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ON THE ASYMPTOTIC BEHAVIOUR OF SOME PROBLEMS OF THE
CALCULUS OF VARIATIONS

MICHEL CHIPOT

ABSTRACT. In this note we analyse the asymptotic behaviour of the solution of some
class of calculus of variation problems set in cylindrical domains. A special attention is
given to limit the assumptions on the functional at stake to a minimum.

1. MONOTONICITY PROPERTIES

We collect in this part some results which are perhaps known but for which we have been
unable to find proper references. We refer the reader to [14], [15], [3], [4] for an introduction
to the Sobolev spaces used here.

Let F: Q xR x R"™ — R be a function such that

(1.1) F(v) = F(z,v(x), Vo(z)) € L) Yo € W), ¢ > 1.
For f € W14 (Q) the dual of W, %(Q) we set

(1.2) Eq(v) = Eq,s(v) = /Q F(v) d = (f,v) Yo € Wy ()

where (, ) denotes the duality bracket between W14 (Q) and W;9(2). We consider the
minimization problem of Eq on W, '%(Q2) i.e. we denote by u = u; a function in W)
such that

(1.3) Eq(u) < Eq(v) Yo € W3 Q).
Then we have:

Theorem 1. Let u; = uy, and us = uy, be two minimizers of Eq on Wol’q(Q) corresponding
to f1 and fo respectively. One has

(1.4) (fi = f2, (ug —ug) ™) > 0.

()" denotes the positive part of a function.
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Proof. Set
(1.5) A={z e Q| ua(x) > ui(x)}.

Consider

v=1u; Aug = u; — (ug —u)*.

One has - if A denotes the set Q\ A

Eq.f (v /—7: dr—(f1,v >— F(uq) dx+/AC}'(u2) dx
_<f1,U1> (f1,(u1 —u2)*).

We consider next

w=1u Vuy = us + (u; —uz)"t.

One has
Eo,f, (w /f ) dz—(f2,w /-FUQ dx+/ Fluy) dx

- <f2,u2 - <f2, ur — U2)+>~
Adding up the last two equalities we get

EQ7f1 (U) + EQ,f2 (w)
= Eq.5, (u1) + Eq,p, (u2) + (f1 = f2, (wg — u)™).

Thus (1.4) follows since u;, us are minimizers of Eq ¢, , Eq s, respectively. This completes
the proof of the theorem.

(1.6)

O
Remark 1. Exchanging the role of f; and f; we have
<f2 — f1, (ug — U1)+> = <f2 — f1, (ug — Uz)_>
= (fi = fo,—(u1 —ug)™) >0
and thus adding to (1.4)
(1.7) (f1 — fo,u1 —uz) >0
which means that the operator f — us is monotone.

Definition 1. We say that f; > fo when this inequality holds in the distributional sense
i.e. when we have

<f13§0> > <f2550> V@ € D(Q)a ¥ > Ov
which by density of D(Q) in W '?(2) means

(1.8) (f1,0) = (f2,0) Yo € Wy (Q), v >0
Then we have:

Corollary 1. Letu; = uy, andug = uys, be two minimizers of Eq on Wol’q(Q) corresponding
to fi1 and fo respectively. If

(1.9) fi<fe

one has

(1.10) <f1 —fg,(ul —U2)+> = 0.



ASYMPTOTIC BEHAVIOUR 309

Proof. This follows immediately from the definition above and (1.4). O

Remark 2. In the case where f; and f; are functions satisfying (1.9) one has u; < ug on
the set where f; < fs.

Corollary 2. Letu; = uy, anduz = uys, be two minimizers of Eq on Wol’q(Q) corresponding
to f1 and fo respectively. If (1.9) holds and either uy or ug is unique then
(1.11) uy < usg.
Proof. Indeed in this case from (1.6) one derives
Eq 1, (v) = Eq 5, (u1) = Eq,f, (u2) — Eq, 5, (w) = 0.

