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POSITIVE SOLUTIONS OF A SEMILINEAR ELLIPTIC EQUATION
WITH SINGULAR DIRICHLET BOUNDARY DATA

MAREK FILA, KAZUHIRO ISHIGE, AND TATSUKI KAWAKAMI

ABSTRACT. The purpose of this paper is to construct positive solutions of the semilinear
elliptic equation —Au = w? in RY with a singular Dirichlet boundary condition. We
show that for p > (N +1)/(N —1) there exists a positive singular solution which behaves
like |z|=2/(P=1) as |z| — 0 and like the Poisson kernel as |z| — oco.

1. INTRODUCTION
We consider the problem
—Au=uP in RY,
(1.1) u>0 in RY,
u=¢p>0 on GRf,

where N > 2, RY := {z = (2/,an) : 2/ € R¥™!, 25 > 0}, p > 1 and ¢ is a nonnegative
measurable function in RV ~1,
For problem (1.1), the exponent

pei=(N+1)/(N—1)

plays an important role. Namely, it was shown in [2] that for p < p, there is no classical
solution of (1.1), no matter which boundary data ¢ we impose. As we shall see below, this
result is sharp.

If © = 0 then there are Liouville-type theorems saying that no classical solution of (1.1)
exists if (N —2)p < N+2 (see [12]) and no classical bounded solution of (1.1) exists if p < p.
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(see [7]), here

0, N < 11,
De 1= a2 _ —
(N—-3)*—4N +4+4+8VN 27 N> 11
(N —=3)(N —11)

If p > p. then a solution of (1.1) exists when ¢ Z 0 is small enough. More precisely, if
is bounded, 1 # 0 and
lim sup |’ |>/ P~V (z') < oo

|z’ | =00
then there exists a solution (in the sense of Definition 1.1 below) when ¢ = ki and k > 0
is small enough (see Corollary 1.3 in [11]). Also, when p > p,, a different condition for
pe Lt (]RN“) N L (RN’l), ¢ # 0, which guarantees the existence of a solution of (1.1),
follows from Theorem 1.4 in [11] and Theorem 1.2 in [8]. Namely, it is sufficient if

Np—p—N-1)/2
el vy el i)™

is small enough.
Singular solutions of the problem

—Au=u’ in RY, p>1,
(1.2) u>0 in RY,
u=0 on ORY\ {0},

were studied in [3] and [6]. It was shown in [3] that a solution of the form

ue(z) = || 7 Tw (;')

exists if and only if

0, N <3,

P <p<p i=4¢ N41
i, N > 3.
N-3

The existence of a different singular solution U of (1.2) was established in [6] for p €
(ps, px + €) where € > 0. This solution U behaves like u, as x — 0 and like the Poisson
kernel as |z| — oc.

In this paper we prove that for p > p, and suitable singular boundary data ¢ there are
singular solutions of (1.1) which behave like |z|~2/®=1) as |z| — 0 and like the Poisson
kernel as |z| — oco.

For p > N/(N —2), N > 2, there is an explicit singular solution

1
_ 2 2 2 p—1
Uso 1= Cp,N|T| 77T, Cp,N == (P—l(N_2_p—1>> ’

and for N/(N —2) < p < (N +2)/(N —2), N > 2, there is a family of radial singular
solutions u, a > 0, such that

lim |z|V 2uq(z) = a

)
|z|—o00

see [5]. The solutions we find behave differently from u,, 0 < a < oo, as |z| — oo.
For other works on boundary singularities of solutions of semilinear elliptic equations we
refer to [4, 13, 15, 16, 17, 18].
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To formulate our results we introduce some notation. For any 2/ € RN~! and X > 0, let
P be the (N — 1)-dimensional Poisson kernel, that is,

_N
2

(1.3) P(z' ) A) = ey A (N +[2') 2,

for 2/ € RV=1! and A > 0, where cy is a constant chosen so that
(1.4) / Pz’ \)ds" =1, A> 0.
RN-1

Throughout this paper, we often identify RN ~! with 8]Rf . Next we set y, := (v, —yn) for
y=(y,yn~) € RY and

C _(N— _(N— .
s (-l v
(15)  Glay) =9 sy
~log (14 22 it N =2,
4r |z —y?

which is the Green function for —Ap. Here Ap is the Laplace operator in Rf with the
homogeneous Dirichlet boundary condition.

Definition 1.1. Let ¢ be a nonnegative measurable function in RN¥~!. Let u be a nonneg-
ative measurable function in RY.
(i) We call the function u a solution of (1.1) if u satisfies

u(a, oy) = / P’ =y on)e()dy' + | Gz, y)uly)’ dy < oo
RN -1 RY
for almost all 2/ € RV~! and all zy € [0, 00).
(ii) We call u a minimal solution of (1.1) if, for any solution v of (1.1),
w@',zy) <v(r',zn)
holds for almost all 2/ € R¥N~! and all zy > 0.

Now we are ready to state the main result of this paper.

Theorem 1.1. Let N > 2 andp > p. = (N +1)/(N —1). Put

T <
1.6 z') = min{|z’ _P%l, 2|7V = l ¢ -7
(1.6) P(z') {12'] /|77 } eI
for o' € RN=1. Then there exist constants 0 < ¢ < k < 1 such that if
(1.7) ap(a') <pa') <kp(a), o e RV,

then problem (1.1) possesses a minimal solution w. Furthermore,

(1.8) Klz|"71 <u(z) < Llz|"71,  z€ Dy := B(0,1)NRY,
and
(1.9) K1 +zn)z|™ <u(z) < LA+ zy)|z| 7Y, T € Doyt 1= Rf \ B(0,1),

for some positive constants K and L with K < L.
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The rest of this paper is organized as follows. In Section 2 we recall some preliminary
inequalities. In Section 3 we give pointwise estimates of S(xn)1. In Section 4 we obtain
upper estimates of an integral associated with the Green function G and prove Theorem 1.1.

2. PRELIMINARIES

We recall some properties of the semigroup associated with the Poisson kernel P and a
proposition on the Green function G. Here and in the rest of the paper, by ¢ and C we
denote generic positive constants which may have different values also within the same line.

We introduce some notation. For any R > 0, let
B(0,R):={z €RY : |z| <R} and B'(0,R):= {2z’ ¢RN"!: |2/| < R}.

