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POSITIVE SOLUTIONS OF A SEMILINEAR ELLIPTIC EQUATION

WITH SINGULAR DIRICHLET BOUNDARY DATA

MAREK FILA, KAZUHIRO ISHIGE, AND TATSUKI KAWAKAMI

Abstract. The purpose of this paper is to construct positive solutions of the semilinear
elliptic equation −∆u = up in RN+ with a singular Dirichlet boundary condition. We

show that for p > (N +1)/(N−1) there exists a positive singular solution which behaves

like |x|−2/(p−1) as |x| → 0 and like the Poisson kernel as |x| → ∞.

1. Introduction

We consider the problem

(1.1)


−∆u = up in RN+ ,

u > 0 in RN+ ,

u = ϕ ≥ 0 on ∂RN+ ,

where N ≥ 2, RN+ := {x = (x′, xN ) : x′ ∈ RN−1, xN > 0}, p > 1 and ϕ is a nonnegative

measurable function in RN−1.
For problem (1.1), the exponent

p∗ := (N + 1)/(N − 1)

plays an important role. Namely, it was shown in [2] that for p ≤ p∗ there is no classical
solution of (1.1), no matter which boundary data ϕ we impose. As we shall see below, this
result is sharp.

If ϕ ≡ 0 then there are Liouville-type theorems saying that no classical solution of (1.1)
exists if (N−2)p < N+2 (see [12]) and no classical bounded solution of (1.1) exists if p < pc
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(see [7]), here

pc :=


∞, N ≤ 11,

(N − 3)2 − 4N + 4 + 8
√
N − 2

(N − 3)(N − 11)
, N > 11.

If p > p∗ then a solution of (1.1) exists when ϕ 6≡ 0 is small enough. More precisely, if ψ
is bounded, ψ 6≡ 0 and

lim sup
|x′|→∞

|x′|2/(p−1)ψ(x′) <∞

then there exists a solution (in the sense of Definition 1.1 below) when ϕ = kψ and k > 0
is small enough (see Corollary 1.3 in [11]). Also, when p > p∗, a different condition for
ϕ ∈ L1

(
RN−1

)
∩ L∞

(
RN−1

)
, ϕ 6≡ 0, which guarantees the existence of a solution of (1.1),

follows from Theorem 1.4 in [11] and Theorem 1.2 in [8]. Namely, it is sufficient if

‖ϕ‖L1(RN−1)‖ϕ‖
(Np−p−N−1)/2
L∞(RN−1)

is small enough.
Singular solutions of the problem

(1.2)


−∆u = up in RN+ , p > 1,

u > 0 in RN+ ,

u = 0 on ∂RN+ \ {0},
were studied in [3] and [6]. It was shown in [3] that a solution of the form

u∗(x) := |x|−
2

p−1ω

(
x

|x|

)
exists if and only if

p∗ < p < p∗ :=


∞, N ≤ 3,

N + 1

N − 3
, N > 3.

The existence of a different singular solution U of (1.2) was established in [6] for p ∈
(p∗, p∗ + ε) where ε > 0. This solution U behaves like u∗ as x → 0 and like the Poisson
kernel as |x| → ∞.

In this paper we prove that for p > p∗ and suitable singular boundary data ϕ there are
singular solutions of (1.1) which behave like |x|−2/(p−1) as |x| → 0 and like the Poisson
kernel as |x| → ∞.

For p > N/(N − 2), N > 2, there is an explicit singular solution

u∞ := cp,N |x|−
2

p−1 , cp,N :=

(
2

p− 1

(
N − 2− 2

p− 1

)) 1
p−1

,

and for N/(N − 2) < p < (N + 2)/(N − 2), N > 2, there is a family of radial singular
solutions uα, α > 0, such that

lim
|x|→∞

|x|N−2uα(x) = α,

see [5]. The solutions we find behave differently from uα, 0 < α ≤ ∞, as |x| → ∞.
For other works on boundary singularities of solutions of semilinear elliptic equations we

refer to [4, 13, 15, 16, 17, 18].
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To formulate our results we introduce some notation. For any x′ ∈ RN−1 and λ > 0, let
P be the (N − 1)-dimensional Poisson kernel, that is,

(1.3) P (x′, λ) := cNλ
(
λ2 + |x′|2

)−N
2 ,

for x′ ∈ RN−1 and λ > 0, where cN is a constant chosen so that

(1.4)

∫
RN−1

P (x′, λ) dx′ = 1, λ > 0.

Throughout this paper, we often identify RN−1 with ∂RN+ . Next we set y∗ := (y′,−yN ) for

y = (y′, yN ) ∈ RN+ and

(1.5) G(x, y) :=


cN

2(N − 2)

(
|x− y|−(N−2) − |x− y∗|−(N−2)

)
if N ≥ 3,

1

4π
log

(
1 +

4x2y2
|x− y|2

)
if N = 2,

which is the Green function for −∆D. Here ∆D is the Laplace operator in RN+ with the
homogeneous Dirichlet boundary condition.

Definition 1.1. Let ϕ be a nonnegative measurable function in RN−1. Let u be a nonneg-
ative measurable function in RN+ .
(i) We call the function u a solution of (1.1) if u satisfies

u(x′, xN ) =

∫
RN−1

P (x′ − y′, xN )ϕ(y′) dy′ +

∫
RN

+

G(x, y)u(y)p dy <∞

for almost all x′ ∈ RN−1 and all xN ∈ [0,∞).

(ii) We call u a minimal solution of (1.1) if, for any solution v of (1.1),

u(x′, xN ) ≤ v(x′, xN )

holds for almost all x′ ∈ RN−1 and all xN ≥ 0.

Now we are ready to state the main result of this paper.

Theorem 1.1. Let N ≥ 2 and p > p∗ = (N + 1)/(N − 1). Put

(1.6) ψ(x′) = min{|x′|−
2

p−1 , |x′|−N} =

{
|x′|−

2
p−1 if |x′| ≤ 1,

|x′|−N if |x′| > 1,

for x′ ∈ RN−1. Then there exist constants 0 < c < k < 1 such that if

(1.7) cψ(x′) ≤ ϕ(x′) ≤ kψ(x′), x′ ∈ RN−1,

then problem (1.1) possesses a minimal solution u. Furthermore,

(1.8) K|x|−
2

p−1 ≤ u(x) ≤ L|x|−
2

p−1 , x ∈ Din := B(0, 1) ∩ RN+ ,

and

(1.9) K(1 + xN )|x|−N ≤ u(x) ≤ L(1 + xN )|x|−N , x ∈ Dout := RN+ \B(0, 1),

for some positive constants K and L with K < L.
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The rest of this paper is organized as follows. In Section 2 we recall some preliminary
inequalities. In Section 3 we give pointwise estimates of S(xN )ψ. In Section 4 we obtain
upper estimates of an integral associated with the Green function G and prove Theorem 1.1.

2. Preliminaries

We recall some properties of the semigroup associated with the Poisson kernel P and a
proposition on the Green function G. Here and in the rest of the paper, by c and C we
denote generic positive constants which may have different values also within the same line.

We introduce some notation. For any R > 0, let

B(0, R) := {x ∈ RN : |x| < R} and B′(0, R) := {x′ ∈ RN−1 : |x′| < R}.
For any 1 ≤ r ≤ ∞, we denote by ‖ · ‖r the usual norm of Lr := Lr(RN−1). For any
measurable set E in RN−1, we denote by |E| the N − 1 dimensional Lebesgue measure of
E. For any measurable function f in RN−1, let

µf (λ) := |{x : |f(x)| > λ}| (λ ≥ 0)

be the distribution function of f . We define the non-increasing rearrangement of f by

f∗(s) := inf{λ > 0 : µf (λ) ≤ s}.
For any 1 ≤ r ≤ ∞, we define the Lr,∞ space by

Lr,∞ := {f : f is measurable in RN−1, ‖f‖r,∞ <∞},
where

‖f‖r,∞ := sup
s>0

s
1
r f∗∗(s), f∗∗(s) :=

1

s

∫ s

0

f∗(r)dr.