Then either v = u; or w = uy which in both cases means u; < us.

As an immediate consequence one has

Corollary 3. Suppose that 0 is solution to (1.3) for f = 0 and that (1.3) has a unique
solution uy for f > 0. Then one has uy > 0.

As a remarkable property we have also

Proposition 1. The following assertions are equivalent:

(i) The minimization problem (1.3) admits a unique solution.

(ii) If w = uy denotes a minimizer of Eq, the mapping f — uy is monotone in the sense
that

f1 < fo= up S uy,.
Proof.
Indeed if u; and us are two solutions corresponding to the same f the monotonicity
property implies u; > ug and ug > up i.e. uyp = us.
o(i) = (4i) follows directly from Corollary 2.
O

Remark 3. The same results hold if the minimisation on W,'?(£2) is replaced by a minimi-
sation on a subset K of WO1 "4(Q) having the property that

ul,ug € K = uy Aug, up Vuy € K.

Note also that our results do not involve any convexity on F' or K.

One has also the following additional monotonicity property with respect to the domain

Q.

Theorem 2. Suppose that f > 0 in the distributional sense and that (1.3) admits a unique
solution for two open subsets Q and Q' such that

(1.12) Qco.

If u,u' denote the solutions to (1.3) corresponding to 2,V respectively and if 0 is solution
to (1.3) for f =0 for Q,Q one has

(1.13) u' >u>0.
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Proof. u,u’ > 0 is a consequence of Corollary 3. Suppose that u is extended by 0 outside
Q. Consider then v =uAv' =u' — (v —u)T and

A={z e |ulx) >d(2)}
Note that A is included in €2. One has

/]—' dz — (f,v) /]-' dz+/]—' ) dz — (f,0) .

/]-'(u’) dx</]-"(u) dz — (f,u) + (F,0)
A A

If

one has

/ Fw)dz— (f,0) < | Flu) do+ / Flu) da — (fu) + (f.0) — (fo0)
Q AC A

:/Q]-'(u) dx — (f,u).

and a contradiction with the definition of « which is not a minimizer. Thus it holds
/ Flu) do < / F') de + (fu) — (f,0).
A A

If now one considers w = u V' = u + (v’ —u)T it comes

F(w) dz — {f,w) = F(u) dx—&-/A]-'(u) dzr — {f,w)

e% AC
and thus

| Fw) o=t < [ F) dor ifo) = (f0) = ()

Q

F') do — (f,u').

Q/
(Recall that v = v’ — (v —u)™, w = u+ (v — u)"). By uniqueness of the solution one has
w = u’ which implies that v/ > u. This completes the proof of the theorem.
O
2. A CONVERGENCE RESULT

We denote by €2, the open subset of R™ defined as

Qg = &L}l X Wo
where
(2.1) w; is a bounded convex open subset of R? containing 0,

ws being a bounded open subset of R("~P),

Thus for every £y < ¢ — 1 there exists a function p = py,(X1) such that
(2.2) 0<p<1, p=1onlywy, p=0outside (¢y+ 1wy, |Vp| <C
where C is a constant independent of /3. We consider then a function F' : R™ — R such that

(2.3) F is convex,
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and such that there exist positive constants A\, A, A’ such that
(2.4) NE[?— A < F(€) < AE|?+ A’ VE € R, F(0) = A’
(q is a fixed number such that g > 1).

For such a function we have for some constant C' = C(q, A, A’) (see [13]):

(2.5) |[F(P)— F(Q)| < C{1+|P|" " +|Q|* '}|P - Q| VP,Q € R™.
Then for
(2.6) f=F(X) € L7 (ws), é SR

we consider the minimisation of the functional
(2.7) Eq,(v) = / F(Vv) — fv dz
Qy

on W, %(%). We have:

Theorem 3. There exists up solution to

(2.8) ue € Wy U(Qy), Eq,(us) < Eq,(v) Yo € Wy 4(Q).