For any 1 < r < oo, we denote by || - || the usual norm of L" := L"(RV~1). For any
measurable set E in RV~ we denote by |E| the N — 1 dimensional Lebesgue measure of
E. For any measurable function f in RV=1, let

nrN) = Ha ¢ 1f@) > A (A=0)
be the distribution function of f. We define the non-increasing rearrangement of f by
fr(s) :==inf{A >0 : pr(A) < s}
For any 1 < r < oo, we define the L™ space by
L7 = {f : fis measurable in RN =1 || f||; 00 < 00},

where

1£lnoe = sup s £7%(s),  f**(s) = © / £ (r)dr.
s>0 0

S

For any measurable function ¢ in RV=1, let
(2.1) Sn)ela) = [ | Pa = an)oly') df
for almost all 2/ € RV~ and all zy > 0. Then, for any A > 0,
[SA+zn)p](2) = [SA)(S(zn)p)] (@),
for almost all 2/ € R¥~! and all zy > 0 if either © is a nonnegative measurable function

in RVN=1 or ¢ € L% for some ¢q € [1,00]. In particular, for any ¢ € L% and 1 < ¢ < o0,
there exists a constant C' such that

(2.2) [1S@2N)elloo < [[PpSN)ellr < CUPNIpIIPA) Isllollgoes A >0,
where 1 < p,r, s < oo satisfy

p
(see [14, Section 2]). By (1.3) and (1.4), for any 1 < r < oo, we have

[PV, < CA-NV=DA=D x>,
This together with (2.2) yields

1 1 1 1 1
,:1’ ,+,:1+,
r S r

—1

(2.3) [SN¢lloe <CA™ 7 lellgoe,  A>0, g€l o0
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Next we recall some estimates of the Green function G (see [1, Proposition 1] and [9]).

Proposition 2.1. Let G be as in (1.5).
(i) If N > 3 then there exists a positive constant C' such that

TNYN
[z —yN 2 (lz — y? + denyn)’

(2.4) G(z,y) <C z,yeRY, z#y.

(ii) If N =2 then, for any a € (0,1], there exists a positive constant C' such that

T2Y2
|z —y]?

(2.5) G(x,y)SC'( )a, r,ycR2, x#uy.

3. POINTWISE ESTIMATES OF HARMONIC EXTENSIONS

In this section we obtain some pointwise estimates of S(zx)t. In what follows, we set

for simplicity. Then
(3.1) m<N-—-1 if p>p..
Furthermore, let D;,, and Doy are as in (1.8) and (1.9), respectively.

Lemma 3.1. Let p > p,. and ¥ be as in (1.6). Then there exists a positive constant C such
that

(3.2) [S(@n)¢l(2') = Cla| ™™, @ € Din,
(3.3) [S(zn))(z') > C(A +xn)|z|™, =€ Dous.
Proof. Tt follows from (1.3) and (2.1) that

&

/

Y

TN

x 2') = ena VY
[Stonla) = enar™ ™ [ <1+
=cn /RN?1 (1+ \z/|2)—

We prove (3.2). For any x € Dy, since

) V(' —y')dy'
(3.4)

Y@’ —an2)d, xeRY.

7 — x| < || Fanl|| < |2 F o < V2, 2 e B'(0,1),
by (1.6) and (3.4) we have
[Sn)Pl(a) = C A+ 1)@’ — an2)dy’

RN-1

& C/ (1 +1)" |2 — oy |7 dy’
B/(0,1)

1
> C(|2'| —|—xN)_m/ (1+7r)"NpN=2ar > Cla|™™.
0

This implies (3.2).
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We prove (3.3). Set
1 1
D = {xeDout:xN§4}, Dy = {xeDout:xN>4}.
For any x € Dy, since
V3-1
2
for all 2/ € RN~ with 1 < |2/| < 2, it follows from (1.6) and (3.4) that

<|2'| = 22y < |of| —anld| < Ja" —and| < |2+ an 2] < 2(12 + 2)

[S(an)](a) > C / 1+ 1) Nep(a’ — ane)dy’

RN-1
(35) ZC/ (1+|Z’D7N|I/7:L'NZ/|7Ndy,
1<]2]<2
> Cle|™N > C(1 +an)|z| ™V, x € Dy.

On the other hand, for any = € Ds, since 5z > 1+ xy, by (1.3), (1.6) and (2.1) we have

[Sew)la) = Cow [ an ot fo) Iy )V | dy

I<]y’|<2
2
> (4 xN)|x|_N/ P 2dr > C(+ax)le| N, @€ D
1
This together with (3.5) implies (3.3), and the proof is complete. O

Lemma 3.2. Let p > p, and ¥ be as in (1.6). Then there exists a positive constant C such
that

(3.6) [S(zn)¥)(2") < Cla|™™, @ € Din,
(3.7) [S(zn))(z') < CA+zn)|z|™Y, € Doy.
Proof. We first prove (3.6). Let x € Dy, and set
By (2') = {y’ eRN L2 — /| < |I2/|}, By (2') := {y’ eRNL: 2 — | > |x2’|}

It follows from (1.3) and (2.1) that

Stewula) = evaw [ (e +1yP)

RN
<o [ wf Yaxtox+ W Vot - i) ar.
Bl(ZL”) BQ(Z/)
By (3.1) we can find € € (0, 1) such that

Ty — ) dy
(3.8)

(3.9) —(N-1)+m+e<0.
For any y' € By(2'), since |2|/2 < |y/| < (3|z'])/2, we see that

(310) wN(xN + |y/|)7N < C|:L,/|7(N71) < C|x/|7m75|x/ _ y/|7(N71)+m+e'
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By (1.6) and (3.10) we have

/ oy (on + 1) N — o) dy < / enen + )N — o™ dy’
Bi(z') Bi(x)

B1 x!

!’
o’ |

2
= C|x’|7m7€/ ri e dr < Cla’| 7™
0
Similarly, we have

/ an(ay + |y )N — o) dy = / en(en + )N — o | dy’
Bz(m,) BQ(LE’)

< C|x’|_m/ (1+ )N d2' < Cla!|™,
RN—1

These together with (3.8) yield
(3.11) [S(zn)Y](z") < Cl2'|™™, x € Diy.

On the other hand, it follows from (1.6) and (3.1) that ¢» € L™ with r, = (N —1)/m > 1.
This together with (2.3) implies that

(3.12) [S(zn)¥)(x') < 1S(@n)Plloc < Cay™ [¥llr.io0, = € RY.
Therefore, by (3.11) and (3.12) we obtain
(3.13) [S(zn)¥)(2") < Cmin {|2'|™, 2"}, x € Dyy.

On the other hand, the following inequality holds (see e.g., [10, Section 4]): For any ¢ > 0,
there exists a positive constant C' such that

(3.14) min {a"%b"%} <Cla+b)~? for a,b>0.