For any measurable function ϕ in RN−1, let

(2.1) [S(xN )ϕ](x′) :=

∫
RN−1

P (x′ − y′, xN )ϕ(y′) dy′

for almost all x′ ∈ RN−1 and all xN ≥ 0. Then, for any λ > 0,

[S(λ+ xN )ϕ](x′) = [S(λ)(S(xN )ϕ)](x′),

for almost all x′ ∈ RN−1 and all xN ≥ 0 if either ϕ is a nonnegative measurable function
in RN−1 or ϕ ∈ Lq,∞ for some q ∈ [1,∞]. In particular, for any ϕ ∈ Lq,∞ and 1 ≤ q ≤ ∞,
there exists a constant C such that

(2.2) ‖S(2λ)ϕ‖∞ ≤ ‖P (λ)‖p‖S(λ)ϕ‖r ≤ C‖P (λ)‖p‖P (λ)‖s‖ϕ‖q,∞, λ > 0,

where 1 < p, r, s <∞ satisfy

1

p
+

1

r
= 1,

1

s
+

1

q
= 1 +

1

r

(see [14, Section 2]). By (1.3) and (1.4), for any 1 ≤ r ≤ ∞, we have

‖P (λ)‖r ≤ Cλ−(N−1)(1−
1
r ), λ > 0.

This together with (2.2) yields

(2.3) ‖S(λ)ϕ‖∞ ≤ Cλ−
N−1

q ‖ϕ‖q,∞, λ > 0, q ∈ [1,∞].
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Next we recall some estimates of the Green function G (see [1, Proposition 1] and [9]).

Proposition 2.1. Let G be as in (1.5).

(i) If N ≥ 3 then there exists a positive constant C such that

(2.4) G(x, y) ≤ C xNyN
|x− y|N−2(|x− y|2 + 4xNyN )

, x, y ∈ RN+ , x 6= y.

(ii) If N = 2 then, for any α ∈ (0, 1], there exists a positive constant C such that

(2.5) G(x, y) ≤ C
(

x2y2
|x− y|2

)α
, x, y ∈ R2

+, x 6= y.

3. Pointwise estimates of harmonic extensions

In this section we obtain some pointwise estimates of S(xN )ψ. In what follows, we set

m :=
2

p− 1

for simplicity. Then

(3.1) m < N − 1 if p > p∗.

Furthermore, let Din and Dout are as in (1.8) and (1.9), respectively.

Lemma 3.1. Let p > p∗ and ψ be as in (1.6). Then there exists a positive constant C such
that

[S(xN )ψ](x′) ≥ C|x|−m, x ∈ Din,(3.2)

[S(xN )ψ](x′) ≥ C(1 + xN )|x|−N , x ∈ Dout.(3.3)

Proof. It follows from (1.3) and (2.1) that

[S(xN )ψ](x′) = cNx
−(N−1)
N

∫
RN−1

(
1 +

∣∣∣∣ y′xN
∣∣∣∣2
)−N

2

ψ(x′ − y′) dy′

= cN

∫
RN−1

(
1 + |z′|2

)−N
2 ψ(x′ − xNz′) dz′, x ∈ RN+ .

(3.4)

We prove (3.2). For any x ∈ Din, since

|x′ − xNz′| ≤ |x′|+ xN |z′| ≤ |x′|+ xN ≤
√

2, z′ ∈ B′(0, 1),

by (1.6) and (3.4) we have

[S(xN )ψ](x′) ≥ C
∫
RN−1

(1 + |z′|)−Nψ(x′ − xNz′)dy′

≥ C
∫
B′(0,1)

(1 + |z′|)−N |x′ − xNz′|−m dy′

≥ C(|x′|+ xN )−m
∫ 1

0

(1 + r)−NrN−2dr ≥ C|x|−m.

This implies (3.2).
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We prove (3.3). Set

D1 :=

{
x ∈ Dout : xN ≤

1

4

}
, D2 :=

{
x ∈ Dout : xN >

1

4

}
.

For any x ∈ D1, since
√

3− 1

2
≤ |x′| − 2xN ≤ |x′| − xN |z′| ≤ |x′ − xNz′| ≤ |x′|+ xN |z′| ≤ 2(|x′|+ xN )

for all z′ ∈ RN−1 with 1 ≤ |z′| ≤ 2, it follows from (1.6) and (3.4) that

[S(xN )ψ](x′) ≥ C
∫
RN−1

(1 + |z′|)−Nψ(x′ − xNz′)dy′

≥ C
∫
1≤|z′|≤2

(1 + |z′|)−N |x′ − xNz′|−Ndy′

≥ C|x|−N ≥ C(1 + xN )|x|−N , x ∈ D1.

(3.5)

On the other hand, for any x ∈ D2, since 5xN > 1 + xN , by (1.3), (1.6) and (2.1) we have

[S(xN )ψ](x′) ≥ CxN
∫
1≤|y′|≤2

(xN + |x′|+ |y′|)−N |y′|−N dy′

≥ C(1 + xN )|x|−N
∫ 2

1

r−2dr ≥ C(1 + xN )|x|−N , x ∈ D2.

This together with (3.5) implies (3.3), and the proof is complete. �

Lemma 3.2. Let p > p∗ and ψ be as in (1.6). Then there exists a positive constant C such
that

[S(xN )ψ](x′) ≤ C|x|−m, x ∈ Din,(3.6)

[S(xN )ψ](x′) ≤ C(1 + xN )|x|−N , x ∈ Dout.(3.7)

Proof. We first prove (3.6). Let x ∈ Din and set

B1(x′) :=

{
y′ ∈ RN−1 : |x′ − y′| ≤ |x

′|
2

}
, B2(x′) :=

{
y′ ∈ RN−1 : |x′ − y′| > |x

′|
2

}
.

It follows from (1.3) and (2.1) that

[S(xN )ψ](x′) = cNxN

∫
RN−1

(
x2N + |y′|2

)−N
2 ψ(x′ − y′) dy′

≤ C
(∫

B1(x′)

+

∫
B2(x′)

)
xN (xN + |y′|)−Nψ(x′ − y′) dy′.

(3.8)

By (3.1) we can find ε ∈ (0, 1) such that

(3.9) −(N − 1) +m+ ε < 0.

For any y′ ∈ B1(x′), since |x′|/2 ≤ |y′| ≤ (3|x′|)/2, we see that

(3.10) xN (xN + |y′|)−N ≤ C|x′|−(N−1) ≤ C|x′|−m−ε|x′ − y′|−(N−1)+m+ε.
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By (1.6) and (3.10) we have∫
B1(x′)

xN (xN + |y′|)−Nψ(x′ − y′) dy′ ≤
∫
B1(x′)

xN (xN + |y′|)−N |x′ − y′|−m dy′

≤ C|x′|−m−ε
∫
B1(x′)

|x′ − y′|−(N−1)+ε dy′

= C|x′|−m−ε
∫ |x′|

2

0

r−1+ε dr ≤ C|x′|−m.

Similarly, we have∫
B2(x′)

xN (xN + |y′|)−Nψ(x′ − y′) dy′ =

∫
B2(x′)

xN (xN + |y′|)−N |x′ − y′|−m dy′

≤ C|x′|−m
∫
RN−1

(1 + |z′|)−N dz′ ≤ C|x′|−m.

These together with (3.8) yield

(3.11) [S(xN )ψ](x′) ≤ C|x′|−m, x ∈ Din.

On the other hand, it follows from (1.6) and (3.1) that ψ ∈ Lr∗,∞ with r∗ = (N −1)/m > 1.
This together with (2.3) implies that

(3.12) [S(xN )ψ](x′) ≤ ‖S(xN )ψ‖∞ ≤ Cx−mN ‖ψ‖r∗,∞, x ∈ RN+ .
Therefore, by (3.11) and (3.12) we obtain

(3.13) [S(xN )ψ](x′) ≤ C min
{
|x′|−m, x−mN

}
, x ∈ Din.

On the other hand, the following inequality holds (see e.g., [10, Section 4]): For any q > 0,
there exists a positive constant C such that

(3.14) min
{
a−q, b−q

}
≤ C(a+ b)−q for a, b > 0.