Moreover if F is strictly convex the solution of the problem above is unique.

Proof. First note that by (2.4) and (2.6), Eq,(v) is well defined for any v € Wy9(Qy).

Moreover by the Hoélder and Poincaré inequalities one has

(2.9) [ svde <ifladvlan, < ClflyaI9el,
£

and thus -see (2.4)-

B, () 2 A[Vol|® o, — Clflys |Vl q, — A1

This implies that Eg, is coercive or that every minimizing sequence is bounded in Wy (£2).
To conclude it is enough to show that Eq, is lower semicontinuous for the weak topology of
WO1 (). Eq, being convex it is enough to show the lower semicontinuity of Fg, for the
strong topology of Wy4(€). If

vy — v in Wod(€)
up to a subsequence one has
vp, — v in L1(Qy), Vv, — Vv a.e. in Q.

By Fatou’s lemma one deduces

liminf Eq, (v,) = liminf [ F(Vo,) dx — fvdx
n—oo n—oo QZ QZ
> / liminf F(Vu,) dx — fv dx = Eq,(v).
Q, " Q

This completes the proof of the theorem. O
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We are interested here in the behaviour of uy when ¢ — +4o00. The issue has been
considered before for a certain number of problems and we refer for instance to [1], [2], [5],
[6], [7], [9], [10], [11] to have a good spectrum of the techniques involved.

If 0 denotes the 0 vector in R” and Vx, the gradient in X3 i.e.
Vx, = (8l‘p+1’ T 781‘71)

one sets

(2.10) E.,(v)= / F(0,Vx,v) — fv dXs Yo € Wy (ws).

2

Clearly E,,(v) is well defined and with the same proof as above one has

Theorem 4. There exists us solution to

(2.11) Uno € Wy (w2), By (i) < By (v) Yo € Wy % (wy).

Moreover if F(0,-) is strictly convex the solution of the problem above is unique.
Our goal is now to show:

Theorem 5. Suppose that f > 0 and F strictly convex then one has

(2.12) Ug — Uso

when £ — +o0.

Remark 4. For the time being we are not more precise on the way the convergence above
occurs. This result completes the results of [8]. See also [5].

We will need several lemmas.

One denotes by W,-4(€) the space

lat
(2.13) Wh(Q) = {v e WH(Qy) | v =0 on fw; x dwn}
and by V19(Q,) the space
(2.14) Va(Q) = {v e WhiQy) | Vx,vdX; =0ae Xo€wyl.
ZUJ1

(fro, = ﬁ [y, Where |[fw:| denotes the measure of fwr ).

Lemma 1. u is the unique solution to

(2.15) Uoo € VI(Qy), Fo,(us) < Eq,(v) Vv € V().
(We suppose u~ extended to §y being taken constant in X1).

Proof. First notice that us, € V19(Qy). Indeed one has since u+, is independent of X;

Vx, Uso dX1 = 0.

Zwl

Next let u € V19(Qy). Set
U(XQ) = ][ ’U,(.,XQ) dX1
Zwl
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It is easy to see that v € W, (wy). Thus
By (t1s0) < Bu (v) = / F(0,Vx,0) — fo dXos.

w2

Now using the fact that u € V19(£) one has

0=1 Vyx,udXi.

éwl
Also by differentiation under the integral, we get
Vx,v = Vx,u dX;.
Zwl
Therefore we have by Jensen’s inequality

sz(uoo) S/ {F( ! leudXh 1 VX2udX1>}dX2

w |€w1| Ly ‘&U1| lwy

1
- / Fl— [ wdx, bdx,
w2 |£w1| fb.)l

s/ : {F(Vu) = fu}dX1dX; = Fa, (u)
wa |‘€w1| Zwl

|£w1| '

Clearly equality holds in the above inequality if © = u,. Then the claim follows from the
uniqueness of the minimizer.

O
One can then show:
Lemma 2. One has for £/ > £
(2.16) 0<uy <up < Uso.