Then, by (3.13) and (3.14) we have (3.6).
Next we prove (3.7). Let © € Doy with || < 1/2 and set

By(z')={y e RN |2/ —y/| <2}, Bu(a)):={y eRV"': |2/ —y/| > 2}
Similarly to (3.8), we have
319 Senil@)<Con( [+ [ Yot ) b
B3(I,) B4(:c’)
Since 2z > V3 > 1 > |2/|, we see that |z| < Czy. Tt follows from (1.6) and (3.1) that

oy / (e + 1)V — ) dyf < 2y / (e + 1) — | dy
Bs(z') B

3(2’)
(3.16) <zt / |z’ =y |7 dy’
Bs(xz')
2
<c(+ xN)|ac|_N/ r=mEN=2 g < O(1 4 2 2]
0

Furthermore, since |2/| < 1/2 and

ly'| > " —y| = || > 2" =y | =121, ¢ € By(a'),
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by (1.6) we obtain
- / (wn + 1y )N — ) dy < an / (e + 1) — | dyf
B4(a:’) B4(£U/)

(3.17) < +:cN)*N“/ 2 =y |7V dy’
B4(CE,)

<C(+ xN)|x|_N/ r2dr < C(1+ay)|z| V.
2

Then, by (3.15), (3.16) and (3.17) we have (3.7) for the case |2/| < 1/2.
It remains to prove (3.7) for the case |2’| > 1/2. Let € Doy with |2/| > 1/2 and set

_ 1 4 1 x!
B5(x')::{y’eRN 1:|:1c’—y'|§8}, BG(x’)::{y’eRN 1:8<|nc’—y’|§|2|},
N-1 ' / |2']
Br(2'):=qy €R sz —y|>7 .

Similarly to (3.8), we have

318)  Savul@)<Can( [ w [ w YN - ar
Bs(x') Be(z') Bz (')
Since |y| > |2'| — 1/8 for any 3’ € Bs(z’), by (1.6) and (3.1) we have

xN/; ( /)(xN'i' |y’|)_N¢(x’_y/)dy/ < .’I,‘N/; ( l)(xN + |y/|)_N|I/ _y/|_mdy,

(3.19)

1 N

1

0oy [*(oxll=5) YR £ OO+ amlal
0

Since |2'|/2 < |y'| < 3|2’|/2 for any y’ € Bg(z'), it follows from (1.6) that

IN/ (an + 1Y) N —y)dy < IN/ (xn + )N =y 7N dy’
Bg(I,) BG(I/)

(3.20) <Cltay)al™ [ -y ay
Bg(z')
o0

<c(+ xN)|x|-N/ r2dr < C(1+ aw)|z| V.

1

8

Furthermore, since |2’ — /| > |2/|/2 > 1/4 for any y’ € By(2’), by (1.6) we obtain

—N
_ _ Yy’ _
QTN/ (-TN+ |y/|) Nlﬁ(.%‘/ _y/) dy’ S x}\l N/ (1+ ||> |3;‘/ _y/| Ndy/
(3.21) Br(a') Br(a') TN

< Cla|N /RN_lu +12) N d < Ol N < O+ a2
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Similarly, we see that

nN =N
JfN/ (33N + |y’|)7N¢(x’ _ y/) dy’ < x}V—N/ (1 + |y|) |JU/ _ y/|fN dy,
Br(z') Br(z') TN

(3.22) < (1+ xN)x;,N/ 2" — |7V dy
Br(z')

§(1+mN)x;,N/ rfzdrgC(l—i—xN)x;VN.

4

Then (3.14), (3.21) and (3.22) yield

mV/’ (an + )N — ) dyf
B7 (I')

< C(1 4 zy)min{|2/| "N, 23N} < C(1 4+ zy)|z| V.

(3.23)

Then we deduce from (3.18), (3.19), (3.20) and (3.23) that (3.7) holds for the case |z'| > 1/2.
Thus Lemma 3.2 follows. (|

4. PROOF OF THEOREM 1.1

In this section we obtain two pointwise estimates of

(4.1) [(—Ap) ™' fP)(z) == | G(z,y)f(ydy, = eRY,

Y
and prove Theorem 1.1.
Lemma 4.1. Let p > p.. Assume that
- N
(42) 0<f@) <lal ™, weRY.
Then there exists a positive constant C' such that
[(—=Ap)~ ' f*)(x) < Cayla|~™, z e RY.

Proof. Let x = (2/,zn) € RY. We divide RV ™! into the following three sets:

/ !
D, = {y’ eRN L2 — 9| < |:1;|}7 Dy := {y’ e RN-L: % <z’ =y < 2|x’|},
D3 :={y e RN"1 |2/ —¢/| > 22|}

Since mp = m + 2, by (4.1) and (4.2) it suffices to prove that
(4.3) / G(z,y)ly|~ "D dy dyn < Caylz|™™ 1, k=1,2,3.
o Jb,

Here C' is independent of = € Rf .

Proof in the case k = 1. In the case |2’| = 0, we immediately obtain (4.3) in the case k = 1.
So it suffices to consider the case |z’| # 0.
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For any 3’ € Dy we see that |y’| > |2'|/2. In the case N > 3, by (2.4) we have

/ / Gz, )|y~ dy
=x Jp,

o0
< C/, / =y TNy ) ay! dy
(44) CLTN |2/ —y'|< \’g\
< C/ (|IL‘/| +yN)—(m+2) dyN/ / 2 — y/|—(N—2) dy’
2 |~y | <5

< O/ +ax) ")l < O(la!| +an) ™™ < Cay™

In the case N =2, by (2.5) with a = 1/4 we have

ﬂ / G, y)lyl =™+ dy
z2 Jp,

1
T 1
<C L L (ly1| + y2) =2 dy, dys
(4.5) o1 —un <zl \ |21 — 1]?
<Cx2/ (Jz1| +y2)~ m_%dyz/ 21 — 31| "2 dis
2 |1 —yn | < 12!

