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ON THE FINITE TIME BLOW-UP OF BIHARMONIC MAP FLOW IN
DIMENSION FOUR

LEI LIU AND HAO YIN

ABSTRACT. In this paper, we show that for certain initial values, the (extrinsic) bihar-
monic map flow in dimension four must blow up in finite time.

1. INTRODUCTION

Let (M, g) be a compact Riemannian manifold without boundary of dimension four and
(N, h) be another compact Riemannian manifold without boundary, which is isometrically
embedded in R¥. The critical points of the following functional

E(u) = /M | Au)? dv

are called (extrinsic) biharmonic maps. We also define
E(u) = / |V2u|2 +|Vul* dv
M

and notice that since the target manifold is compact, we can bound £(u) by E(u).
The associated heat flow of E(u) was first studied by Lamm [8]. In [8], the author proved
that in dimension four, the following evolution equation

(1.1) O = —LN*u+ A(B(u)(Vu, Vu)) + 2V{AuV P(u)) — (AP(u), Au)

has a unique short time smooth solution for all smooth initial value. Here B is the second
fundamental form of N C RX and P(u) is the projection from R¥ to the tangent space T}, N.
Moreover, the solution is global if the W22 norm of the initial value is small. Following the
famous work of Struwe on harmonic map flow [13], Gastel [7] and Wang [17] showed the
existence of a global weak solution with at most finitely many singular times.

It is a natural question whether the flow develops finite time singularity. The problem is
particularly interesting given that all weak biharmonic maps with bounded W22 norm in
dimension four are known to be smooth (see [15]). The corresponding problem for harmonic
map flow was answered by Chang, Ding and Ye [3]. After that, more finite-time singularity
examples were found by Topping [14], Li and Wang [9] and very recently by Chen and Li
[4]. The last construction shows that the blow-up could be forced by topological reason and
its proof relies on the no neck theorem for approximate harmonic maps of Qing and Tian
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[11]. In fact, it was pointed out by Qing and Tian that the no neck theorem could be used
in showing finite time blow-up.

Recently, the authors proved the no neck theorem for the blow-up of a sequence of (ex-
trinsic) biharmonic maps with bounded energy. The proof follows from an idea of [11], which
was motivated by the three circle lemma of Simon [12]. In light of [4], it is very natural
to extend the argument to the case of biharmonic map flow and this is the purpose of this
paper. More precisely, we show

Theorem 1. Suppose that N’ is any closed manifold of dimension m > 4 with nontrivial
m4(N') and let N = N'#T™ be the connected sum of N' with the torus of the same di-
mension. For any Riemannian metric g on N, we can find (infinitely many) initial map
ug : S* — N such that the biharmonic map flow (1.1) starting from ug develops finite time
singularity.

As remarked earlier, the proof relies on the idea of [4]. However, we give a slightly different
presentation. Our assumption on the topology of N enables us to be more specific in the
construction. Moreover, we define and use the concept of the width of a biharmonic map
from S* to N. Roughly speaking, the idea of the proof is the following. By a compactness
argument, we show that the width of biharmonic maps from S* to N is bounded by a
constant depending on the energy of the map (and the geometry of N of course). However,
we can construct initial map ug with bounded energy but in a homotopy class in which every
smooth representation must have very large width. If no finite-time singularity occurs, we
may choose a sequence t; — oo such that the bi-tension field of u(t;) goes to zero in L?
norm. Hence, u(t;) is a sequence of approximate biharmonic maps. wu(¢;) either converges
to a smooth biharmonic map in the same homotopy class, which is not possible because
the energy of the limit is smaller than that of ug, or blows up. In the latter case, the total
number of bubbles and energy of each bubble, as well as the weak limit is bounded and the
no neck theorem (Theorem 2) implies a contradiction as well.

The rest of the paper is organized as follows. In Section 2, we generalize the no neck
result in [10] to the case of approximate biharmonic maps. The generalization is in two
directions. The first is to involve a non-zero bi-tension field and the second is to show the
neck analysis works on round sphere instead of flat domains in R*.

Remark 1. For many PDE theorems, especially about regularity of geometric PDE, the
curvature of the domain is not essential. Hence, it suffices to prove the theorem in the case
of domains of Euclidean space. In this paper, we think it may not be very obvious that
the neck analysis of biharmonic maps works on curved space. Hence, we present a detailed
proof in the case of round metric on S, which is needed by the proof of Theorem 1.

In spite of the complexity caused by the round metric, we still believe that the neck
analysis works in general. However, that would require greater efforts. We also note that this
is not an issue for the neck analysis of harmonic maps, because of the conformal invariance.

In Section 3, the width of a map from S* to IV is defined and the width of biharmonic
maps from both S* and R* are bounded by the energy. Finally, Theorem 1 is proved in
Section 4.

Remark 2. Recently, we notice that Breiner and Lamm [2] proved a no neck theorem for
a sequence of biharmonic maps with bi-tension fields in Llog L when the target manifold
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is a sphere. In this paper, by approximate biharmonic maps, we mean bi-tension field is
bounded in L2.

We also want to mention a paper of Cooper [5]. The author constructed blow-up solution
from B* to S* by using symmetry.

2. NO NECK FOR APPROXIMATE BIHARMONIC MAPS

In this section, we show that the main result of [10] can be generalized to a sequence of
approximate biharmonic maps w; defined on S*.

We use a subscript g to denote operators defined on S* with round metric, such as A, and
V4. A and V are reserved for the Laplace and gradient with respect to the flat metric given
by normal coordinates around some point in S*. We always take the normal coordinates
so that the scaling u(Az) is well defined for small A. Moreover, due to the Gauss Lemma,
the geodesic ball B, is the same as the ball of radius r with respect to the flat metric given
by the normal coordinates. Finally, there is no need to distinguish the L? norms defined
with round metric g and the flat metric in normal coordinates for our purpose.