Then, by (3.13) and (3.14) we have (3.6).
Next we prove (3.7). Let x ∈ Dout with |x′| ≤ 1/2 and set

B3(x′) :=
{
y′ ∈ RN−1 : |x′ − y′| ≤ 2

}
, B4(x′) := {y′ ∈ RN−1 : |x′ − y′| > 2}.

Similarly to (3.8), we have

(3.15) [S(xN )ψ](x′) ≤ CxN
(∫

B3(x′)

+

∫
B4(x′)

)
(xN + |y′|)−Nψ(x′ − y′) dy′.

Since 2xN ≥
√

3 > 1 ≥ |x′|, we see that |x| ≤ CxN . It follows from (1.6) and (3.1) that

xN

∫
B3(x′)

(xN + |y′|)−Nψ(x′ − y′) dy′ ≤ xN
∫
B3(x′)

(xN + |y′|)−N |x′ − y′|−m dy′

≤ x−N+1
N

∫
B3(x′)

|x′ − y′|−m dy′

≤ C(1 + xN )|x|−N
∫ 2

0

r−m+N−2 dr ≤ C(1 + xN )|x|−N .

(3.16)

Furthermore, since |x′| ≤ 1/2 and

|y′| ≥ |x′ − y′| − |x′| ≥ |x′ − y′| − 1 ≥ 1, y′ ∈ B4(x′),
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by (1.6) we obtain

xN

∫
B4(x′)

(xN + |y′|)−Nψ(x′ − y′) dy′ ≤ xN
∫
B4(x′)

(xN + |y′|)−N |x′ − y′|−N dy′

≤ (1 + xN )−N+1

∫
B4(x′)

|x′ − y′|−N dy′

≤ C(1 + xN )|x|−N
∫ ∞
2

r−2 dr ≤ C(1 + xN )|x|−N .

(3.17)

Then, by (3.15), (3.16) and (3.17) we have (3.7) for the case |x′| ≤ 1/2.
It remains to prove (3.7) for the case |x′| > 1/2. Let x ∈ Dout with |x′| > 1/2 and set

B5(x′) :=

{
y′ ∈ RN−1 : |x′ − y′| ≤ 1

8

}
, B6(x′) :=

{
y′ ∈ RN−1 :

1

8
< |x′ − y′| ≤ |x

′|
2

}
,

B7(x′) :=

{
y′ ∈ RN−1 : |x′ − y′| > |x

′|
2

}
.

Similarly to (3.8), we have

(3.18) [S(xN )ψ](x′) ≤ CxN
(∫

B5(x′)

+

∫
B6(x′)

+

∫
B7(x′)

)
(xN + |y′|)−Nψ(x′ − y′) dy′.

Since |y′| ≥ |x′| − 1/8 for any y′ ∈ B5(x′), by (1.6) and (3.1) we have

xN

∫
B5(x′)

(xN + |y′|)−Nψ(x′ − y′) dy′ ≤ xN
∫
B5(x′)

(xN + |y′|)−N |x′ − y′|−m dy′

≤ C(1 + xN )

∫ 1
8

0

(
xN + |x′| − 1

8

)−N
r−m+N−2 dr ≤ C(1 + xN )|x|−N .

(3.19)

Since |x′|/2 ≤ |y′| ≤ 3|x′|/2 for any y′ ∈ B6(x′), it follows from (1.6) that

xN

∫
B6(x′)

(xN + |y′|)−Nψ(x′ − y′) dy′ ≤ xN
∫
B6(x′)

(xN + |y′|)−N |x′ − y′|−N dy′

≤ C(1 + xN )|x|−N
∫
B6(x′)

|x′ − y′|−N dy′

≤ C(1 + xN )|x|−N
∫ ∞

1
8

r−2 dr ≤ C(1 + xN )|x|−N .

(3.20)

Furthermore, since |x′ − y′| > |x′|/2 > 1/4 for any y′ ∈ B7(x′), by (1.6) we obtain

xN

∫
B7(x′)

(xN + |y′|)−Nψ(x′ − y′) dy′ ≤ x1−NN

∫
B7(x′)

(
1 +
|y′|
xN

)−N
|x′ − y′|−N dy′

≤ C|x′|−N
∫
RN−1

(1 + |z′|)−N dz′ ≤ C|x′|−N ≤ C(1 + xN )|x′|−N .
(3.21)
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Similarly, we see that

xN

∫
B7(x′)

(xN + |y′|)−Nψ(x′ − y′) dy′ ≤ x1−NN

∫
B7(x′)

(
1 +
|y′|
xN

)−N
|x′ − y′|−N dy′

≤ (1 + xN )x−NN

∫
B7(x′)

|x′ − y′|−N dy′

≤ (1 + xN )x−NN

∫ ∞
1
4

r−2 dr ≤ C(1 + xN )x−NN .

(3.22)

Then (3.14), (3.21) and (3.22) yield

xN

∫
B7(x′)

(xN + |y′|)−Nψ(x′ − y′) dy′

≤ C(1 + xN ) min{|x′|−N , x−NN } ≤ C(1 + xN )|x|−N .
(3.23)

Then we deduce from (3.18), (3.19), (3.20) and (3.23) that (3.7) holds for the case |x′| > 1/2.
Thus Lemma 3.2 follows. �

4. Proof of Theorem 1.1

In this section we obtain two pointwise estimates of

(4.1) [(−∆D)−1fp](x) :=

∫
RN

+

G(x, y)f(y)p dy, x ∈ RN+ ,

and prove Theorem 1.1.

Lemma 4.1. Let p > p∗. Assume that

(4.2) 0 ≤ f(x) ≤ |x|−m, x ∈ RN+ .

Then there exists a positive constant C such that

[(−∆D)−1fp](x) ≤ CxN |x|−m−1, x ∈ RN+ .

Proof. Let x = (x′, xN ) ∈ RN+ . We divide RN−1 into the following three sets:

D1 :=

{
y′ ∈ RN−1 : |x′ − y′| ≤ |x

′|
2

}
, D2 :=

{
y′ ∈ RN−1 :

|x′|
2

< |x′ − y′| ≤ 2|x′|
}
,

D3 := {y′ ∈ RN−1 : |x′ − y′| > 2|x′|}.

Since mp = m+ 2, by (4.1) and (4.2) it suffices to prove that

(4.3)

∫ ∞
0

∫
Dk

G(x, y)|y|−(m+2) dy′ dyN ≤ CxN |x|−m−1, k = 1, 2, 3.

Here C is independent of x ∈ RN+ .

Proof in the case k = 1. In the case |x′| = 0, we immediately obtain (4.3) in the case k = 1.
So it suffices to consider the case |x′| 6= 0.
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For any y′ ∈ D1 we see that |y′| ≥ |x′|/2. In the case N ≥ 3, by (2.4) we have∫ ∞
xN
2

∫
D1

G(x, y)|y|−(m+2) dy

≤ C
∫ ∞

xN
2

∫
|x′−y′|≤ |x

′|
2

|x′ − y′|−(N−2)|y|−(m+2) dy′ dyN

≤ C
∫ ∞

xN
2

(|x′|+ yN )−(m+2) dyN

∫
|x′−y′|≤ |x

′|
2

|x′ − y′|−(N−2) dy′

≤ C(|x′|+ xN )−(m+1)|x′| ≤ C(|x′|+ xN )−m ≤ Cx−mN .

(4.4)

In the case N = 2, by (2.5) with α = 1/4 we have∫ ∞
x2
2

∫
D1

G(x, y)|y|−(m+2) dy

≤ C
∫ ∞

x2
2

∫
|x1−y1|≤ |x1|

2

(
x2y2

|x1 − y1|2

) 1
4

(|y1|+ y2)−(m+2) dy1 dy2

≤ Cx
1
4
2

∫ ∞
x2
2

(|x1|+ y2)−m−
7
4 dy2

∫
|x1−y1|≤ |x1|

2

|x1 − y1|−
1
2 dy1

≤ Cx
1
4
2 (|x1|+ x2)−m−

3
4 |x1|

1
2 ≤ Cx

1
4
2 (|x1|+ x2)−m−

1
4 ≤ Cx−m2 .