1 1
< Cxg (Jo1| + 22) ™™ 2|2 < O (1] +a2) ™7 < Cay™

On the other hand, in the case N > 2, by (2.4), (2.5) and (3.1) we see that

TNYN — YN
(4.6) G(z,y) < O|xN N[ — N1 = < Cay™ o/ — y/[N-1-m

for all y € Rf with 0 < yny < xxn/2. Then we have

/ Gz, y)ly| =2 dy
Dy

< Cay™ —(m+2)d "d
TN / /|"c/ |<‘I,| |(£ y\N 1— m|y| Yy ayn

< Czy™ / (Ja'| +yn) O+ dyN/| y)< 12l o =y dy
0 ' —y’|<
< CINm‘$/|_7TL|$/|7TL < C{E;Vm
This together with (4.4) and (4.5) implies that
(@) | @ ay < cay
o Jp,

Next we prove that

(4.8) / G(z,y)|y|~ ") dy < Cxyla’|”™ "
0 D
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In the case N > 3, similarly to (4.4), by (2.4) we obtain

/ G(z,y)ly|~ "+ dy
BmN
(4.9) < C/ / L =y T ) dy dy
311|VI y|<

<C’|9C|/ (|2 +yn)~ " dyn < Cayla’|"™
In the case N = 2, it follows from (2.5) with o = 1 that

T2Y2
4.10 Gx,y) <C—————=<C
(4.10) () <O

for all y € R with 0 < yo < 25/2. This together with (4.2) yields
+

/ / (z,y)ly|~ m+2)dy<0/ / (] +2) =02 dyy dys
411 D, \11 y1|<

<C|$1|/ |x1|—|—y2) (m+2) dy2<0$2‘$1| m—1

Furthermore, it follows from (1.5) that

312
/ / G(a,y)ly|~" " d
dx —(m
= C/ / log (1 R r— 2> (1] + y2) =" dyy dys
SO PN lz1 =yl
[z1]

=2 p) 622
< 0/2 (1] + o) ~(m+2 dy2/ log (1 + - 22> dr

2 0

2
< 0/3‘2’2 (2] + )7(m+2) p |z1] 1 241:2 /7 12562
>~ xTQ 1 Y2 Y2 2 0og 1‘2 T2 +6$

Since z > log(1 4 x) for > 0, we deduce in the case N = 2 that

3x2

L G, y) f ()" dy
2 D,

< C22|zy | (2| 4 22) " 4 Cagla|(|o1| + 22) ™M) < Caglay | 7™ L

(4.12)

On the other hand, in the case N > 2, by (2.4) and (2.5) with o = 1 we have

INYN
< C—/—7_
(4.13) G( Y) C|:c y|N
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for all y € RY. Since |y/| > |2/|/2 for y' € Dy, by (4.13) we have

L /’aawm*”%@
TN D,

2

[e'e] x om
SC/ / NN (| ) ) dy dy
MTN |z —y’|<

L |z —y|N

|z
2

= Cow /?’zN / < Iz yn (|| +yn) "B (2 =y |+ yn —an) N dy' dyn
= ey <5

o) o0
< CCCN/3 . / yn (12’ +yn) "D (o +yn —an) VeV 2 dr dyy.
= Jo
So we obtain

ﬁ /'mmwm*“”@
TN Dy

2

SCh“CﬂA_/ yn (2| +yn) "y — aw) 7 drdyn
2ZN Jo
2

smwﬂ ('] + yn) "D I gy

=N YN —IN

< C:cN/ (|| + yn) " dyy < Capyla!| 7™
0

This together with (4.9), (4.11) and (4.12) implies (4.8).
We deduce from (4.7) and (4.8) that

/ G(J:a y)|y|7(m+2) dy < Cxy min {|x/|7m*1’ x]—vm—l} .
0 D,

This together with (3.14) implies that (4.3) with k = 1.

Proof in the case k = 2. Similarly to the case k = 1, it suffices to consider the case |z'| # 0.
We have

|z —y|* + 2anyn > V]z — Y2+ 2enyn2anyn > |2 — Y |on
if YN > JUN/Q and
2 2 / / 1 / /
e —yI" + 2enyn 2 |z —y" 2 2" —yllen —yn| 2 le’ —ylen
if 0 <yn < xn/2. Then, in the case N > 3, it follows from (2.4) that

YN YN /
G(z,y) SC|x/_y/|1\/71 §C|z/‘N71’ y € Do
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Since Dy C {y’ € RN~1:|y/| < 3|2'|}, we have

/ / G, y)ly ™) dy
= Jo,

o]
< Clxll—(N—l)/ // yN|y|—(m+2) dy/ dyn
=3 Sl <lar—y | <2l

(4.14) e
S C«|x/|f(N*1)/ / (T+yN)7(m+1),r,N72 d?"dyzv
™ Jo

<C [y dyy < Caym.
N

2

In the case N = 2, it follows from (2.5) with o = 1/2 that

L. | el ay

L[~ H 1y, |—(m+2)
<cof [ v Lo — Uy~ dyy dy
22 JI2l gy —y1| <2l |

1 oo 3|z 5
< Cl’22|$1|71/2 / (r+y2)” ™2 drdys
22 Jo
2

o0
< Ca? “M2 dyy < Cay ™,
> 2 /,, Yo Yo = 2

2

(4.15)

On the other hand, in the case N > 2, by (3.1) and (4.6) we have

/ /G<x,y>|y|*<m+2>dy
Do
D2 Z/|

3|z’ |
SOIJ_\/m|xl|7 +m/ / 2(r+yn)” (m+1) qy dr

< Cayma!|~NV=D+ / rN=m=2 gy
< C’x]_vm|a:’|7(N71)+m|x?|N717m < Cay™.
This together with (4.14) and (4.15) implies that
(4.16) | [ a2 ay < ca
0o Jp,
Furthermore, it follows from (4.13) that

ITNYN ITNYN ’
G(x7y)gc|x/_y,|1\[ §C|Z’/‘N7 Yy €D27

347
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and we obtain

/ / G(z,y)ly| =™ dy
0 Do

oo p3lz’|
< Cayla!|7 / / yn (r+yn) "IN 2 dr dyy
o Jo
oo p3lz’|
< C-Tle/l_N/ / (r+yn) " YN =2 g dy
o Jo
3|z’ | 3|z’
< C’xNIx’|_N/ rN=m=2 g < CxN|x'|_m_1_E/ || TN FmAltep N=m=2 g,
0 0

3lz’|
< CxN|w/|7m7176/ ri e dr < CxN|z/|7m71,
0

where ¢ is as in (3.9). This together with (4.16) yields

/ / (z,9)|y| """ dy < Cxy min {7 2y
D>
Therefore, by (3.14) we obtain (4.3) with k = 2.