Proof. Recall that we are assuming f > 0. The nonnegativity of all the functions above
results from the corollary 3. Indeed for f = 0 one has for instance

Eq,(v) = [ F(Vv)dz > —AN'dx
Qy Qp
= / F(0)dz = Eq,(0) Vv € Wy (Qy)
Q
i.e. 0 is a minimizer. The monotonicity property ¢ — wu, follows from the theorem 2. To
prove that u, (or ug ) is less than us, one proceeds as follows. One considers
Ap={z € Q| ue(x) > uco(x)}.
One has

(2.17) Ea,(ur) < Ea, (uoo) (Ea, () = B (V)= f du).

Indeed, if not, setting vy = uy A us, one has vy € Wol’q(Qg) and

Eq,(ve) = Ea,(ve) + E 0 (ve) = Ea, (Uso) + E ¢ (ue) < Eq, (ur)
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and a contradiction with the definition of u, (AY denotes the set Q\A,). Assuming then
(2.17) and considering wy = uy V us, one has wy € V19(£2). Indeed if v denotes the normal
to O(fwy) this follows from

1
VX1w€(~7X2) Xm = 6
Lwq | w1| 8(&.}1)

),
= — Uoo (., Xo)V do(X
€ | d(Lwr) (- Xo) )

’U}e(.,XQ)I/ dO’(Xl)

= leuoo(.,Xg) Xm = 0,

Zwl

(since uso (X1, X2) is constant in X;). Then
Eoq,(we) = Ea,(we) + Eac(we) = Ea, (ue) + Eac (uss) < Eg, (o)

and thus wy = us -i.€. Uy < Ugo-

Clearly it follows from the lemma 2 that there exists @, such that
(2.18) Up < Too < Uoo VU, Up — Uoo a.€. in RP X wo.
Lemma 3. The function ls is independent of X;.

Proof. Fori=1,---,p we set
Tiv(z) = v(x — he;), h >0

where e; denotes the i-th vector of the canonical basis of RP. We claim that

(2.19) wprn > Thiug for 0 < B’ < \h
A <1 being so small that
(2.20) Ae; € wy.

Indeed if (2.20) holds we have for X; — h'e; € fw; and some Y7 € wy
l I
X =, +hes=U+h{—Y1 + —+—¢; {+h
1 v e =+ R){ i+ et € (C )

(since Y7, %ei € wy and wy is convex containing 0). Thus the support of T,i,ug is contained
in Q¢1p. One defines
A={x € Quyp | Thus(x) > uepn(x)}.
One has E4(uein) < Ea(iug). Indeed if not
Wy = Upyp V T}i/uZ = Up4h + (T;L/Ug - Ug_;,_h)Jr S Wol’q(Qg_;,_h)
and ‘
Eoq, ., (we) = Ea(tue) + Eac (Uetn)
< Ea(uesn) + Egqo(uesn) = Ea, ., (wern)

and a contradiction with the definition of usy . Let us set

A ={x € Q[ 71y (uesn) (x) < ue(x)}.
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reA e x+he € Qypand uprp(z+ he) < u(z)
sy=x+he € Qi and upin(y) < ue(y)
x4+ hle €A,

i.e. one has
(2.21) A =A-Ne,.
Consider next
ve =g AT (wern) = we — (wg — 785 (weypn)) ™t
Clearly vy € Wy'%() (recall that 7%, (usyp,) > 0). Then
Bq,(ve) = Bar (1 (uetn)) + Eac (ue).
Using (2.21) one has

Bl i) = | AF(Vuenla+We)) = F(Xa)ursn(a + e,

=Awmew—ﬁ&mM@mmEmWw

and

E(1],(ug)) = /A{F(Vug(x —We)) — f(Xo)ue(x — h'e;)} dx

= A/{F(VW(?J)) — f(Xa)ue(y) by = Ear(ur).
Thus we obtain from above — recall that E4(usin) < Ea(7} ue)