(4.5)

On the other hand, in the case N ≥ 2, by (2.4), (2.5) and (3.1) we see that

(4.6) G(x, y) ≤ C xNyN
|xN − yN |1+m|x′ − y′|N−1−m

≤ Cx−mN
yN

|x′ − y′|N−1−m

for all y ∈ RN+ with 0 ≤ yN ≤ xN/2. Then we have∫ xN
2

0

∫
D1

G(x, y)|y|−(m+2) dy

≤ Cx−mN
∫ xN

2

0

∫
|x′−y′|≤ |x

′|
2

yN
|x′ − y′|N−1−m

|y|−(m+2) dy′ dyN

≤ Cx−mN
∫ xN

2

0

(|x′|+ yN )−(m+1) dyN

∫
|x′−y′|≤ |x

′|
2

|x′ − y′|m+1−N dy′

≤ Cx−mN |x′|−m|x′|m ≤ Cx−mN .

This together with (4.4) and (4.5) implies that

(4.7)

∫ ∞
0

∫
D1

G(x, y)|y|−(m+2) dy ≤ Cx−mN .

Next we prove that

(4.8)

∫ ∞
0

∫
D1

G(x, y)|y|−(m+2) dy ≤ CxN |x′|−m−1.
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In the case N ≥ 3, similarly to (4.4), by (2.4) we obtain∫ 3xN
2

0

∫
D1

G(x, y)|y|−(m+2) dy

≤ C
∫ 3xN

2

0

∫
|x′−y′|≤ |x

′|
2

|x′ − y′|−(N−2)(|y′|+ yN )−(m+2) dy′ dyN

≤ C|x′|
∫ 3xN

2

0

(|x′|+ yN )−(m+2) dyN ≤ CxN |x′|−m−1.

(4.9)

In the case N = 2, it follows from (2.5) with α = 1 that

(4.10) G(x, y) ≤ C x2y2
|x2 − y2|2

≤ C

for all y ∈ R2
+ with 0 ≤ y2 ≤ x2/2. This together with (4.2) yields∫ x2

2

0

∫
D1

G(x, y)|y|−(m+2) dy ≤ C
∫ x2

2

0

∫
|x1−y1|≤ |x1|

2

(|y1|+ y2)−(m+2) dy1 dy2

≤ C|x1|
∫ x2

2

0

(|x1|+ y2)−(m+2) dy2 ≤ Cx2|x1|−m−1.

(4.11)

Furthermore, it follows from (1.5) that∫ 3x2
2

x2
2

∫
D1

G(x, y)|y|−(m+2) dy

≤ C
∫ 3x2

2

x2
2

∫
|x1−y1|≤ |x1|

2

log

(
1 +

4x2y2
|x1 − y1|2

)
(|y1|+ y2)−(m+2) dy1 dy2

≤ C
∫ 3x2

2

x2
2

(|x1|+ y2)−(m+2) dy2

∫ |x1|
2

0

log

(
1 +

6x22
r2

)
dr

≤ C
∫ 3x2

2

x2
2

(|x1|+ y2)−(m+2) dy2

(
|x1|
2

log

(
1 +

24x22
|x1|2

)
+

∫ |x1|
2

0

12x22
r2 + 6x22

dr

)
.

Since x ≥ log(1 + x) for x ≥ 0, we deduce in the case N = 2 that∫ 3x2
2

x2
2

∫
D1

G(x, y)f(y)p dy

≤ Cx22|x1|−1(|x1|+ x2)−(m+1) + Cx2|x1|(|x1|+ x2)−(m+2) ≤ Cx2|x1|−m−1.
(4.12)

On the other hand, in the case N ≥ 2, by (2.4) and (2.5) with α = 1 we have

(4.13) G(x, y) ≤ C xNyN
|x− y|N
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for all y ∈ RN+ . Since |y′| ≥ |x′|/2 for y′ ∈ D1, by (4.13) we have∫ ∞
3xN

2

∫
D1

G(x, y)|y|−(m+2) dy

≤ C
∫ ∞

3xN
2

∫
|x′−y′|≤ |x

′|
2

xNyN
|x− y|N

(|y′|+ yN )−(m+2) dy′ dyN

≤ CxN
∫ ∞

3xN
2

∫
|x′−y′|≤ |x

′|
2

yN (|x′|+ yN )−(m+2)(|x′ − y′|+ yN − xN )−N dy′ dyN

≤ CxN
∫ ∞

3xN
2

∫ ∞
0

yN (|x′|+ yN )−(m+2)(r + yN − xN )−NrN−2 dr dyN .

So we obtain ∫ ∞
3xN

2

∫
D1

G(x, y)|y|−(m+2) dy

≤ CxN
∫ ∞

3xN
2

∫ ∞
0

yN (|x′|+ yN )−(m+2)(r + yN − xN )−2 dr dyN

≤ CxN
∫ ∞

3xN
2

(|x′|+ yN )−(m+2) yN
yN − xN

dyN

≤ CxN
∫ ∞
0

(|x′|+ yN )−(m+2) dyN ≤ CxN |x′|−m−1.

This together with (4.9), (4.11) and (4.12) implies (4.8).
We deduce from (4.7) and (4.8) that∫ ∞

0

∫
D1

G(x, y)|y|−(m+2) dy ≤ CxN min
{
|x′|−m−1, x−m−1N

}
.

This together with (3.14) implies that (4.3) with k = 1.

Proof in the case k = 2. Similarly to the case k = 1, it suffices to consider the case |x′| 6= 0.
We have

|x− y|2 + 2xNyN ≥
√
|x− y|2 + 2xNyN

√
2xNyN ≥ |x′ − y′|xN

if yN ≥ xN/2 and

|x− y|2 + 2xNyN ≥ |x− y|2 ≥ |x′ − y′||xN − yN | ≥
1

2
|x′ − y′|xN

if 0 ≤ yN < xN/2. Then, in the case N ≥ 3, it follows from (2.4) that

G(x, y) ≤ C yN
|x′ − y′|N−1

≤ C yN
|x′|N−1

, y′ ∈ D2.
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Since D2 ⊂ {y′ ∈ RN−1 : |y′| ≤ 3|x′|}, we have∫ ∞
xN
2

∫
D2

G(x, y)|y|−(m+2) dy

≤ C|x′|−(N−1)
∫ ∞

xN
2

∫
|x′|
2 <|x′−y′|≤2|x′|

yN |y|−(m+2) dy′ dyN

≤ C|x′|−(N−1)
∫ ∞

xN
2

∫ 3|x′|

0

(r + yN )−(m+1)rN−2 dr dyN

≤ C
∫ ∞

xN
2

y
−(m+1)
N dyN ≤ Cx−mN .

(4.14)

In the case N = 2, it follows from (2.5) with α = 1/2 that∫ ∞
x2
2

∫
D2

G(x, y)|y|−(m+2) dy

≤ Cx
1
2
2

∫ ∞
x2
2

∫
|x1|
2 <|x1−y1|≤2|x1|

y
1
2
2 |x1 − y1|−1|y|−(m+2) dy1 dy2

≤ Cx
1
2
2 |x1|−1

∫ ∞
x2
2

∫ 3|x1|

0

(r + y2)−m−
3
2 dr dy2

≤ Cx
1
2
2

∫ ∞
x2
2

y
−m− 3

2
2 dy2 ≤ Cx−m2 .

(4.15)

On the other hand, in the case N ≥ 2, by (3.1) and (4.6) we have∫ xN
2

0

∫
D2

G(x, y)|y|−(m+2) dy

≤ Cx−mN
∫ xN

2

0

∫
D2

yN
|x′ − y′|N−1−m

|y|−(m+2) dy′ dyN

≤ Cx−mN |x′|−(N−1)+m
∫ 3|x′|

0

∫ ∞
0

rN−2(r + yN )−(m+1) dyN dr

≤ Cx−mN |x′|−(N−1)+m
∫ 3|x′|

0

rN−m−2 dr

≤ Cx−mN |x′|−(N−1)+m|x′|N−1−m ≤ Cx−mN .

This together with (4.14) and (4.15) implies that

(4.16)

∫ ∞
0

∫
D2

G(x, y)|y|−(m+2) dy ≤ Cx−mN .