We will prove

Theorem 2. Let u; be a sequence of approzimate biharmonic maps from B* to N satisfying
(2.1)  Aju= Dy(B(u)(Vyu,Veu)) + 2V - (Dgu, V(P(u)) — (Bg(P(w)), Dgu) +7(u).
with
(2.2) / ‘Vgui’2 + |Vgui|4 dvg <A and ||7(u)l|Le(y) <A

B,

for some A >0 and p > %. Assume that there is a positive sequence \; — 0 such that
w; (M) = w

in WP C W22 C° on any compact set K C R*, that u; converges weakly in W22 to us
and that w is the only bubble. Then,

39 i Jim_ Bm oses o5, n(o)ti = 0

Remark 3. In Theorem 2, we assume that there is only one bubble. The same result holds
in the case of multiple bubbles. The proof is routine argument by now and hence is omitted.

The proof is similar to the proof of Theorem 1.1 in [10], which we outline below. We first
recall some definitions and results, which are modified only slightly.

2.1. Minor modifications. The following theorem is a modified version of e—regularity,
proved in the Appendix of [10].

Theorem 3 (go-regularity). Let u € W*P(B;)(p > 1) be an approzimate biharmonic map.
There exists g > 0 such that if fBl |V2u|? + |Vu|*dz < € then

lu =@l wans,,,) < CUNV?ullL2s,) + IVullLas,) + (W)l Le ),
where W is the mean value of u over Bj.

Remark 4. We may very well use V, in the above lemma. It is the type of result that
Riemannian metric does not make any difference.

Next, we modify the definition of n—approximate biharmonic map as follows.
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Definition 1. Let u be a smooth function defined on B, \ By, , u is called an n—approximate
biharmonic function if it satisfies

(2.4) Aﬁu(r, 0) = a1VyAgu+ agvgu +a3Vgau + asu
1

+W b1V Agu + by Vot + b3V gu + byudo + h(z).
rl JOB,

where a;,b; and h are smooth functions satisfying, for any p € [r1,72/2],
(a) llgsj(pz) — 61‘]‘”04(32\31) < 1. Namely, the metric after scaling to By \ By is close to
the flat metric in C* norm.

(b)
(2.5) 2" Ph) Lo s, 8.,y <0

and
(c)

Z ||ai||vi/4—i,p(sz\Bp) + ||biHW4—i,p(sz\Bp) <.
i=1

Here W4=%P norm is defined as

”wHVfM—i,p(sz\BP) = ||piw(px)||w4—i,p(32\31) .

Remark 5. The condition (¢) implies that if we compute the equation satisfied by a(z) =
u(px) (defined on By \ By), then the coefficients appearing in the place of a; (or b;) become
pla;(px) (or p'b;(px)), which is assumed to be small in W*~%P norm.

Moreover, one can check that if u is an n—approximate biharmonic function on B,., \ B;,,
then w(z) = u(%) is also an n—approximate biharmonic function on By, \ B, .

The following is a version of interior LP estimate for approximate biharmonic function.
It is used in the proof of three circle lemma.

Lemma 1. There is some 19 > 0 such that for any n < no if u : B4\ By — R is a
n—approzimate bitharmonic function with

4
Z ||aiHW4*i»p(B4\Bl) + ”bi”W‘l*iyp(B‘L\Bl) <n and ||hHLP(B4\Bl) <C
i=1

Then, for any 4 > p > 1, we have

Hu||W4»P(Bg\Bg) < C(||u||LP(B4\Bl) + ||h||Lp(B4\Bl))'

Proof. Without loss of generality, we assume the metric g is the standard Euclidean metric.
The main idea is similar to the lemma 3.3 in [10], but the assumptions on a; and b; are
different from [10]. Next, we sketch the proof here.

For 0 < 0 < 1, set Ay, = B34, \ Ba—, and A = B3+1+Ta \B2_1+T0. Let ¢ be a cut-off
function supported in A/ satisfying: (1) ¢ =1 in A,; (2) ’nga| < ﬁ for j =1,2,3,4
and some universal constant ¢; (3) ¢ is a function of |z|.
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Computing directly, we have
N (pu) = A(pAu+2VeVu + ulp)
= pA%u+ AV AUV @ + AV2uV2p 4+ 2Aulp + AV ApVu + Apu
a1V Au + pasV3u + pazVu + pasu + oh

1
N — b1V Au + b V2u + bsVu + byudo
0Br| Jop,

+AV AUV @ 4+ AV2uV2p + 2Aulp + AV ApVu + A2 pu.
Next, we estimate the LP(p > 1) norm of the right hand side of the above equation. By our

choice of ¢ and the assumption of a;, we have

c
VAUVl Loy < 77 1Vl 1o ay

and
||<P01VAUHLP(A;,)
< NaaVA(eu)llpocar) + ||a1v2“V‘F’||Lp(A;,) + ||a1vuv2‘/’”m(,4;,) + ||a1“V3‘P||Lp(A;,)
c C
< Cllai]lys.e ||v3(30“)”vv1,p(,4;) + 1-o ||a1v2u||LT’(A;) + 1-0)2 llarVull Lo ar)
+m lavull o (ar)
. IV2ullrmary  IVElwrogar ||u|W1,p(A/U)>

Cn lleullyyapary +C ( 1_o + (1—0)2 + (1—o0)3

HV?)uHLP(A’) HV%HLP(A/) IVull poary  lllpocar)
< CWWHWWAMC‘( -0 (1-0)? 1-0F  A-o)t )

Here in the third and fourth line above, we use the Sobolev multiplication theorem which

says that [|f1f2ll L, < Cllfillwa-se 1 f2llwise-
Moreover, Jensen’s inequality implies that

/ ad </ WVA )pd
e a—— u X
ar 108, \ Jop,
1
< P </ bVAup>dx
/;, 9B, \,p, VA

< C <pp|b1V3u|pda:.

Now, the same estimate used for ||pay VAuHLp(Ag) can be used again to get the same upper
bound.