Eq, (vg) :EA(Ug+h) + E e (UZ) < EA(T;;/UZ) + E g (Ug)
=FE (ug) + E 4 (’u,g) = EQE (UZ)

This is only possible if v, = ug i.e. (ue — 7%, (ursn))™ = 0 which is also
T,i/ (ue) < Upgn-
Similary one would get

Thus, passing to the limit in ¢ in the inequalities above one derives
oo (T — h'e;) < lioo(T), Too(x + h'e;) < loo(x) ace. z,
which implies
oo (7) < Uoo(z — We;) < lio(x) ae. z, Vi=1,--- p, Vh' small.

This completes the proof of the lemma.

Lemma 4. The function i, belongs to Wy ' (ws).



316 MICHEL CHIPOT

Proof. Let p = pq, be the function defined in (2.2). Since (1 — p)uy € Wy 9() one derives
from (2.8)

[ {P(Vu0) — fucdde < | {F(V(0 = pue)) = £~ pJuc)a.

Since (1 — p) =1 outside of Q41 and 0 on Qy, we get

/ {F(Vuy) — fug}dx
Q41

<[ POt [ P pu) - 50 pu da

£ Dy,

< [ AFKNV(A = pue)) = fF(1 = p)ueidr

D"‘O

(with Dy, = Qgy41\Q¢,) and thus
/ F(Vug)de < / F(V((1 - p)ue))da + / Fllelde
Q41 Dy, Qeg+1

< /D FV((L~ p)un)da + flg g 1 [1tlg.0, 1

)

< / F(V((1 — p)ue))dz + C|flg e .. | [Vue]
D

a4,y +1”
Lo

by the Poincaré inequality. Using the assumptions on F' and Young’s inequality it comes

A Vet do— N[, 1] < A/ V(1= pue)|? da
Qeg+1 Dy,
+ 6‘ |VU5||375260+1 + C(€)|f|g',mo+1 + A/|Qéo+1|'

Choosing € = % we get

A
*/ |VU[|q dx
2 Qo1

<A [ |- uVor (1= pVult do s CONSIY g, + 20 1R
D

q" Qg1
£o

SC/
D

(we have used here the Poincaré inequality again). Thus we derive
A

- / |Vue|? dz

2 Qog+1

SC/ Vel do + (bo + 1P lor {C) I FI7 ., + 24 Jwa ]}
D

q’ w2

Vu? do 00 [ 17 dXadXy + 20
(Lo+1)w1 J wa

Lo

Lo
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If we still denote by C the maximum 2& v {%|w1|(C’()\)|f|q’ + 2A|wz|)} we obtain

q’ w2
/ Vugl? dz < c/ Vugl? d + C (o + 1)P
Qeg+1 Dy,

where C' is independent of £y and ¢. Thus it comes

/ Vug|? dz < C Vugl? dz—C [ [Vugl? dz+ C(to + 1)
QZO Q[O+1 Q[O
and then
/ |V’U,g|q dx S’)// |Vw\q dx+’y(£0+1)p
Qg Lo+1
with v = CL_H < 1. Tterating this inequality [¢ — £y] times where [ ] denotes the integer part

of a number leads to

| ultde <oty [ [Tult do st + 27 44+ 1)
Q

Qeg+2

<o [ Vult do 402+ 27 426+ 17
Qeg42

Lo

[¢—£o]

<l [ Vet du+ S A * (b + k.
Qg 10— 10) k=1
Using the fact that
6—60—1< [f—g()] Sé—go
we derive
1 oo
2.22 / Vugl? dx < 74/ Vuel? dz 4> ~* (o + k)P.
(2:22) o [Vl s [V ; (
Since it
bo+k+1)P
lim (bo+k+1)P <1

itoo ARl + k)P
the series above converges and has for sum some real number that we will denote by 3({).
We know on the other hand taking v = 0 in (2.8) that

/ F(Vuy) do — Sfug dx < / F(0) dx
Q Q

Q
i.e.