Proof in the case k = 3. Since

(4.17) | =l2" =y |—|2'| >0,  ye€Ds,
by (4.13) we have

/ / G(z,y)ly| =" dy
0 D3

< C$N/ / yN|xl _ y/|—N(‘y/ _ xll _ |1‘l| _|_yN)—(m+2) dy/dyN
0 Jler—y>210)
(4.18) oo oo
: CmN/ / r2(r = 2| + yn) " dr dyy
0 2|z’ |

< Cay / (|| + yn) =+ ( / err> dyn < Cxylz'|7™ "
0 2

||

It follows from (2.4), (2.5) and (4.17) that
/ / G, y)ly| ") dy
N
= C/ / o — o/ [Ty — | 2|+ yn) T dy dyw
2 Sy 2l

< C’/ / (r—12'| +yn) "2 dr dyn
= Jaja

oo

(4.19)

<C | (|| +yn) "D dyy < Cla|™ < Cay™ it N >3,
TN
2
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and

\

R / G, )yl =™ dy
<cf,

«@
oy B
/ ( = 2> (lyr — 1| = |z1| 4+ y2) ") dyy dys
|z1—y1]|>2|z1] |332—y2|

(4.20) / / |<$2—y2|2) (r = las] +y2) =2 dr dyy
: 7 2|z

2xo [e)
xz —(m «
< (/ + [ )(22) (Ja1] 4 y2)~ "+
z 225 |z2 — o
2x2 [e%e]
< ng‘xr(m-&—l)-ﬁ-a /,2 |5 — y2|—2a dys + Cm;a/ (Jo1] + y2)—(m+1)+a dys
% 2x2

< Cxd=z|~(m+DFe L Ops ¥z ™™+ < Cz;™ if N =2,

where a € (0,1/2) with a < m.
On the other hand, it follows from (2.4) and (2.5) with & = 1 that

TNYN —m—e YN
G(x,y) < C|acN _ yN|1+m+e|l-/ _ y/‘N—l—m—s < CxN |ac’ _ y/|N—1—m—e

for all y € RY with 0 < yn < xn/2, where ¢ is as (3.9). This together with (4.17) yields

N
2
/ Gla, y)lyl~ "2 dy dyn
0 D3

oy
e[ (= o 1] ) dy
|z’ =y’ |>2]z'| 2" — /|
< C.’ﬂ;,m s/ / 1+m+5(r o |£L'/| +yN)7(m+2) dr dyN
2|a:’|
= 2|z’ |4y N oo
< C’m;,m_e/ </ —|—/ ) ynr e (r — |2+ yn) T2 dr dyn
0 2|z’ | 2|z’ |[+yn
TN

=: Cx;vmfe /OT([l(yN) + I (yn)) dyn.

Furthermore,
2|z’ |[+yn
L(yn) < C2'| + yw) " / P dr < O+ y)
2|z’ |
Lyn) < C (r — 2] + yn)~2¥ dr < O(|2!| + yx) 77

2|z’ [+yn
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These imply that

m
e —(m+2) g, g
(z,y)|yl Y dyn
0 D3

TN

2N 2y
2 2
< C$N7n_8/ (|1‘/| _|_yN)71+5 dyN < Cx;[m—a/ y;/vl—&-a dyN < CZ‘R}m
0 0
Therefore, by (4.19), (4.20) and (4.21) we obtain
oo
(4.22) / Gz, y)|y|~ ™2 dyy dys < Cay™
0o Jps
We deduce from (3.14), (4.18) and (4.22) that
/ / G, y)ly|~ ") dys dys < Caoy min{|2’| 7" 2y} < Caylz| 7™,
0 JDs

which implies (4.3) with k = 3. Thus (4.3) holds for k = 1,2, 3, and the proof of Lemma 4.1
is complete. [l

(4.21)

Lemma 4.2. Let p > p,. Assume that

|x‘7m’ S Di117
(4.23) 0< fla) <
(1 +$N)|x‘_Na T € Doy
Then there exists a positive constant C' such that
[(—Ap) L fP)(x) < Canlz|™V, x € Doyt
Proof. Let = (2/,xN) € Doyt. We divide RY into the following seven sets:
1+z
1 || 1+zn
Dy:=<SyeRY || <~ || <=
2 {y ‘y|—4 |y|727 Yn =2 4 )
1|2 3|/ l1+azn
D3 := RY: |y <=, <<
o= {yeriis g Blewis B
1 3|2 1+ay
Dy = RY | < -, |¥]>
= {verYayis o Wiz T e
1 |z’
Dy :=qyeRY - <|y| <1,
5 ¢ {y 4= Y| < 5 }
1|2 3|2|
Dy = RY:ly|>=, =<y 1
6 - {ye ‘y|747 2 7|y| 2 +1l4+zN, ¢,
3|z’
Dy = {yGRf:ZAZ |2 | +1+50N}-
Then, by (4.1) it suffices to prove that
(4.24) Gz, y)f(y)Pdy < Coyle|™, k=1,...,T.

Dy,
Here we recall that mp = m + 2.
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Proof in the case k = 1. By (3.1) and (4.23) we have

—-m N
(4.25) 0< f(z) <Clz|™™, r e RY.
For any y € D, since

=g > Jo| — [yl > ol — (L + 20 ) > 32l 1l
x — x| — =z + = —_— > —
yI= yIr= 274 )= T4 T 271
by (4.13) we see that

(4.26) Gla,y) < C—2N_ < Canla| Nyn,  ye Dy

|z =yl
Then it follows from (3.1), (4.25) and (4.26) that

G(z,y)f(y)? dy < CwN|$|_N/ ynly|~" D dy

Dy
< C’xN\x|_N/
ly'I<

4
<C’xNx|N/I > \y’\*mdy’ngNLer/o P IN =2 g < Caylz| V.
y'_z

This implies (4.24) with k = 1.

Dy
1+ay

4
/ ('] +yn) =" dyy dy’
0

1
1

Proof in the case k = 2. For any y € D5, since

!/
o ) > ]~ ) >

)

by (4.13) we have

x X _
(4.27) Glay) < O, f@;J'VN <O fyyj,vw < Conynle'|"N,  yeDs.

On the other hand, by (3.1) and (4.23) we have
(4.28) 0< fy) <CA+ynyl~" <Cynlyl™™, yeDyUDsUD,.
Furthermore, it follows from p > p, that
(4.29) —Np+p+N+1<0.
Then, by (4.27), (4.28) and (4.29) we obtain
/D Glz,y)f(y)’ dy < Clew/l’N/ YRyl dy
2

D>

o0
SCQCN%/_N/ <121 [+ N(Iy’|+yzv)‘N”+”“dyNdy’
y| <

(4.30)
SC?CN\%/VN/ (Lt + |y )~V ay

B4
ly' 1<%

|z

SCmN\x’\_N/ (1 + )~ NPHPHN g < Cayla! |7V,
0

On the other hand, in the case N > 3, by (2.4) we see that
Gz,y) <Cla' —y/ N2 < Cl/|"™V=2,  yeD,.
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Then it follows from (4.28) and (4.29) that

Gla,y) fy)P dy < Cla/|- V=) / by VP dy
D2 D2

oo
SCIJE'l*(NJ)/ 2/ /ﬂ (1y' +y) =P dyn dy’
e

1

(L+ [y + zn) VPPt gy

/

|z

(4.31) < C|x’|*(N*2)/
ly'I<

121

< C|$’|7<N72) / ’ 7’N72(1 +7r 4+ JZN)iNIHFerl dr
0

< C(+ay) VPR < O ay) WD < o (VY.