Similar argument applies to the remaining terms and gives an estimate of LP norm of
A?(pu), if we choose n sufficiently small, by which the L? estimate of bi-Laplace operator
implies

loull <C Hv?’“HLzJ(A;) HVQUHLP(A;) N IVull o ary Mullpocar) 1Al
Pillwarcag) = 1-o 1-0)? 1—_o) 1—o)* L
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In particular, we have

(1- 0)4 ||V4

IN

s, = C(A=0PIV%] a0 = 0P 92u] )

+(1 = o)Vl oy + lll oagy + 10

By setting

= s (1=0) [Vul i,

and noting that
14+o0

A;:AHTU and 1—0=2(1- ),

we obtain
(2.6) \I/4SC(\I/3+\I’2+\I/1+\I/0+HhHLP).
We claim that for j = 1,2, 3, the following interpolation inequality holds for any € > 0,
- C
U, < eIy 4+ S,
eJ

In fact, by the definition of ¥;, for any v > 0, there is 0 € [0,1] such that

A\

T, < (1—o0,) HVWHLM”) + v
4—j 4 || o4 c
< 771 -o0,) HV “’|Lp(,467)+gHUHLD(AM)‘F’Y
, C
< U+ ST+
€
Here we used the interpolation inequality
Cs
0
with n = ¢(1 — 0,,). We remark that the constant in the above interpolation inequality are

independent of o € [0,1] (see the proof of Lemma 5.6 in [1]).
By sending v to 0 and choosing small €, we obtain from (2.6)

Uy < C (Yo + [|h]l 1),

+

(27) ||vjuHLP(Aaw) § 7]47j HV4 ||UHLP(AUW)

UHLP(AM)

from which our lemma follows. |

For the universal constant L > 0 given in Section 3 of [10], set

Ai = Be—(i—l)L \Beﬂ‘L

1
Fi(u) = /A. Wtﬁdw.

Remark 6. Here is a technical issue. We use dx instead of dv, in the definition of Fj(u).
The advantage is that Fj(u) is invariant under the scaling © — Az. Since g is close to
Euclidean metric, this difference does not matter when we use Fj(u) as a control of L2
norm.

and
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Theorem 4. There is some constant g > 0 such that the following is true. Assume that
u: A1 UA;UA 1 — RE is an no—approzvimate biharmonic function in the sense of (2.4).
Suppose

(2.8) _max 2" PRNZ, ) < 0Fi(u)

and

(2.9) / udf =0
9B,

forr € le il e=(2=DL] Then
(a) if Fii1(u) < e LF;(u), then Fi(u) <e LFZ 1(u);
(b) if F;_1(u) < e L Fi(u), then Fy(u) < e~ F,_H( );
(c) either Fy(u) < e FF;_1(u), or Fy(u) < e FFii(u).

Proof. (The proof is almost the same as Theorem 3.4 in [10]. For reader’s convenience, we
repeat it below.)

The exact value of ¢ does not matter, because F; is invariant under scaling. Hence, we
consider only the case of i = 2. Assume the theorem is not true. We have a sequence of
nr — 0 and a sequence of uy defined on A; U A U A3 (and a sequence of gi defined on
A1 U Az U Az as required in (a) of Definition 1) satisfying

(2.10) A2 g (r,0) = a1 Vg Dgu + ara V2, ug + ars Vg, up, + agauy
1
+W b1 Vg, Ag ur + kaV?}kuk + brs Vg, up + braus, + hy ()
rl JOB,
with
(2.11) r1n23§|Hx|4(1—1/p)hk||%p(Ai) < mpFa(ug)
and
4
(2.12) Z HakiHWzl—i,p(BzP\Bp) + ||bkz’HW4_7z,p(sz\Bp) < Mk,
i=1

for any B, \ B, C A1 U Ay U As.
By taking subsequence, we assume that one of (a), (b) and (c) is not true for uy. If (a)
is not true, then we have

Fy(ug) > €LF3(7.Lk) and  Fp(ug) > e*LFl(uk).
If (b) is not true, then
Fg(’u,k) > eLFl(uk) and Fg(’u,k) > eiLFg(uk).

If (c) is not true, then

Fy(uy) > e L max{Fy (uy,), F3(ug)}.
In any case, we control Fy(uy) and Fs(uy) by Fo(ug). Multiplying by a constant to uy if
necessary, we assume that Fy(ug) = 1 for all k. The above discussion shows that

||uk HL2(A1UA2UA3) S C’
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Lemma 1 shows that (by passing to a subsequence) we have

up —u weakly in  L?(A; U Ay U A3g),

U — U strongly in  L*(Aj).
By (2.10), (2.11) and (2.12), we know that u is a nonzero biharmonic function with respect
to the flat metric defined on A; U Ay U A3 satisfying (2.9), because gi converges strongly in

C3 norm to the flat metric. The three circle lemma for biharmonic function (Theorem 3.1
in [10]) implies that

(2.13) 2Fy(u) < e L (Fy(u) + F3(u)).
If (¢) does not hold for uy, we have
2F5(uy) > e " (F1(uy) + Fa(ur)).

By the strong convergence of uy, in L?(As) and weak convergence in L?(A; U Ay U Az), we
have
2Fy(u) > e H(Fi(u) + F3(u)),

which is a contradiction to (2.13). Similar argument works for other cases. g

2.2. Estimate of the tangential energy. Let u; be the sequence in Theorem 2. Assume

that
l;

S=B;\Banr=J A
1=l
and for any € > 0, by choosing ¢ small and R large, we may also assume (by an induction
argument of Ding and Tian [6])

(2.14) / !Vzui|2 + |Vui|4 dr < e* < g
Ay

for I =1lg,---,1;. Set u;(x) = u;(e~*Fx), by go-regularity Theorem 3, we have
@ =il wae(ag) < CUIV Tl 204 yua00an VUl Laa_uaouan 7@ | 2e(a_ua0040)s

where 4; is the mean value of @; over Ag.
Scaling back, if § is sufficiently small, we will get
4
Z |4/ (u; — @) ()
k=0

—1L4(1-1/p) HT(uz)

C(”vzuiHLZ(A171UAlUAz+1) + ”vuiHL‘*(AquAzUALH) +e ||Lp(Al—1UALUAl+1))

Ce.