/ F(Vug) dx —/ F(0) dx < fuedz
Q Q Q¢
<|f

by Holder’s inequality. Thus

¢ suluelgn, < Clflg .o [Vuel] g,

A |VUZ|q dx S C|f|q/,gz£“VUz||

Q"
Q q,5¢¢

This leads to
/ |Vl dz < C / 1£19" dX,dX, < CeP.
Q Lwy J w2
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Thus, going back to (2.22) we obtain

1
(2.23) / [Vug|? doe < —— CHHP + (L) < K (to) V¢
Q, e

where K (£y) is a constant independent of £. Tt follows that u, is bounded in W,%(Q,) and

thus up to a subsequence one has that there exists i € VVlth (€y,) such that

wp — oo in Wlt’tq(ng)7 g — Gioo in LI(Qyg,).
Since by the dominated convergence theorem one has
Up = Uoo in LI(Cy,)
one obtains
liog = log € VVIZ’E(Q%)

i.e. fioo € Wy'%(ws). This completes the proof of the lemma.

Lemma 5. One has
(2.24) flos = Uso.
Proof. First notice that from (2.22), (2.23) one has

+o00
/2 |Vue|? do < 1—|—€827k(1+k‘)p

Qe k=1

=1+C0,

(2.25)

for ¢ large enough i.e. £ > £({y), £y > 1. If p = py, is the function defined in (2.2) one has
(1= plue + puce € Wy ()

and thus from (2.8)

{F(Vug) — fup} dx
Qp

< [ (P ppuet pusch) - 10~ ppue + punc}}
Qy
Since (1 — p)ug + puce = ug on 2,\Qy,+1 and is equal to u on Qy, we get

/ {F(Vug) — fup} dae < {F(Vuso) — fuoco} dz
(2.26) O o

+ /D {F(V{(l — p)ug + puoo}) — fF{(1 — p)ug + Puoo}} de.

Lo
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Let us denote by I the last integral above. One has

1= [ {F0 = ppuc+ pu) = FUL= p)F0r + Tz

£o

+ F((1 - p)Vur + pVus) — f{(1 — plus + puoo}} dx

< /D {F(V{(1 = phue + pucc}) = F((1 = p)Vue + pVuse) } d

Lo

+/ (1= PH{E (V) — fuek da+ p{F (Vi) — fus} da
D

Lo

due to the convexity of F. It follows from (2.26) that

| plF(u) = fuddo < [ p(F(Vux)  fuse}da
Qeg+1 Qeg+1

(2.27)
+ /D {FOV{(1 = p)ue + puac}) = F((1 = p) Vs + pVuce) .

Lo

Let J be the last integral above. Since

V{1 = plue + pucc} = {(1 = p)Vur + pVuoo } = —(ur — uso)Vp

we deduce from (2.5)

J<C (1+\V{(l—,O)ueeruoo}lq_1

DZO

(1 = )V + pVusc} 1Y e = ecld

<C (1 Vel + [ue™! + Voo™ + \uoo|q_1>|u(g — usedz

(we used the inequality (a+b)9"1 < C(a?"14+b971) valid for ¢ > 1, a,b > 0). Using Holder’s
inequality we derive

J < C’(/ [tg—too |? dm)a
{([ vt vudrdni ([ fultan?
D D D

Lo Lo

+ (/D [Vauso|? da) 7 +(/

Due to the Poincaré inequality it comes

Lo

1

JSC(/ [tp — Uoo|? cloc)E
D

Lo

D=5 ([ vurao =t (
£o+1

Qo1

Vttoo |7 dx)l—%}.
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Using (2.25) we deduce that for ¢ large enough
1
J=Jy < C(/ [ur — Uool? dm) " (bo + 1)PO—D),
D