Furthermore, it follows from (4.13) that

G(x, y) ≤ C xNyN
|x′ − y′|N

≤ CxNyN
|x′|N

, y′ ∈ D2,



348 MAREK FILA, KAZUHIRO ISHIGE, AND TATSUKI KAWAKAMI

and we obtain∫ ∞
0

∫
D2

G(x, y)|y|−(m+2) dy

≤ CxN |x′|−N
∫ ∞
0

∫ 3|x′|

0

yN (r + yN )−(m+2)rN−2 dr dyN

≤ CxN |x′|−N
∫ ∞
0

∫ 3|x′|

0

(r + yN )−(m+1)rN−2 dr dyN

≤ CxN |x′|−N
∫ 3|x′|

0

rN−m−2 dr ≤ CxN |x′|−m−1−ε
∫ 3|x′|

0

|x′|−N+m+1+εrN−m−2 dr

≤ CxN |x′|−m−1−ε
∫ 3|x′|

0

r−1+ε dr ≤ CxN |x′|−m−1,

where ε is as in (3.9). This together with (4.16) yields∫ ∞
0

∫
D2

G(x, y)|y|−(m+2) dy ≤ CxN min
{
|x′|−m−1, x−m−1N

}
.

Therefore, by (3.14) we obtain (4.3) with k = 2.

Proof in the case k = 3. Since

(4.17) |y′| ≥ |x′ − y′| − |x′| > 0, y ∈ D3,

by (4.13) we have∫ ∞
0

∫
D3

G(x, y)|y|−(m+2) dy

≤ CxN
∫ ∞
0

∫
|x′−y′|>2|x′|

yN |x′ − y′|−N (|y′ − x′| − |x′|+ yN )−(m+2) dy′ dyN

≤ CxN
∫ ∞
0

∫ ∞
2|x′|

r−2(r − |x′|+ yN )−(m+1) dr dyN

≤ CxN
∫ ∞
0

(|x′|+ yN )−(m+1)

(∫ ∞
2|x′|

r−2 dr

)
dyN ≤ CxN |x′|−m−1.

(4.18)

It follows from (2.4), (2.5) and (4.17) that∫ ∞
xN
2

∫
D3

G(x, y)|y|−(m+2) dy

≤ C
∫ ∞

xN
2

∫
|x′−y′|>2|x′|

|x′ − y′|−(N−2)(|y′ − x′| − |x′|+ yN )−(m+2) dy′ dyN

≤ C
∫ ∞

xN
2

∫ ∞
2|x′|

(r − |x′|+ yN )−(m+2) dr dyN

≤ C
∫ ∞

xN
2

(|x′|+ yN )−(m+1) dyN ≤ C|x|−m ≤ Cx−mN if N ≥ 3,

(4.19)
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and ∫ ∞
x2
2

∫
D3

G(x, y)|y|−(m+2) dy

≤ C
∫ ∞

x2
2

∫
|x1−y1|>2|x1|

(
x2y2

|x2 − y2|2

)α
(|y1 − x1| − |x1|+ y2)−(m+2) dy1 dy2

≤ C
∫ ∞

x2
2

∫ ∞
2|x1|

(
x2

|x2 − y2|2

)α
(r − |x1|+ y2)−(m+2)+α dr dy2

≤ C
(∫ 2x2

x2
2

+

∫ ∞
2x2

)(
x2

|x2 − y2|2

)α
(|x1|+ y2)−(m+1)+α dy2

≤ Cxα2 |x|−(m+1)+α

∫ 2x2

x2
2

|x2 − y2|−2α dy2 + Cx−α2

∫ ∞
2x2

(|x1|+ y2)−(m+1)+α dy2

≤ Cx1−α2 |x|−(m+1)+α + Cx−α2 |x|−m+α ≤ Cx−m2 if N = 2,

(4.20)

where α ∈ (0, 1/2) with α < m.
On the other hand, it follows from (2.4) and (2.5) with α = 1 that

G(x, y) ≤ C xNyN
|xN − yN |1+m+ε|x′ − y′|N−1−m−ε

≤ Cx−m−εN

yN
|x′ − y′|N−1−m−ε

for all y ∈ RN+ with 0 ≤ yN ≤ xN/2, where ε is as (3.9). This together with (4.17) yields

∫ xN
2

0

∫
D3

G(x, y)|y|−(m+2) dy′ dyN

≤ Cx−m−εN

∫ xN
2

0

∫
|x′−y′|>2|x′|

yN
|x′ − y′|N−1−m−ε

(|x′ − y′| − |x′|+ yN )−(m+2) dy′

≤ Cx−m−εN

∫ xN
2

0

∫ ∞
2|x′|

yNr
−1+m+ε(r − |x′|+ yN )−(m+2) dr dyN

≤ Cx−m−εN

∫ xN
2

0

(∫ 2|x′|+yN

2|x′|
+

∫ ∞
2|x′|+yN

)
yNr

−1+ε(r − |x′|+ yN )−2 dr dyN

=: Cx−m−εN

∫ xN
2

0

(I1(yN ) + I2(yN )) dyN .

Furthermore,

I1(yN ) ≤ C(|x′|+ yN )−1
∫ 2|x′|+yN

2|x′|
r−1+ε dr ≤ C(|x′|+ yN )−1+ε,

I2(yN ) ≤ C
∫ ∞
2|x′|+yN

(r − |x′|+ yN )−2+ε dr ≤ C(|x′|+ yN )−1+ε.
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These imply that∫ xN
2

0

∫
D3

G(x, y)|y|−(m+2) dy′ dyN

≤ Cx−m−εN

∫ xN
2

0

(|x′|+ yN )−1+ε dyN ≤ Cx−m−εN

∫ xN
2

0

y−1+εN dyN ≤ Cx−mN .

(4.21)

Therefore, by (4.19), (4.20) and (4.21) we obtain

(4.22)

∫ ∞
0

∫
D3

G(x, y)|y|−(m+2) dy1 dy2 ≤ Cx−mN .

We deduce from (3.14), (4.18) and (4.22) that∫ ∞
0

∫
D3

G(x, y)|y|−(m+2) dy1 dy2 ≤ CxN min{|x′|−m−1, x−m−1N } ≤ CxN |x|−m−1,

which implies (4.3) with k = 3. Thus (4.3) holds for k = 1, 2, 3, and the proof of Lemma 4.1
is complete. �

Lemma 4.2. Let p > p∗. Assume that

(4.23) 0 ≤ f(x) ≤

{
|x|−m, x ∈ Din,

(1 + xN )|x|−N , x ∈ Dout.

Then there exists a positive constant C such that

[(−∆D)−1fp](x) ≤ CxN |x|−N , x ∈ Dout.

Proof. Let x = (x′, xN ) ∈ Dout. We divide RN+ into the following seven sets:

D1 :=

{
y ∈ RN+ : |y′| ≤ 1

4
, yN ≤

1 + xN
4

}
,

D2 :=

{
y ∈ RN+ : |y′| ≤ 1

4
, |y′| ≤ |x

′|
2
, yN ≥

1 + xN
4

}
,

D3 :=

{
y ∈ RN+ : |y′| ≤ 1

4
,
|x′|
2
≤ |y′| ≤ 3|x′|

2
, yN ≥

1 + xN
4

}
,

D4 :=

{
y ∈ RN+ : |y′| ≤ 1

4
, |y′| ≥ 3|x′|

2
, yN ≥

1 + xN
4

}
,

D5 :=

{
y ∈ RN+ :

1

4
≤ |y′| ≤ |x

′|
2

}
,

D6 :=

{
y ∈ RN+ : |y′| ≥ 1

4
,
|x′|
2
≤ |y′| ≤ 3|x′|

2
+ 1 + xN ,

}
,

D7 :=

{
y ∈ RN+ : |y′| ≥ 3|x′|

2
+ 1 + xN

}
.

Then, by (4.1) it suffices to prove that

(4.24)

∫
Dk

G(x, y)f(y)p dy ≤ CxN |x|−N , k = 1, . . . , 7.

Here we recall that mp = m+ 2.



POSITIVE SOLUTIONS OF A SEMILINEAR ELLIPTIC EQUATION 351

Proof in the case k = 1. By (3.1) and (4.23) we have

(4.25) 0 ≤ f(x) ≤ C|x|−m, x ∈ RN+ .
For any y ∈ D1, since

|x− y| ≥ |x| − |y| ≥ |x| −
(

1

2
+
xN
4

)
≥ 3|x|

4
− 1

2
≥ |x|

4
,

by (4.13) we see that

(4.26) G(x, y) ≤ C xNyN
|x− y|N

≤ CxN |x|−NyN , y ∈ D1.