Let r = €*, then as a function of (¢, ), we have

ININ

(2.15) [|lwi _uTi||W4vP(—lL,f(l71)L)><S3 < Ck,
for any Iy <1 <1;.
The theorem is equivalent to the statement that for any ¢ > 0, we can find § small and
R large such that
0SCB,\ By, nlhi < Ce

for 4 sufficiently large.
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Set
1

B |8Br| OB,
The Poincaré inequality and (2.14) imply

1
/ — |ui — wi? de < Ce2.
A, |z

u; (r)

u; (r, 0)do.

Lemma 2. There exists some €1 > 0 such that if € < &1 in (2.14) and 6 < €1, w; = u; —u}
is an no— approximate biharmonic function defined on Bs\ By, in the sense of (2.4), where
No s the constant in Theorem 4.

Remark 7. Although the proof is parallel to Lemma 4.1 in [10]. We reproduce it because
(1) we now use the sphere metric instead of the flat one; (2) the definition of n—approximate
biharmonic function is different.

Proof. For simplicity, we omit the subscript i. Recall that u satisfies
(2.16) Azu = a1 (u)VgAgu#Vu + oq(u)Vﬁu#VSu
+a3(u)V§u#V9u#V9u + s (u)V gu#tV gu#V gu#V gu + 7(u).
Here «;(u) is a smooth function of u and # is the contraction of tensors with respect to g,
for which we have for example,
Vg Agu#Vgul < C|VaAgul|Vgul.
Since A, = 88—:2 8cosr 0 4 L Agyand Jgs Dgs fdf = 0 for any f, we have

sinr Or sin? r
1
2, % 2
Aju (r)y = B, Jos Ajudo
1
= 951 ), al(u)VgAgu#Vgu+a2(u)V3u#V§u
T B,
+a3(u)V§u#V9u#V9u + au(u)V gu#V gu#V gu#V gudo
1

4+—
08| Jos,

7(u)do

= I+IT+1IT+1V+

7(u)do.
|aBr‘ 0B, ()

Remark 8. Here we make essential use of the symmetry of spherical metric to simplify the
computation in the first line above. This is partially the reason that we work on round S%.
Computing directly, we get
1
I = — a1 () Vg Agu#V gu — a1 (") VA u#tVau

0B:| Jog,

+o (W) Vg Agu#Vgu — o (0" )V A gu* #V gu

+o1 (u) Vg Agu* #V gu — aq (u*)V A gu™ #V gu™do

+oq (U )V Agu*#V u*

1 " "
_ /m Balul(u — u*) + Br[ulV A (u — u”)

0B, |
+583[ulVy(u — u*)do + o (u*) Vg Agu*#V g u*.
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Here f3;[u] is some expression depending on u, u* and their derivatives. Precisely, we have

Balu] = ay(x)VyAgu#Vu
Bilu] = a(u")Vgu
Bslu] = ar(u")Vghgu”.

In what follows, those (;’s may differ from line to line in the following. However, thanks
to Theorem 3, we have

HﬁiHW%z‘,p(BQp\Bp) <mno for pe[\R, /2]

if € in (2.14) is smaller than some 1. We shall require the above holds for all §; and j;
below by asking €; to be smaller and smaller.
The same computation gives

1
7 = 9B, / Balu](u —u™) + BQ[U]VS(U —u")do + ozﬂu*)VEu*#V?u*,
T B,
1
I = —— Balul(u — u*) + Bo[u] Vi (u — u*) + B3[u] V4 (u — u*)do
|8BT| OB,
o3 () Vou #V gu* #V gu*
and
1
v = OB,] Balu)(u — u*) + Bs[u]Vy(u — u*)do + as(u* )V u* #V u  #V u* #V u*.
rl JOB,
In summary, u* satisfies an equation similar to (2.16) except an error term of the form
1
—_— B1{u]VgAgw + Bo [u]ng + B3u]Vgw + Bafu]wdo.
0Br| Jop,

Subtract the equation of u* with (2.16) and handle the terms like a1 (u)V Aqu#Vu —
a1 (u*)VaAgu*# Vg u* as before to get

Aqw = Bi[ulVeAgw + Bylul Viw + B3u]Vew + B [ulw
1
+W B1{u]VgAgw + B2 [U]Vf]w + B3[u]Vow + Baulwdo + h,
r OB,
where )
h=71u) — —— 7(u)do.
" 0B,] Jom,
To see that h satisfies (b) of Definition 1, we notice that 4(1 — %) > 0 and
4(1-1) 4(1-1) 4(1-1) .
L el L PRI sl A0 PR
Since 7(u;) is uniformly bounded in LP, the lemma follows by choosing ¢ small. O

Now we apply Theorem 4 to the function w;.
Lemma 3. For any 0 < € < &1 and sufficiently small § > 0, we have
(2.17) Fi(w;) < C<2 (e* min{8(1-1/p),1}(I~lo)L | o~ min{8(171/p),1}(l,;7l)L) ’

fOT'l0<l<li.
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Proof. Let the set of [(ly <1 < l;), for which the condition (2.8) is not true, be denoted by
{j1,"+* ,Jn, } and we assume that
lo<ji <jo<- < jn <L
By definition, for each | = jy,

(218) Lm0 4 2 moF ).

Then we have

I3 4(1-4)
(w;)) < C max |||z] »’ h;
1—1,L,1+1 LP(A)
< Ce—S(l—l/p)lL
< C§8(1=1/p) o—=8(1=1/p)(I=lo) L
< 052678(1*1/17)(1710)%

if we choose § small.
By the choice of ji, the condition (2.8) holds for ji < I < jgt1, K = 1,...,4 — 1. By an
application of Theorem 4 (see also Lemma 4.2 in [10]), we have, for ji <[ < jr11

Fi(w;) < C(e_L(l_jk)ij(wi)+€_L(j’““_l)Fn+1(wi))

A

2 (6— min{S(l—l/p),l}(l—lo)L) .

So, if j1 = lp+ 1 and j,, = l; — 1, the inequality (2.17) follows immediately. If not,
assuming j; > ly + 1, by Theorem 4 again, we have, for o <1 < ji,

Fitw) < C(e "0 By () +e 20 E (w))

C (e*L(Z*ZO)FlO (w;) + %6~ min{8(171/p),1}(l7ZO)L)

0626_ min{S(l—l/p),l}(l—lo)L.

