude the proof of the time exponential convergence of u, solution to (1.1),

to the steady state uo, given by (2.1), we just have to note that, since g = 1/u is strictly
positive and bounded, Theorem 2 leads to:

lu — too || L2(0) < max (s )C exp(—at)

concluding the proof of Theorem 1. Notice that the decay constants might be different to
the ones in Theorem 1 obtained in Section 2 due to the different stationary problems with
solutions K and wus, used.
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