Then it follows from (3.1), (4.25) and (4.26) that∫
D1

G(x, y)f(y)p dy ≤ CxN |x|−N
∫
D1

yN |y|−(m+2) dy

≤ CxN |x|−N
∫
|y′|≤ 1

4

∫ 1+xN
4

0

(|y′|+ yN )−(m+1) dyN dy
′

≤ CxN |x|−N
∫
|y′|≤ 1

4

|y′|−m dy′ ≤ CxN |x|−N
∫ 1

4

0

r−m+N−2 dr ≤ CxN |x|−N .

This implies (4.24) with k = 1.

Proof in the case k = 2. For any y ∈ D2, since

|x′ − y′| ≥ |x′| − |y′| ≥ |x
′|

2
,

by (4.13) we have

(4.27) G(x, y) ≤ C xNyN
|x− y|N

≤ C xNyN
|x′ − y′|N

≤ CxNyN |x′|−N , y ∈ D2.

On the other hand, by (3.1) and (4.23) we have

(4.28) 0 ≤ f(y) ≤ C(1 + yN )|y|−N ≤ CyN |y|−N , y ∈ D2 ∪D3 ∪D4.

Furthermore, it follows from p > p∗ that

(4.29) −Np+ p+N + 1 < 0.

Then, by (4.27), (4.28) and (4.29) we obtain∫
D2

G(x, y)f(y)p dy ≤ CxN |x′|−N
∫
D2

yp+1
N |y|−Np dy

≤ CxN |x′|−N
∫
|y′|≤ |x

′|
2

∫ ∞
1+xN

4

(|y′|+ yN )−Np+p+1 dyN dy
′

≤ CxN |x′|−N
∫
|y′|≤ |x

′|
2

(1 + xN + |y′|)−Np+p+2 dy′

≤ CxN |x′|−N
∫ |x′|

2

0

(1 + r)−Np+p+N dr ≤ CxN |x′|−N .

(4.30)

On the other hand, in the case N ≥ 3, by (2.4) we see that

G(x, y) ≤ C|x′ − y′|−(N−2) ≤ C|x′|−(N−2), y ∈ D2.
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Then it follows from (4.28) and (4.29) that

∫
D2

G(x, y)f(y)p dy ≤ C|x′|−(N−2)
∫
D2

ypN |y|
−Np dy

≤ C|x′|−(N−2)
∫
|y′|≤ |x

′|
2

∫ ∞
1+xN

4

(|y′|+ yN )−Np+p dyN dy
′

≤ C|x′|−(N−2)
∫
|y′|≤ |x

′|
2

(1 + |y′|+ xN )−Np+p+1 dy′

≤ C|x′|−(N−2)
∫ |x′|

2

0

rN−2(1 + r + xN )−Np+p+1 dr

≤ C(1 + xN )−Np+p+2 ≤ C(1 + xN )−(N−1) ≤ Cx−(N−1)N .

(4.31)

Furthermore, in the case N = 2, since p > 3, by (2.5) with α ∈ (0, 1/2) and (4.28) we obtain

∫
D2

G(x, y)f(y)p dy ≤ C
∫
D2

(
x2y2

|x2 − y2|2

)α
yp2 |y|−2p dy

≤ Cxα2
∫ ∞

1+x2
4

∫ |x1|
2

0

|x2 − y2|−2α(r + y2)−p+α dr dy2

≤ Cxα2

(∫ 1+2x2

1+x2
4

+

∫ ∞
1+2x2

)
|x2 − y2|−2αy−p+α+1

2 dy2

≤ Cxα2
(

(1 + x2)1−2α(1 + x2)−p+α+1 + (1 + x2)−2α(1 + x2)−p+α+2

)
≤ C(1 + x2)−p+2 ≤ C(1 + x2)−1 ≤ Cx−12 .

This together with (3.14), (4.30) and (4.31) yields

∫
D2

G(x, y)f(y)p dy ≤ CxN min{|x′|−N , x−NN } ≤ CxN |x|−N .

Thus (4.24) holds for k = 2.

Proof in the case k = 3. In the case N ≥ 3, by (2.4) we have

(4.32) G(x, y) ≤ C xNyN
|x′ − y′|N−2(xN + yN )2

, y ∈ RN+ .
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Then, since |x′ − y′| ≤ C|x′| for any y ∈ D3, by (4.28) and (4.29) we see that∫
D3

G(x, y)f(y)p dy

≤ CxN
∫ ∞

1+xN
4

∫
|x′|
2 ≤|y′|≤

3|x′|
2

yp+1
N

|x′ − y′|N−2(xN + yN )2
|y|−Np dy′ dyN

≤ CxN
∫ ∞

1+xN
4

∫
|x′−y′|≤C|x′|

yp−1N (|x′|+ yN )−Np|x′ − y′|N−2 dy′ dyN

≤ CxN
∫ ∞

1+xN
4

∫ C|x′|

0

yp−1N (|x′|+ yN )−Npr−(N−2)rN−2 dr dyN

≤ CxN
∫ ∞

1+xN
4

yp−1N (|x′|+ yN )−Np+1 dyN ≤ CxN
∫ ∞

1+xN
4

(|x′|+ yN )−Np+p dyN

≤ CxN (1 + |x|)−Np+p+1 ≤ CxN |x|−N .

(4.33)

In the case N = 2, for any α ∈ (0, 1], by (2.5) we obtain

G(x, y) ≤ C
(

x2y2
|x1 − y1||x2 − y2|

)α
, y ∈ R2

+.

For any y ∈ D3, since x ∈ Dout and |x1|/2 ≤ |y1| ≤ 1/4, we see that x2 ≥ 1 − |x1| ≥ 1/2.
This implies that xα2 ≤ 2x2 for any α ∈ (0, 1) and x2 ≥ (1 + x2)/4. Then, since p > 3, by
(4.28) we have∫

D3

G(x, y)f(y)p dy

≤ Cxα2
∫ ∞

1+x2
4

∫
|x1|
2 ≤|y1|≤

3|x1|
2

(
y2

|x1 − y1||x2 − y2|

)α
yp2 |y|−2p dy1 dy2

≤ Cxα2
∫ ∞

1+x2
4

∫
|x1−y1|≤C|x1|

yp+α2 |x2 − y2|−α(|x1|+ y2)−2p|x1 − y1|−α dy1 dy2

≤ Cxα2

(∫ 2x2

1+x2
4

+

∫ ∞
2x2

)
yα2 |x2 − y2|−α(|x1|+ y2)−p+1−α dy2

≤ Cxα2

(
|x|−p+1

∫ 2x2

1+x2
4

|x2 − y2|−α dy2 +

∫ ∞
2x2

(|x1|+ y2)−p+1−α dy2

)

≤ Cx2|x|−2
(
|x|−p+3 + |x|−p+4−α

)
≤ Cx2|x|−2,

(4.34)

where α ∈ (0, 1) with −p+ 4 < α. This together with (4.33) implies that (4.24) with k = 3.

Proof in the case k = 4. For any y ∈ D4, since

|x′ − y′| ≥ |y′| − |x′| ≥ |x
′|

2
,
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by (4.13) we obtain

(4.35) G(x, y) ≤ C xNyN
|x′ − y′|N

≤ CxNyN |x′|−N .

Then it follows from (4.28) and (4.29) that

∫
D4

G(x, y)f(y)p dy ≤ CxN |x′|−N
∫ ∞

1+xN
4

∫
3|x′|

2 ≤|y′|≤
1
4

yp+1
N |y|−Np dy′ dyN

≤ CxN |x′|−N
∫ ∞

1
4

∫ 1
4

0

yp+1
N (r + yN )−Np+N−2 dr dyN

≤ CxN |x′|−N
∫ ∞

1
4

y−Np+p+NN dyN ≤ CxN |x′|−N .