IN

IN

Similarly, if j,, <l; — 1, we have, for j,, <l <l; —1,

Fi(w;) < C <€7L(lfj"i)ani (w;) + e "D R, (wl))
< ¢ (626_ min{8(1-1/p).1}(1~lo)L | e_L(“_l)in(wi))
< Ce2 (e* min{8(1-1/p),1}(I=lo)L | efL(zH))
< Ce2 (e* min{8(1-1/p),1}(I~lo)L 4 ,— min{8(171/p),1}(li7l)L> )

]

Since w; satisfies (2.4), we may use Lemma 1 to get estimates for the derivatives of w;
and the tangential derivatives of u;. In the following, (r,0) is the polar coordinates where
6 € S3 is a point of the unit sphere. A function u(r,6) is also considered a function of (£, 9),

where 7 = e’. We denote the gradient operator on S by Vgs and the Laplacian on S® by
Ags.
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Remark 9. Since we have only LP norm of bi-tension fields bounded, we may not prove
pointwise decay bound for tangential derivatives. Hence we need the following lemma as a
replacement.

Lemma 4.

(2.19) / <|A33ui|2 + |85V53ui|2> dfde
(=1L,—(I—1)L)x 83

< (2 (67 min{8(1-1/p),1}(I=lo)L -~ min{S(lfl/p),l}(lifl)L> '

Or equivalently,
/ <|A53ui‘2 + |85V53u2-|2) dfd@
[£,t+1]x S3
< Ce2 (67 min{8(1-1/p),1}(logd—1) | ,— min{8(171/p),1}(t~710g)\iR)> )
Proof. Setting

we have

1032 agoaiony < CF—1(ws) + Fu(ws) + Fry (w;))
2 (e* min{8(1-1/p),1}(I~lo)L 4 ,— min{8(171/p),1}(li7l)L) '

IN

By scaling, w satisfies

(2.20) AZ0(r,0) = a1V A g + a2Vl + dsV g + ag
1 . - . . -
e b1V A gt + by Vo + bV b + bybdd + h(x).
10B,| Jog,
Here
iL((E) _ 6_4(l_1)Lh(6_(l_1)L$)
and .
hiz) =71(w;) — == 7(u;)do.
0B Jos,
Letting A = e~ (~DL we have
(2.21) Hh‘
LP(AgUALUA,)

1
_ (/ X)) dx) ’
AgUA1UAS

)\4(1*1/p)(/ |h(x)[P dx)l/p
Aj_1UAUA
Ce—40-1/p)(I-1)L

O §4(1=1/p) ,—4(1-1/p)(1=lo) L
Cee—40-1/p)(1=lo) L.

IN A IA

if § is small.
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Lemma 1 and the Sobolev embedding theorem imply that

/ (A sswl? + 105V o) dEdo
(—IL,—(I-1)L)x S3

IN

c/ (V2| + |V |*)de
Ay

IA

Ce2 (e— min{8(1-1/p).1}(I=lo)L | o~ min{8(1—1/p),1}(li—l)L) .
U

2.3. Proof of Theorem 2. With the preparations of previous subsections, we may now
prove Theorem 2. For the rest of the proof, we require p > % and hence min {8(1 — %), 1} =
1.

The rest of the proof is some type of Pohozaev argument. It follows the same line of
Section 5 of [10]. However, the proof there made use of the explicit expression of bi-Laplace
operator in polar coordinates of R*. Since we are now using the round metric on S*, we
think it is necessary to justify the reason why the proof still works. As it can be seen from
below, this is not obvious and the proof depends on some detailed computation.

To begin with, we define a function (for r < 1)

"1

t(?"): . @ds

Obviously, t'(r) = Sirlw. One may want to compare it with £(r) = logr. In fact, we have

0<t(r)—t(r)y<C for r<l1

and #(r) is comparable with #'(r). As a consequence, the result of Lemma 4 can be further
rewritten as (noting that p > 4/3 here)

(2.22) / (|A53ui|2 + |atvs3ui|2) dtdf
[t,t4+1]x S8

< C=2 (efu(a)ft) i efuft(xiR))) .

Recall that the metric is given by ¢ = dr? + sin® rd6?. (Here df? is the standard metric
on the unit sphere.) To simplify the notations, we write f(r) = sinr and f’ is the derivative
of f with respect to r. The Laplace operator is

3f

1
Ngu= 0>+ - 0,u+ —
! f f?

As?»’ll,.

By using 0; = f0,, we may compute

DNgu = f2(0] +2f' 0+ Dgs) u.
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Writing Ayu = f~2w, we obtain
Nou = [f72(F +2f 0+ Dgs) (fw)
= f (82+2f8t+Ass)w
+f72 (07 (f 7w + 20, (f %) 0w + 20, (f*)w)
)

1

= ff( —2f'0 + Ngs)w — Qf—w

By the definition of w and f” = —f, we have
Nou = 7O =20+ Dga) (07 +2f'0r + Dgs) u+2fw
F7H0F + D)’ =400 (f'00) u
(07 4 Dgs)(21'0) — (2f'00)(87 + D)) u+ 2 2w,

In comparison with the case of flat metric, f causes some extra terms. It is the primary
goal here to show that we can handle these extra terms properly.

A(f'0:)(f'0r) = 4(f")20] — AL 'O,
where we have used 0; = f'0, and f” = —f because f(r) = sinr.
Note that Ags commutes with f'9; and we compute
0;(21'0r) — (2['01)0;
07 (210, + 20,(2f")0}
—4f2f'0, — Af?07.

In summary, we have
(2.23) Adu=f* (07 + Dgs)® — 407 ) u+2f w,
where we have used (f')? + f2 = 1.

Remark 10. The first term in the above formula is almost the same as the flat case. The
importance of the computation is to show the error caused by the round metric is just f~2w.
Since w involves only first and second order derivatives, it can be controlled by the energy.
If there is a third order derivative term here, then the proof below would fail.