Furthermore, in the case N = 2, since p > 3, by (2.5) with a € (0,1/2) and (4.28) we obtain

X * _
G(x,y)f(y)Pdy <C i (2y2> A

D, |$2 *y2\2

lzq]

oo e
< Czy [erz /0 w2 — Y2 72 (r + y2) TP dr dyo
—a

1+2:

< Or& 2 > —2a, —pta+l

s Oy + |22 — Yol Ya dyo
1tzg 14224

4

< Cay <(1 +@o) TP 4 ) PO (1) 21+ xz)p+a+2)

<O +a9) P2 < C(1+29)7 ! < Oyt

This together with (3.14), (4.30) and (4.31) yields

G(z,y)f(y)P dy < Cxy min{|z’|~N, 2V} < Cay|z| V.
D-

Thus (4.24) holds for k = 2.
Proof in the case k = 3. In the case N > 3, by (2.4) we have

ITNYN N
4.32 Gz.y) < C , eRY.
(4.32) (z,y) < 2 — [N 2(zy + yn)2 Y +
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Then, since |#' — y'| < C|2’| for any y € D3, by (4.28) and (4.29) we see that

/ Glar,y) £ ()P dy

yi N
<Ce “Nr gy d
N ~/1+IN /ll\ <ly’ |<3|J—/| ‘[L’ -y |N Q(I,N + yN) |y| Yy ayn

= CmN/ / YR (| yn) NPy N2 dy dyw
AN S|zl —y! |<Ol|

(4.33)

Clz'|
< Czpn /1+1N / |x |+ yn)~ Npp—=(N=2),.N=2 g, dyn

o0
< Czy /HZN W12+ yn) NP dyw < Cay /1+xN ('] + yn) VPP dyn
Lioy Loy
< Can(1 4+ |z))NerP+l < Cayla| V.

In the case N = 2, for any « € (0,1], by (2.5) we obtain

«

T2Y2

G(%y)SC( — — ) y € RY.
|331 y1||x2 y2|

For any y € Ds, since & € Doyt and |z1]/2 < |y1] < 1/4, we see that zo > 1 — |z1| > 1/2.
This implies that 2§ < 2z for any « € (0,1) and x5 > (1 + x2)/4. Then, since p > 3, by
(4.28) we have

G(w y)f(y)"dy

< Czg /1+12 /I
_C’x%[+m2

2xo s}
< Cxy (ﬁ 2 ) Y3 |wa — yol T (lwa] + y2) P dys
T2

[0

Y2 _

< ) Y51yl dyy dy»
|1 — y1llz2 — Y2l

/ yg+a|“72 — ol " (w1 | + y2) " |wr — 1| dyn dys
|z1—y1|<Clz1|

(4.34)

+xo

+
1 T2

SC@(Mp”/i]w—wme+LmWﬂ+m)“1%%>

< Cxglz|™2 <|£cp+3 + |x|p+4a) < Caxolz| 72,
where a € (0,1) with —p+4 < a. This together with (4.33) implies that (4.24) with k = 3.
Proof in the case k = 4. For any y € Dy, since

x/
o —y) 2 |- )2 2
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by (4.13) we obtain

x

Then it follows from (4.28) and (4.29) that

Gty dy < Cosle! ™ [ [ R
<lyi<

Dy

(4.36) < Czyla'|” // YR+ yn) TP dr dyy

< Cnla'|” / PN dy < Cala!| N

4

For any y € Dy, since |2'| < 1/6, we see that
! N-1 3|:L‘| 1 / N-1 / !
(4.37) y eR : << c{y'eR Dl =y <1}

Then, in the case N > 3, by (4.28), (4.29), (4.32) and (4.37) we have

Dy
° yp+1 N
SC””N/ 3 y| =P dy’ dyn
B N e 2(1’N+yN)2| |
oo
(438) <Con [ () Y Y
= Jjar—yr|<1

1+zn ~Nptp
4

On the other hand, in the case N = 2, for y € Dy, we have |z1| < 1/6 and it follows from
@ € Doyt that g > 1—|x1| > 5/6 and 22 > (1+x2)/4. Then, similarly to (4.34), by (4.37)
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we have

G(fﬂ y)f(y)" dy

[e%
Y2 -2
<Cx/ / < ) Y5 lyl ™" dyr dy
2 1+z2 3|ac1|<|y1 % |x1—y1\|x2—y2| 2| | ! ?
< Czxg ﬁ+
LD
2:1:2 oo n
1+12 25
2:132 oo
< Ozg x;p+a/T2 \mz—yzradyri-/ Yo " dyo
pad’ g 212

4

< Cxy PP < Cujt,

/ Ys P 2g — ya| a1 — i | dyr dyo
|z1—y1|<1

where a € (0,1). This together with (3.14), (4.36) and (4.38) implies that
G(z,y) f(y)P dy < Cxy min{|z'| "V, 2N} < Canlz| V.
Dy

Thus (4.24) holds for k = 4.

Proof in the case k = 5. Since © € Doy, we have

' 1+an
o= vl = fal = Iy + yw) > e - 221 - L

|2/l V2lz] 1 3-+2 1_2-v2
> > |z] — = > ||
4 4 4 4 4 4

for y € D5 with 0 < yy < (14 zx)/4. Then it follows from (4.13) that

Gla,y) < C% < Canynlz| ™Y
r—y

for y € D5 with 0 < yy < (1+zn)/4. By (4.23) and (4.29) we obtain

/ Gla. ) F5)" dy
Dsn{o<yn<EENy
1+LN
< Caylz|” N/ / Cyn(L+yn)Plyl NP dy dyn
(4.39) <ly'|< i e
4
< Cenlel” N/ Lop 2l \(1+yN)p+1(yN+r) Np+N= 2drdyN
0 $<r<

o0
< CmN\er/ (14 yn) NPV gy < Cale] V.
0
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On the other hand, since |2’ — y'| > |2/|/2 for any y € Ds, similarly to (4.36), by (4.23),
(4.29) and (4.35) we obtain

[ Gy
Dsn{yn>—7~1}

< C'3€N|96’/|7Nﬁ+ N / =1 yn (14 yn)Plyl NP dy dyn
£ <|y'|< z

(4.40) vris

< Caxy|z|” / / YR 4y ) VPN 2 dr dyy

< Czyl2'|” /1 y;,Np'FNﬂ) dy' dyn < Cayla’|™N

4

Furthermore, in the case N > 3, by (4.23), (4.29) and (4.32) we have

[ Gy
Dsn{yn>—7%}

oo
YN -N /
<C 1+ p Pdy'd
- mN/l*:N /1<|y/|<z’ =g 2w )2 TNy duw

(4.41)