(4.36)

For any y ∈ D4, since |x′| ≤ 1/6, we see that

(4.37)

{
y′ ∈ RN−1 :

3|x′|
2
≤ |y′| ≤ 1

4

}
⊂
{
y′ ∈ RN−1 : |x′ − y′| ≤ 1

}
.

Then, in the case N ≥ 3, by (4.28), (4.29), (4.32) and (4.37) we have

∫
D4

G(x, y)f(y)p dy

≤ CxN
∫ ∞

1+xN
4

∫
3|x′|

2 ≤|y′|≤
1
4

yp+1
N

|x′ − y′|N−2(xN + yN )2
|y|−Np dy′ dyN

≤ CxN
∫ ∞

1+xN
4

∫
|x′−y′|≤1

(|x′|+ yN )−Np+p−1|x′ − y′|−N+2 dy′ dyN

≤ CxN
∫ ∞

1+xN
4

(|x′|+ yN )−Np+p−1 dyN ≤ CxN
(
|x′|+ 1 + xN

4

)−Np+p
≤ CxN

(
|x′|+ 1 + xN

4

)−N
≤ Cx−(N−1)N .

(4.38)

On the other hand, in the case N = 2, for y ∈ D4, we have |x1| ≤ 1/6 and it follows from
x ∈ Dout that x2 ≥ 1−|x1| ≥ 5/6 and 2x2 ≥ (1 +x2)/4. Then, similarly to (4.34), by (4.37)
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we have ∫
D4

G(x, y)f(y)p dy

≤ Cxα2
∫ ∞

1+x2
4

∫
3|x1|

2 ≤|y1|≤ 1
4

(
y2

|x1 − y1||x2 − y2|

)α
yp2 |y|−2p dy1 dy2

≤ Cxα2
∫ ∞

1+x2
4

∫
|x1−y1|≤1

y−p+α2 |x2 − y2|−α|x1 − y1|−α dy1 dy2

≤ Cxα2

(∫ 2x2

1+x2
4

+

∫ ∞
2x2

)
y−p+α2 |x2 − y2|−α dy2

≤ Cxα2

(
x−p+α2

∫ 2x2

x2
4

|x2 − y2|−α dy2 +

∫ ∞
2x2

y−p2 dy2

)
≤ Cx−p+1+α

2 ≤ Cx−12 ,

where α ∈ (0, 1). This together with (3.14), (4.36) and (4.38) implies that∫
D4

G(x, y)f(y)p dy ≤ CxN min{|x′|−N , x−NN } ≤ CxN |x|−N .

Thus (4.24) holds for k = 4.

Proof in the case k = 5. Since x ∈ Dout, we have

|x− y| ≥ |x| − (|y′|+ yN ) ≥ |x| − |x
′|

2
− 1 + xN

4

≥ |x| − |x
′|

4
−
√

2|x|
4
− 1

4
≥ 3−

√
2

4
|x| − 1

4
≥ 2−

√
2

4
|x|

for y ∈ D5 with 0 ≤ yN ≤ (1 + xN )/4. Then it follows from (4.13) that

G(x, y) ≤ C xNyN
|x− y|N

≤ CxNyN |x|−N

for y ∈ D5 with 0 ≤ yN ≤ (1 + xN )/4. By (4.23) and (4.29) we obtain∫
D5∩{0≤yN≤

1+xN
4 }

G(x, y)f(y)p dy

≤ CxN |x|−N
∫ 1+xN

4

0

∫
1
4≤|y′|≤

|x′|
2

yN (1 + yN )p|y|−Np dy′ dyN

≤ CxN |x|−N
∫ 1+xN

4

0

∫
1
4≤r≤

|x′|
2

(1 + yN )p+1(yN + r)−Np+N−2 dr dyN

≤ CxN |x|−N
∫ ∞
0

(1 + yN )−Np+N+p dyN ≤ CxN |x|−N .

(4.39)
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On the other hand, since |x′ − y′| ≥ |x′|/2 for any y ∈ D5, similarly to (4.36), by (4.23),
(4.29) and (4.35) we obtain

∫
D5∩{yN≥

1+xN
4 }

G(x, y)f(y)p dy

≤ CxN |x′|−N
∫ ∞

1+xN
4

∫
1
4≤|y′|≤

|x′|
2

yN (1 + yN )p|y|−Np dy′ dyN

≤ CxN |x′|−N
∫ ∞

1
4

∫
1
4≤r≤

|x′|
2

yp+1
N (r + yN )−Np+N−2 dr dyN

≤ CxN |x′|−N
∫ ∞

1
4

y−Np+N+p
N dy′ dyN ≤ CxN |x′|−N .

(4.40)

Furthermore, in the case N ≥ 3, by (4.23), (4.29) and (4.32) we have

∫
D5∩{yN≥

1+xN
4 }

G(x, y)f(y)p dy

≤ CxN
∫ ∞

1+xN
4

∫
1
4≤|y′|≤

|x′|
2

yN
|x′ − y′|N−2(xN + yN )2

(1 + yN )p|y|−Np dy′ dyN

≤ CxN (1 + xN )−1
∫ ∞

1+xN
4

∫ |x′|
2

1
4

(r + yN )−Np(1 + yN )p dr dyN

≤ CxN (1 + xN )−1
∫ ∞

1+xN
4

(1 + yN )−Np+p+1 dyN

≤ CxN (1 + xN )−Np+p+1 ≤ CxN (1 + xN )−N ≤ Cx−(N−1)N .

(4.41)

In the case where N = 2 and x2 ≥ 1/7, since 2x2 ≥ (1 + x2)/4 and p > 3, it follows from
(2.5) and (4.23) that

∫
D5∩{y2≥ 1+x2

4 }
G(x, y)f(y)p dy

≤ Cxα2
∫ ∞

1+x2
4

∫
1
4≤|y1|≤

|x1|
2

(
y2

|x2 − y2|2

)α
(1 + y2)p|y|−2p dy1 dy2

≤ Cxα2
∫ ∞

1+x2
4

∫ |x1|
2

1
4

yp+α2 |x2 − y2|−2α(r + y2)−2p dr dy2

≤ Cxα2

(∫ 2x2

1+x2
4

+

∫ ∞
2x2

)
y−p+α+1
2 |x2 − y2|−2α dy2 ≤ Cx−p+2

2 ≤ Cx−12 ,

(4.42)
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where α ∈ (0, 1/2). In the case where N = 2 and x2 ≤ 1/7, since 2x2 ≤ (1 + x2)/4 and
p > 3, by (4.13) and (4.23) we have∫

D5∩{y2≥ 1+x2
4 }

G(x, y)f(y)p dy

≤ Cx2
∫ ∞

1+x2
4

∫
1
4≤|y1|≤

|x1|
2

y2(1 + y2)p

|x2 − y2|2
|y|−2p dy1 dy2

≤ Cx2
∫ ∞
2x2

∫ ∞
1
4

(y2 − x2)−2(r + y2)−p+1 dr dy2

≤ Cx−12

∫ ∞
2x2

(1 + y2)−p+2 dy2 ≤ Cx−12 (1 + x2)−p+3 ≤ Cx−12 .

This together with (3.14), (4.40), (4.41) and (4.42) yields

(4.43)

∫
D5∩{yN≥

1+xN
4 }

G(x, y)f(y)p dy ≤ CxN min{|x′|−N , x−NN } ≤ CxN |x|−N .

Therefore, by (4.39) and (4.43) we obtain (4.24) with k = 5.

Proof in the case k = 6. We recall that

D6 ⊂
{
y ∈ RN+ : 0 ≤ |x′ − y′| ≤ 5|x′|

2
+ 1 + xN

}
.

Put

A = max

{
1

4
,
|x′|
2

}
≥ 1

4
.

Then 2A ≥ |x′|. In the case N ≥ 3, by (2.4) we have

G(x, y) ≤ C xNyN
|x′ − y′|N−2(|x′ − y′|+ xN + yN )2

, y ∈ RN+ .