By the definition of 7, we have

f4A3u - Opudf = A7 (u) - Opudf.
S3 g3

By (2.23), the above is equivalent to

/ ((0F + Dgs)? — 407) udyudf = / (f*7(u) — 2f%w)opudh.
54 58

The left hand side is now completely identical to the form which is dealt with in Section 5
of [10]. For simplicity, we set

Flu) = 7(u) — 2f 2w = 7(u) — 20 u.
Since w has finite energy, 7(u) is also uniformly bounded in L? for p € [4/3,2].



BIHARMONIC MAP FLOW 377

The same computation as in [10] gives
3
1 2 2 ! 4~
= ——|Agsul” + |0 Vgsu|” + f7(u) - Orudsdf.
S8 2 —oo J 53

We will integrate the above inequality from ¢(\; R) to t(d). We estimate the right hand side
first. Thanks to (2.22), we have

t(8) 1 9 9
/ / —= |A53u‘ + |8tvS3U| df < 062.
tOuR) Js3 2

Transforming back to z—coordinates by 8; = f0, and do = f3df, we get

()
/ / 47 (u) - Opudfdsdt
()\ R) S3

< / / )| | £yl dwdi
t(\iR) /B,

< / / w)| |Vu| dedr
iR

<

Co 1Tl Lass () VUl paa,) -

In summary, the integration of (2.24) yields (by taking o small with respect to )

#(9)
(2.25) / / |02u|® + 2 |0,u|* dodt
Sd

< C / |0sudFu|db + / |0sud2u|do + 2
{t(6)}x 33 {t(Xir)}xS3
< Cllowull 2 gus)rxs2) ||at2uHL2({t(6)}><S3)
+C [ 0eull 2 (10r, ryyxs2) ||at2u||L2({t(>\iR)}><5’3) +Ce?
< Cé

where the last inequality comes from the (2.15) and Sobolev embedding and trace theorem.
In fact, we have W4P(Q) embeds into W32(Q2), which in turn embeds into W22(9Q).

Remark 11. We remark that in fact, the argument above gives an independent proof of

the energy identity in the blow up analysis of biharmonic maps with tension field in L? for
4

some p > 3

For some fixed tg € [t(\;R),t(d)], set

to+t
/ / S 102ul® + 2 |0pul* dodt.
to
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F is defined for 0 < ¢ < min {tg — t(A\;) R, () — to}. Integrating (2.24) from to —t to to + ¢,
we obtain

1 3 , 2
Fit) < —= / +/ 31020l® 4 210,ul? db
2\/3 < {to—t}xS3 {to+t}x 53 2 ‘ t ’ ‘ t ‘

to+t i
+ / ( / A + 10,V oul? do + / F17() -atudscw) di
to—t 53 2 —o0 /53

With the help of (2.22), we can have

to+t
/ / — |Agsul? +10:Vgsul® dods < Ce? ( (t(8)=to) +e*<t°*t<*iR>>) e,

On the other hand,
to+t
/ / 47 (u) - Oyudsdfdt
to S3

to+t
< / / W) |V |f| dedi
to B,
< e (ot ||T(u)||L4/3(Bl) ||Vu||L4(Bl)
< (C§Y/21/2(086—10) t/2
< O§Y2em1/2tE)t0) ot

Remark 12. Note that since r/(¢) = sinr and %r <sinr <r for r < 1, we have
et <r(t) < ell?
for t < 0.

Hence, if § is small, we obtain
Ft) < %atp(t) + Ce2 (e—%(tw)—to) + e—%(to—t(m») ot
Multiplying e~%* to both sides of the inequality, we have
(e 2F(t)) > —Ce? (e—%(t(é)—to) + e—%(to—t(AiR))) et

We assume without loss of generality that ¢(§) — tg < tg — t(A\;R). Then, we integrate the
above inequality from ¢t =1 to t = t(4) — to to get

F1) < e 201042 p(5) — ) + Ce? (e*%(t(fs)*to) n e*%(tO*t(AiR)))
< e (e—é(tw)—to) + e—é(to—twm)) .

Here we used (2.25).
Together with (2.22), we obtain

to+1
/0 / IV2ul? + |Vul?dodt < Ce? (e 39 —t0) | =3 (to—t(Ns R>>)
to S8
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Here V is the gradient of [t(\;R), £(8)] x S® with the product metric. Recall that ‘f(r) —t(r)|
is bounded by some universal constant and 0; and 0; are comparable. Hence, we can translate
the above decay estimate into a decay with respect to £ = logr.
to+1 - -
/ |V2u|? 4+ |Vu|?dodi < Ce? (e*%(log(‘s)*to) + e*%(t‘]*log(’\im)) ,
{071 S3
Direct computation shows that
1 fo-‘rl B B B
/ [V2ul> + —|Vul?dz < C / \V2ul? + |Vu|2dodt
B i5+1\B i5—1 |z| fo—1 Js3

N

S C€2 (e—%(long—t"o) + e—%(fo—logkﬂ{)) )
Then by Sobolev embedding and the eg—regularity (Theorem 3), we have
08C((fy—1/2,f0+1/2)x 53) U

1 T
< c(/B VRl gl Vulda) /2 + o))

cto+1 \Befof1

< Ce(emHorsR) 4 o orlosrim)

cto+1 \Be£071)

It is easy to derive the no neck estimate from here. Hence, we complete the proof of
Theorem.

3. BOUNDING WIDTH BY ENERGY

Let N be the manifold in the Theorem 1 and g be any Riemannian metric on N. Since
N = N'#T™, there is an embedded sphere S of dimension m — 1 in N which separates N
into N7 and Ny and N/Ns is homeomorphic to N’ and N/Nj is homeomorphic to T™. Here
N/N; is the quotient topology space by identifying all points in N; as one point.

Let N be a cover of N and § be the lift of g. For a continuous map u : S* — N, we define
the width of u as

W(u) = Jnax, d 5 (a(x), u(y))

for a lift @ of u. Since the lift is unique up to the action of the deck transformation of N,
the definition is independent of the choice of .

Remark 13. It is perhaps more natural to use the universal cover. Theoretically, any cover
will make the proof work. Since the main purpose is to construct examples, we use the
definition which is convenient for our purpose. Of cause, the width depends on the choice
of the cover.