1
4

=]
<Cxy(l+zn)~ [HN / (r+yn) NP1+ yn)P drdyy

< Con(l+ay)™ /lﬂw (1+yn) VPP dyy

4

< Can(1+ay) VP < Cay(1+ay) ™ < oY,
N

In the case where N = 2 and xo > 1/7, since 2x9 > (1 + x2)/4 and p > 3, it follows from
(2.5) and (4.23) that

[ Gy
Dsn{y>—"722}

Y2 “ L
<C 1 » P e
x2/ /S ‘<|L1\ (|x2_y |2> ( +y2) |y‘ Y1 ay2
(4.42) -

/ / p+a\aﬁ2 — yo| T2 (r 4 y2) 2P dr dys

2362
< Czg /1”2
1

+/ ) Yo PO g — yo| 2 dyy < Cay " < Cay!
2xo
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where a € (0,1/2). In the case where N = 2 and zo < 1/7, since 225 < (1 + x2)/4 and
p > 3, by (4.13) and (4.23) we have

[ Gy
Dsn{y2> +£2}

(1
< 0332/ / y2 + y2)2 ‘ | 2p dyl dyQ
itog <y |< L w2 —y2 |

< 0362/ / (y2 — $2)_2(7" +y2) P dr dys
2$2

1

(oo}
< Cw;l/ (1+y2) P 2dy, < Cay ' (14 22) PF® < Cag
2

T2

This together with (3.14), (4.40), (4.41) and (4.42) yields
(4.43) / G(z,y)f(y)Pdy < Cxy min{|x'|*N,vaN} < Cxy|z|™N.
D5ﬂ{’l}N> + N}

Therefore, by (4.39) and (4.43) we obtain (4.24) with k = 5.
Proof in the case k = 6. We recall that

!/
DGC{yERf:O§|x’y'|< Sl |+1+:1:}

Put

Then 2A > |2/|. In the case N > 3, by (2.4) we have

TNYN N
G(z,y) < C , eRY.
R il (P v ER

It follows from (4.23) and (4.29) that

/ Gy dy
DeN{0<yy<ZN

E yn (14 yn)Ply| P
< CQTN/ / , 7 /Nf(z ’ )/| | 2 dy' dyn
A<y |<22 p gy |2/ — | (|2’ —y'| +xn +yn)

(4.44)

5\1 |

+1+a N
< CH?N/ / N(A+yn) VPP (r £ yn) T2 dr dyn

< CmN/ (A+yn)~ Notp gy < Cay A™NPHPHL < Oy AN < Czy|2 |
0
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In the case N = 2, since p > 3, by (4.10) and (4.23) we have

/ G(a,y) ()" dy
Den{0<y<%2}

P
(4.45) < C/ / , (1+ y2)?|y| =2 dys dys
0 Jagiy|<dgl i,

< C/ ’ (A + yg)_p+1 dyg < ngA_p+1 < CJ?QA_Q < C.Z‘2|.131|_2.
0

Furthermore, by (4.13) we see that

INYN N
G(z,y) < C——m=, e RY.

Then it follows from (4.23) and (4.29) that

/  Gle)f ()P dy
Dgn{0<yn<ZN}

x?N
= CxN/ / , yn (1 +yn)Plyl NP ley —yn| N dy dyn
0 A<y 1< p1tan

E?N
< CaVH! / / , yn(L+yn)P(r+yn) VPN 2 dr dyy
0o Jagly < vty

TN

< Cx;VN+1/ 2 (A+yN)—Np+p+N dyN < Cx;VNH_
0
This together with (3.14), (4.44) and (4.45) implies that

(4.46) /
Den{0<yny<ZN}

On the other hand, in the case N > 3, similarly to (4.44), we have

/ G, y) ()P dy
Den{yn>2X}

=P

G(z,y)f(y)Pdy < Cxy min{|x’|_N,x;,N} < Cxylz|™N.

(4.47) < Czxy /OO / yn (1 +yn)Ply
' - on Jacy <2 pey [ =Y INT2(l2) — Y|+ 2N +yn)
o0

5 dy' dyn

< Czpn /EN (A+yN)_Np+pdyN < C’acN(A+xN)_Np+p+1 < CwN|m|_N.

2
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Furthermore, in the case N = 2, since p > 3, by (2.5) and (4.23) we obtain

/ G,y) ()P dy
Den{ %2 <y2<2z>}

212 y2
@ e —
= Cr 22 Ja<y<Elvi4a (|$2 — yol?
(4.48) 2 == 2

23?2
< CJCS/ Ys|wa — yo| 2 (A + y2) P dy,

z2
2

) (14 y2)P|y| =P dyy dy»

—p+1 -2
<Cay(4+2) 7 <COm(A+3) " < Caslal
where a € (0,1/2). In addition, since it follows from (4.13) that
L2Yy2 r2Yy2
G(x,y) <C <C
R AL
for any ys > 2x9, by (4.23) we see that

/ G, ) f ()" dy

De¢n{y2>2x2}
> Y2 —92

< Cry / / P (1 4yl dyy dys
203 J A<y i<zl y14as (1210 — 2]+ 12)?

o0 £21|+1+a:2 )
< C:cz/ / y2(r+y2) “(A+y2) Pdrdys
2172 0

< C’xg/ (A4 y2) P dys < Cao(A + 220) P < Cag(A + 219) 72 < Caglx| 2.
2

x2

This together with (4.47) and (4.48) implies that
(4.49) / Gz, y) (5P dy < Calz| ™.
Den{yn>=N}

Combining (4.46) and (4.49), we obtain (4.24) with k = 6.
Proof in the case k = 7. For any y € D7, by (4.13) we have

INYN -
G(z,y) < CW < Cznyn|z| N

Since & € Doyt, by (4.23) and (4.29) we see that

| sy

D~

< Cayla| ™™ / / gyl N dy dyy
0 Jy > p1qay

§C$N|$|_N/ / / <r+yN)_Np+p+N_1drdyN
0o JA 14ay

o0
< CxN|x|_N/ (|| + yn) " NPHPEN gy < Cayl|z| V.
0
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This implies (4.24) with & = 7. Thus (4.24) holds for k¥ = 1,...,7, and the proof of
Lemma 4.2 is complete. O