Lo
Thus, for large ¢, (2.27) can be written as

| oty de< |
Q41 Qep+1

(2.28) 1
+c(/ g — ttoo| dx)q(éo—s—l)p(l’%).
D

)

p{F(Vus) — fusc}t dz

Passing to the liminf and using the weak lower semicontinuity of the left hand side (recall

that F'is convex) we get

[ plF Vi) fun) e < [
Qeg+1 Qeg+1
L 1
+C(/ [tioo — Uool|? dx)q(€0+1)p(1_6).
Dy,
Considering each of the terms above one has
[ ptF )~ fadae= [ [ p(F(VE) - fi)de
Qe0+1 (£0+1)0J1 w2

= sz (1100) / del .
(Lo+1)w1

P{F (Vi) — fuse} dz

Similarly
{F(Vus) — fus} de = E,, (uoo)/ pdX;.
on+1 (€0+1)W1
Finally
1 1
(/ o — ttoo| dx)“ :(/ / o — oo }|? dx)q
Dy, (Lo+1)w1\lowr Jwa
= Jiico — tsclgwa | (fo + Dwr \lows | 7
= [fioe — oo g (|(f0 + Ler| = [fowir])
11
<oV
where C' is independent of ¢y. Thus we have obtained
Boy(iine) < Eupuse) +C00 0600 [ pax,
Qeg+1

(-1} p0-3)

< Euy(use) +C : /P
0

for some constant C i.e.
(Uso) + Cly °.

By (tioo)
(uxo). By definition of us this implies that

< E,,
Letting £y — 400 we obtain F,,(lie) < Fu,

Tloo = Uoso and the result follows.
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Remark 5. We have now proved the theorem 5. Note that the convergence (2.12) takes
place pointwise and also in L(€, )-strong and Wllatq (Qy, )-weak for any £.

Remark 6. The function

1
(&) = 5|§\‘1

satisfies the assumptions (2.3), (2.4). The solution of the minimisation problem (2.8) is also
weak solution of the ¢g-Laplace Dirichlet problem

-V (|VUg|q_2Vug) = f in €y,
Uy = 0 on an

One recovers the results of [12] i.e. the convergence of u, toward the weak solution us, to

{_sz . (IVX2UOO|‘1_2VX2UOO) = f in w2,

Uso = 0 on Ows,

with a clear meaning for Vx,- i.e. the divergence in Xs.
To conclude this section we would like to consider the asymptotic behavior of

EQa (Ug)
|£UJ1|

when ¢ — oo.
In particular we would like to prove (Cf. [8]):

Theorem 6. (Convergence of the energy) One has for some constant C > 0 and
sufficiently large £,

Lm(ue) < E,,(us) + 9

EUJ oo S =
2(U ) |£w1| g

where Uy, Use are the solutions to (2.8) and (2.11) respectively.

Proof. Since ug € Wy'?(€Q) € V19(£2) the left hand side inequality is an immediate conse-
quence of (2.15) which can be written for v = u,

[lw1| By, (o) = Eo, (uoo) < Ea, (ur).

To prove the right hand side inequality, one considers p = py—1(X1), as defined in (2.2).
Since puo, € Wy 4(Qy) from (2.8), we have

Eq,(ue) < Eq,(ptico).
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Thus from (2.2), (2.4) we deduce for some constant C

B () = By (o) + | o FT (1)) — fucpa

< P, () + | o F (Vo)) = F(Vus) = Fuse(p = 1)

< VB () + [ 2N AT (pus) 7+ ATl + | flfe o
Qe\Q2—1

< [wr|Ew, (uss) + C L+ Voo |? + [tioo|? + | f]|tieo [de
Qe\Qe—1

< [l B, (too) + Cfllwn | = [(€ = Dwn[} [ 14 [Vitoo |[* + [tioo|* + [ f]|uco|dz.

w2

Dividing by |fw1| the result follows, i.e. one has for some other constant C

EQZ (ug) C
— L < FE (Use) + —.
|€w1 | — 2 (U ) + Z
This completes the proof of the theorem. O
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