It follows from (4.23) and (4.29) that∫
D6∩{0≤yN≤

xN
2 }

G(x, y)f(y)p dy

≤ CxN
∫ xN

2

0

∫
A≤|y′|≤ 3|x′|

2 +1+xN

yN (1 + yN )p|y|−Np

|x′ − y′|N−2(|x′ − y′|+ xN + yN )2
dy′ dyN

≤ CxN
∫ xN

2

0

∫ 5|x′|
2 +1+xN

0

yN (A+ yN )−Np+p(r + yN )−2 dr dyN

≤ CxN
∫ xN

2

0

(A+ yN )−Np+p dyN ≤ CxNA−Np+p+1 ≤ CxNA−N ≤ CxN |x′|−N .

(4.44)
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In the case N = 2, since p > 3, by (4.10) and (4.23) we have

∫
D6∩{0≤y2≤ x2

2 }
G(x, y)f(y)p dy

≤ C
∫ x2

2

0

∫
A≤|y1|≤ 3|x1|

2 +1+x2

(1 + y2)p|y|−2p dy1 dy2

≤ C
∫ x2

2

0

(A+ y2)−p+1 dy2 ≤ Cx2A−p+1 ≤ Cx2A−2 ≤ Cx2|x1|−2.

(4.45)

Furthermore, by (4.13) we see that

G(x, y) ≤ C xNyN
|xN − yN |N

, y ∈ RN+ .

Then it follows from (4.23) and (4.29) that

∫
D6∩{0≤yN≤

xN
2 }

G(x, y)f(y)p dy

≤ CxN
∫ xN

2

0

∫
A≤|y′|≤ 3|x′|

2 +1+xN

yN (1 + yN )p|y|−Np|xN − yN |−N dy′ dyN

≤ Cx−N+1
N

∫ xN
2

0

∫
A≤|y′|≤ 3|x′|

2 +1+xN

yN (1 + yN )p(r + yN )−Np+N−2 dr dyN

≤ Cx−N+1
N

∫ xN
2

0

(A+ yN )−Np+p+N dyN ≤ Cx−N+1
N .

This together with (3.14), (4.44) and (4.45) implies that

(4.46)

∫
D6∩{0≤yN≤

xN
2 }

G(x, y)f(y)p dy ≤ CxN min{|x′|−N , x−NN } ≤ CxN |x|−N .

On the other hand, in the case N ≥ 3, similarly to (4.44), we have

∫
D6∩{yN≥

xN
2 }

G(x, y)f(y)p dy

≤ CxN
∫ ∞

xN
2

∫
A≤|y′|≤ 3|x′|

2 +1+xN

yN (1 + yN )p|y|−Np

|x′ − y′|N−2(|x′ − y′|+ xN + yN )2
dy′ dyN

≤ CxN
∫ ∞

xN
2

(A+ yN )−Np+p dyN ≤ CxN (A+ xN )−Np+p+1 ≤ CxN |x|−N .

(4.47)
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Furthermore, in the case N = 2, since p > 3, by (2.5) and (4.23) we obtain∫
D6∩{ x2

2 ≤y2≤2x2}
G(x, y)f(y)p dy

≤ Cxα2
∫ 2x2

x2
2

∫
A≤|y1|≤ |x1|

3 +1+x2

(
y2

|x2 − y2|2

)α
(1 + y2)p|y|−2p dy1 dy2

≤ Cxα2
∫ 2x2

x2
2

yα2 |x2 − y2|−2α(A+ y2)−p+1 dy2

≤ Cx2
(
A+

x2
2

)−p+1

≤ Cx2
(
A+

x2
2

)−2
≤ Cx2|x|−2,

(4.48)

where α ∈ (0, 1/2). In addition, since it follows from (4.13) that

G(x, y) ≤ C x2y2
|x− y|2

≤ C x2y2
(|x1 − y1|+ y2)2

for any y2 ≥ 2x2, by (4.23) we see that∫
D6∩{y2≥2x2}

G(x, y)f(y)p dy

≤ Cx2
∫ ∞
2x2

∫
A≤|y1|≤ |x1|

3 +1+x2

y2
(|x1 − y1|+ y2)2

(1 + y2)p|y|−2p dy1 dy2

≤ Cx2
∫ ∞
2x2

∫ 5|x1|
2 +1+x2

0

y2(r + y2)−2(A+ y2)−p dr dy2

≤ Cx2
∫ ∞
2x2

(A+ y2)−p dy2 ≤ Cx2(A+ 2x2)−p+1 ≤ Cx2(A+ 2x2)−2 ≤ Cx2|x|−2.

This together with (4.47) and (4.48) implies that

(4.49)

∫
D6∩{yN≥

xN
2 }

G(x, y)f(y)p dy ≤ CxN |x|−N .

Combining (4.46) and (4.49), we obtain (4.24) with k = 6.

Proof in the case k = 7. For any y ∈ D7, by (4.13) we have

G(x, y) ≤ C xNyN
|x′ − y′|N

≤ CxNyN |x|−N .

Since x ∈ Dout, by (4.23) and (4.29) we see that∫
D7

G(x, y)f(y)p dy

≤ CxN |x|−N
∫ ∞
0

∫
|y′|≥ 3|x′|

2 +1+xN

yN (1 + yN )p|y|−Np dy′ dyN

≤ CxN |x|−N
∫ ∞
0

∫ ∞
3|x′|

2 +1+xN

(r + yN )−Np+p+N−1 dr dyN

≤ CxN |x|−N
∫ ∞
0

(|x|+ yN )−Np+p+N dyN ≤ CxN |x|−N .
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This implies (4.24) with k = 7. Thus (4.24) holds for k = 1, . . . , 7, and the proof of
Lemma 4.2 is complete. �

Now we are ready to prove Theorem 1.1.

Proof of Theorem 1.1. We proceed similarly as in the proof of Theorem 1.4 in [10]. Define
{un} inductively by

u1(x) := 0,

un+1(x) := [S(xN )ϕ](x′) +

∫
RN

+

G(x, y)un(y)p dy, n = 1, 2, . . . ,

for almost all x′ ∈ RN−1 and all xN ≥ 0. Then we can prove by induction that

0 ≤ un−1(x) ≤ un(x)

for almost all x′ ∈ RN−1 and all xN ≥ 0. This means that the limit function

(4.50) u(x) := lim
n→∞

un(x) ∈ [0,∞]

can be defined for almost all x′ ∈ RN−1 and all xN ≥ 0.
Let c and k be sufficiently small positive constants such that c < k. Assume that

ϕ(x′) ≥ cψ(x′), x′ ∈ RN−1,
where ψ is the function given in (1.6). It follows from Lemma 3.1 that

(4.51) u(x) ≥ [S(xN )ϕ](x′) ≥ c[S(xN )ψ](x′) ≥ C1c

{
|x|−m, x ∈ Din,

(1 + xN )|x|−N , x ∈ Dout,

where C1 is a positive constant independent of c. On the other hand, if ϕ satisfies

ϕ(x′) ≤ kψ(x′), x′ ∈ RN−1,
then, by Lemma 3.2 we see that

(4.52) u2(x) = [S(xN )ϕ](x) ≤ k[S(xN )ψ](x′) ≤ C2k

{
|x|−m, x ∈ Din,

(1 + xN )|x|−N , x ∈ Dout,

where C2 is a positive constant independent of k. If

un(x) ≤ 2C2k

{
|x|−m, x ∈ Din,

(1 + xN )|x|−N , x ∈ Dout,

for some n ∈ {2, 3, . . . }, then, by Lemmas 4.1 and 4.2 we see that

un+1(x) = [S(xN )ϕ](x′) + [(−∆D)−1upn](x)

≤ [C2k + 2C3(2C2k)p]

{
|x|−m, x ∈ Din,

(1 + xN )|x|−N , x ∈ Dout,

where C3 is a positive constant independent of k. Therefore, taking a sufficiently small
constant k if necessary, we have

un+1(x) ≤ 2C2k

{
|x|−m, x ∈ Din,

(1 + xN )|x|−N , x ∈ Dout.
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This together with (4.50) and (4.52) implies that

(4.53) u(x) ≤ 2C2k

{
|x|−m, x ∈ Din,

(1 + xN )|x|−N , x ∈ Dout.

Therefore, if ϕ satisfies (1.7) with sufficiently small constants c and k, then (4.51) and (4.53)
imply that u satisfies (1.8) and (1.9). Then, similarly to [11], we see that u is a minimal
solution of (1.1). Thus Theorem 1.1 follows. 2
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