Similarly, we can define the width of v from R* to N by
W(u) = sup dy g (a(z),a(y))
x,ycR4
for a lift «.

Remark 14. Since R* is non-compact, it is possible that W (u) is not finite. For application
in this paper, we shall only be interested in the bubble map u : R* — N. There are several
ways to see that for a bubble map with finite energy this width is finite. First, one can



380 LEI LIU AND HAO YIN

compose u with the stereographic projection and prove a removable singularity theorem
for a PDE system similar but not identical to the biharmonic map equation as Wang did
for quasi-biharmonic maps in Lemma 3.4 [16]. Second, the proof of removable singularity
theorem in [10] can be applied in this case. Finally, since all such bubble maps come from
the limit of some biharmonic map sequence, as remarked near the end of Section 2 of [10],
this is a consequence of the main theorem in [10].

The main result of this section is

Lemma 5. For any Cy > 0, there is another constant Cy depending on C1 and the geometry
of N such that any biharmonic map u from R* (or S* ) to N with £(u) < Oy satisfies that
W(U) < CQ.

The proof uses the compactness properties of biharmonic maps (taking the bubbling into
account). The non-compactness of R* causes some technical problem. We need the following
lemma to control the energy decay at the infinity.

Lemma 6. There is a constant €5 > 0 depending on N. If u : R* = N is a biharmonic
map satisfying

/ |V2u‘2+|Vu|4dx < &,
R4\ B,

then u is uniformly continuous at the infinity in the sense that for any e > 0, there is R > 0
independent of u such that

08CRr1\ B U < €.

Proof. The proof is just another version of Section 6 of [10]. The only difference is that for
a removable singularity theorem, we study B; \ {0}, which is

31\{0}:UA1

where
Ai = Be—(i—l)L \Be—iL,

while in this lemma, we study the asymptotic behavior of u on

0
R*\B; = | A

1=—0Q

In the proof of the removable singularity theorem, we prove exponential decay as i — oo
(|z| = 0), while here we prove exponential decay as i — —oo (|| — 00). We need e5 to be
small, so that we can use Theorem 4 on 4;_ 1 UA; UA;4q fori=—-1,-2,---.

This lemma follows from the exponential decay of |V gsu| and |Opul. O

Proof of Lemma 5. We only prove the case for R* and the case for S* is simpler. Recall that
the width of biharmonic map u from R? is finite as discussed in Remark 14. If the lemma
is not true, we can find a sequence of biharmonic maps ug : R* — N with £(uz) < C1, but

lim W(ug) = +o0.
k—o00
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Since &(uy) and W(ug) are invariant under the scaling, we may assume without loss of
generality that

(3.1) / |V2uk‘2 + |V de < es.
R4\ B,

(3.1) implies that the bubble points are restricted to Bj.

Let oo be the weak limit. Since there is no bubble outside By, u; converges to s, on
Bpg\ By uniformly for fixed R. Together with Lemma 6 and (3.1), the convergence is uniform
on R*\ By.

The bubbles are described as follows. Assume that there are [ bubbles (including ghost
bubbles, which is just trivial map), w;(i = 1,--- ,1) and there are m(m < [) blow-up points
pi(i=1,---;m) with p; C By. Each w; is the limit of

wi,k(x) = Uk(Ai7k£C + IEiyk).

Since there could be bubbles on top of w;, the convergence is strong on the domain

Qix = Br\ (U Ba(yk,s)> :

where we use s to parameterize the bubbles on top of w;. Moreover, for each bubble w;,
there is a neck region of the form B,,(x) \ B, (), which we denote by N;j. There is no
need to be precise about 71, ro and the centers of the balls, it suffices to notice that the no
neck theorem implies that

(3.2) lim oscy, ,ux = o(d, R),

k—o0

where o(d, R) goes to zero when ¢ — 0 and R — oo.
By definition, if 4y is a lift of ug, we have
(3.3) W) = sup dyg (@), i(2)
y,z€R%
1

< > SUp v ) (ke (i iy + i), k(A k2 + i 5))
i=1 Y,2€82; &

+ sup  dig g (Uk(y), i (z))
Y,2€EN; 1

+ sup (5 ) (U (y), i (2))-
y,2€RN\UI, Bs(pi)

Now we give an upper bound for the left hand side of the above equation. For the first
line, since w;  converges strongly to w; on €; 5, we have

) : < .
nax d(n,g) (Wi (y), wi(y)) < o(1)

Here o(1) goes to zero as k — oo. Noticing that g (X k2 + ;1) is a lift of w; x(x) (defined
on €2; %), we can find a lift of w;, denoted by w; such that

(il ). O < .
Jnax d g 5 (kN ky + wik), @i(y)) < o(1)

Therefore, we have

(3.4) limsup sup d g ;) (UM kY + @ik), Uk (N gz + Tik)) < Ww;).
k—oo y,2€Q; a
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For the second line, we need some general fact from Riemannian geometry as follows.
There is some small 0 > 0 depending on both (N, g) and (N, §) such that for any geodesic
ball B C N of radius o and its lift B C N, we have that (B, d(y,g)) is isometric to (B, d(N,g))
as metric spaces.

Thanks to (3.2), for small ¢ and large R so that the image ug(N; ;) lies in a geodesic ball
of radius o, we have
(3.5) liin sup sup dy g (Ux(y),ur(2)) < Co(d, R).

—00  Y,2EN; &

To bound the last line in (3.3), it suffices to note that uj converges uniformly on R*\
U, Bs(pi) to uao. To see this, we note that uj converges strongly on By \ UB,(p;) and uy
converges strongly on R*\ By as remarked earlier. Hence,

(3.6) lim sup sup dix 5 (g (y), g (2)) < W (o).
k—oo y,zeRN\UL,; Bs(pi)

(3.4), (3.5) and (3.6) add up to give an upper bound for W (uy), which contradicts the

assumption that limg_, . W(ug) = co and hence proves the lemma. O

4. PROOF OF THE MAIN THEOREM

Let u(t) be a solution to (1.1) with u(0) = ug. Along the flow,

d
th(u) <0.
Hence, E(u) is uniformly bounded (before the possible blow-up at least). Since the target
manifold is compact, u is bounded and hence £(u) is also uniformly bounded.
The key observation to the proof is that for some C > 0 and arbitrarily large C5, we can
choose ug with €(ug) < Cy and any smooth u’ homotopic to ug satisfies W(u') > Cs.
Assuming that such ug is found, we claim that «(¢) must blow-up in finite time and hence
Theorem 1 is proved. If otherwise, the solution exists for any ¢ > 0. Since

/ / |0yu|® dvdt < oo,
0 Js4

we may choose a sequence of t; going to oo such that

lim |0 ty) — 0.
Jim {|8pul] 2 (k)

For simplicity, we denote u(ty) by ug.