Now we are ready to prove Theorem 1.1.
Proof of Theorem 1.1. We proceed similarly as in the proof of Theorem 1.4 in [10]. Define
{un} inductively by
ul(x) = 07
u’ﬂ+1(x) = [S(‘TN)SD](‘%I) + N G(l’, y)u’n(y)p dy7 n= 17 27 R
]R+
for almost all 2/ € RV~! and all zy > 0. Then we can prove by induction that
0 <up—1(x) < up(x)
for almost all ' € RV~! and all zx > 0. This means that the limit function
(4.50) u(z) ;== lim uy(z) € [0, o]
n—oo
can be defined for almost all 2/ € RV=! and all z > 0.
Let ¢ and k be sufficiently small positive constants such that ¢ < k. Assume that
PEETCINNAS U
where 1 is the function given in (1.6). It follows from Lemma 3.1 that

||~ r € Dip,

(451)  u(z) > [S(zn)el(2) > c[S(zn)P)(z") > 010{ N
(I+zn)|z|™", 2 € Dout,

where C1 is a positive constant independent of c. On the other hand, if ¢ satisfies
p(a) < kp(a'), ol €RVT,
then, by Lemma 3.2 we see that

|x|—m7 T e Din»
(4.52)  wuz(z) = [S(zn)¢](z) < k[S(zn)Y](2)) < Cok

(1+£L’N)|£L'|7N7 xeDouta
where Cs is a positive constant independent of k. If

‘x|—m’ S Dir‘n
un(x) < 205k
(1+an)|z|™N, x € Doy,
for some n € {2,3,...}, then, by Lemmas 4.1 and 4.2 we see that
Unt1 (@) = [S(zn)e] (@) + [(=Ap) ™ ub](x)
|$‘—m’ VS Din7
< [Cak 4 2C5(2C5k)P)
(1 + xN)|x‘7N7 x € Dout,
where C3 is a positive constant independent of k. Therefore, taking a sufficiently small
constant k if necessary, we have
‘xl_m’ S Dina

un+1(x) S 202](5
<1+$N)‘SC|_N, xEDout~
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This together with (4.50) and (4.52) implies that

|m|—m7 VS Dina
(4.53) u(z) <202k
(1+xN)|1-|*N7 xeDoub

Therefore, if ¢ satisfies (1.7) with sufficiently small constants ¢ and k, then (4.51) and (4.53)
imply that u satisfies (1.8) and (1.9). Then, similarly to [11], we see that u is a minimal
solution of (1.1). Thus Theorem 1.1 follows. O

REFERENCES

[1] I. Bachar and H. Maagli, Estimates on the Green’s function and existence of positive solutions of
nonlinear singular elliptic equations in the half space, Positivity, 9 (2005), 153-192.

[2] H. Berestycki, I. Capuzzo-Dolcetta and L. Nirenberg, Superlinear indefinite elliptic problems and non-
linear Liouville theorems, Topol. Methods Nonlinear Anal., 4 (1994), 59-78.

[3] M.-F. Bidaut-Véron, A. Ponce and L. Véron, Isolated boundary singularities of semilinear elliptic
equations, Calc. Var. Partial Differential Equations, 40 (2011), 183-221.

[4] M.-F. Bidaut-Véron and L. Vivier, An elliptic semilinear equation with source term involving boundary
measures: the subcritical case, Rev. Mat. Iberoam., 16 (2000), 477-513.

[5] C.-C. Chen and C.-S. Lin, Ezistence of positive weak solutions with a prescribed singular set of semi-
linear elliptic equation, J. Geom. Anal., 9 (1999), 221-246.

[6] M. del Pino, M. Musso and F. Pacard, Boundary singularities for weak solutions of semilinear elliptic
problems, J. Funct. Anal., 253 (2007), 241-272.

[7] A. Farina, On the classification of solutions of the Lane-Emden equation on unbounded domains of
RYN, J. Math. Pures Appl., 87 (2007), 537-561.

[8] M. Fila, K. Ishige and T. Kawakami, Large-time behavior of solutions of a semilinear elliptic equation
with a dynamical boundary condition, Adv. Differential Equations, 18 (2013), 69-100.

[9] M. Fila, K. Ishige and T. Kawakami, Large-time behavior of small solutions of a two-dimensional
semilinear elliptic equation with a dynamical boundary condition, Asymptotic Analysis, 85 (2013),
107-123.

[10] M. Fila, K. Ishige and T. Kawakami, Ezistence of positive solutions of a semilinear elliptic equation
with a dynamical boundary condition, Calc. Var. Partial Differential Equations, 54 (2015), 2059-2078.

[11] M. Fila, K. Ishige and T. Kawakami, Minimal solutions of a semilinear elliptic equation with a dynam-
ical boundary condition, J. Math. Pures Appl., to appear, doi:10.1016/j.matpur.2015.11.014.

[12] B. Gidas and J. Spruck, A priori bounds for positive solutions of nonlinear elliptic equations, Comm.
Partial Differential Equations, 6 (1981), 883-901.

[13] A. Gmira and L. Véron, Boundary singularities of solutions of some nonlinear elliptic equations, Duke
Math. J., 64 (1991), 271-324.

[14] K. Ishige, K. Kawakami and K. Kobayashi, Global solutions for a nonlinear integral equation with a
generalized heat kernel, Discrete Contin. Dyn. Syst. Ser. S., 7 (2014), 767-783.

[15] M. Marcus and L. Véron, The boundary trace of positive solutions of semilinear elliptic equations: the
subcritical case, Arch. Ration. Mech. Anal., 144 (1998), 201-231.

[16] M. Marcus and L. Véron, The boundary trace of positive solutions of semilinear elliptic equations: the
supercritical case, J. Math. Pures Appl., 77 (1998), 481-524.

[17] M. Marcus and L. Véron, Removable singularities and boundary traces, J. Math. Pures Appl., 80 (2001),
879-900.



362 MAREK FILA, KAZUHIRO ISHIGE, AND TATSUKI KAWAKAMI

[18] Ph. Souplet, Optimal regularity conditions for elliptic problems via Lg—spaces, Duke Math. J., 127
(2005), 175-192.

DEPARTMENT OF APPLIED MATHEMATICS AND STATISTICS, COMENIUS UNIVERSITY, 84248 BRATISLAVA,
SLOVAKIA
E-mail address: fila@fmph.uniba.sk

MATHEMATICAL INSTITUTE, TOHOKU UNIVERSITY, AOBA, SENDAI 980-8578, JAPAN
E-mail address: ishige@math.tohoku.ac. jp

DEPARTMENT OF MATHEMATICAL SCIENCES, OSAKA PREFECTURE UNIVERSITY, SAKAI 599-8531, JAPAN
E-mail address: kawakami@ms.osakafu-u.ac.jp