Since £(ux) is bounded and the e—regularity (Theorem 3) holds, the usual blow-up
analysis works. Assume that there are ! bubbles w;(i = 1,---,1), which is the limit of
Uk (Ai w2 + 24) and m(m < ) blow-up points p;. Let Q; ;, and N, j as before. We still have

1
W) < > sup A5 g (W (Niky + Tik), Uk (A2 + Tik))
i=1 Y#€8k

+ sup  diy o (Uk(y), i (z))
Y,2€N; ’

+ sup d 7,5 (U (y), Uk (2))-
¥,2€RNULL, Bs (i)
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By Theorem 2, we can bound the right hand side by
l
Z W(w;) + W(uso) + 1.
i=1
By Lemma 5, each W(w;) and W(us) is bounded by a constant Cy depending on Cj.
Moreover, the number of bubbles is also bounded by a constant depending on C. Hence,
there is a constant C4 such that
lim sup W (uy) < Cy.
k—o0
This would be a contradiction and hence proves Theorem 1 if Cy < Cs.

Now let’s show how to construct ug.

Recall that N = N’#T™. There is a natural cover of N, which is obtained by modifying
R™. R™ is the universal cover of T™, with the deck transformation group G = Z™. Let pg
be any point of R™ and let the orbit of the action of G containing py be {p;};—,. Suppose
U; be a small neighborhood of p; diffeomorphic to the ball of dimension m and V. C N’
be an open set diffeomorphic to a ball. For each i = 0,1,---, we remove U; from R™ and
identify the boundary of U; with the boundary of a copy of N’ \ V, which we denote by W;.
The new complete non-compact manifold is denoted by N. G acts on N naturally and the
quotient is N. If N is equipped with a Riemannian metric g and g is the pull back metric,
then the projection 7 : N — N is isometric map.

Since m4(N') is not trivial, there is a smooth map h : S* — N’, which is not homotopic
to constant map. Since m > 4 and h is not surjective, assume by deforming it smoothly
that

(1) h(S*) c N"\ V;

(2) h maps the entire southern hemisphere to a single point ¢ € N'\ V.

Let h; be the copy of h from S* to W; and ¢; be the copy of ¢ in W;.

For any Cj3, pick ¢ such that

d(z\—,@(Wo,Wi) > Cf.
Let U(®) be the stereoprojection from R* to S, which maps the infinity to the south (north)
pole and maps 0B to the equator. Consider the map w : R* — W; defined by
w(zx) = h; o U(x).
w is a constant map outside By. Set
Ci1 = E(w)+ E(h) +1

We claim that for o very small, we can find smooth ug satisfying

(1)

7o ho(x) r € 8%\ B,(9);
=9 ow(qj;/(;)) x € B,2(9).

(2) E(ug) < C4.

By the above definition, we observe that uolas, (s) = qo and uo|ap_,(s) = ¢ The first
observation follows trivially from the definition of hg. For the latter, we notice that ’<I>_1 (:v)‘
is almost o2 for every o € B,2(S), because ® is almost an isometry near S and o is going
to be small.
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Since the energy is scaling invariant and @ is almost isometric in small neighborhood of
the south pole, we have

1
/ +/ |Aug? dv < E(h) + E(w) + =.
SNB.(S)  JB,2(8) 2

It suffices to show that we can define ug on B, (S) \ B,2(S) so that ug is smooth and the
contribution to the energy on this part is smaller than % By choosing ¢ small, the metric
of §* on B, is close to the flat metric. Hence, it suffices to check this with flat metric.

Let 7 : [0,1] — N be the shortest geodesic in N connecting qo to ¢;. Let ¢ : [0,1] — [0, 1]
be a smooth function satisfying

(1) ¢ > 0;

(2) p(x) =0forall 0 <z < § and p(z) =1forall L <z <1

(3) |¢'| + |¢"| < C for some universal constant C.

Set

log o — log ||
—logo '

wli) = o000
For simplicity, we write L for d(z\"/,g) (go, ¢;). Note that
[(moy)|=L.
Since v and 7 o vy are geodesics, we have
(mo7)"+ B(moy)((roq),(moy))=0
where B is the second fundamental form of N. Therefore,
(r07)"| = CL2,

We estimate the derivative of ug as follows.

CL
R —
1970l < r(—logo)
and
CL
2
< ——m——.
|8Tu0| ~ r2(—logo)
Hence,

/ | Aug|? da
B, \B,2
< cf

< 7CL2 / 0 1d?"
(logo)? Joo r
CcrL?
(—logo)’
For any L, we can choose o so that the above is as small as we want. Hence, we check
that ug satisfies F(ug) < C;. It remains to check that for any map «' homotopic to ug,

2

3
53110 + Z8,ug| ridr
r

<



BIHARMONIC MAP FLOW 385

W (u") > C5. Let @' be the lift of u’, which is homotopic to the following lift of wq,

ho(z) x € 8*\ B, (5);
do =14 vor(EreElEl)  pe B,(S)\ By (S);
w(éaz/(;)) S BGZ(S)'

We claim that o' N Wy # 0 and « N W; # 0. To see this, consider a continuous map 7 from
N to N’ (precisely, a manifold homeomorphic to N’), which maps any point in N \ W to
one point. If %' N W, is empty, then 7 o @' is a constant map. However, 7 o &g is homotopic
to ho and hence is nontrivial. The proof for v/ N W; # @ is the same.

In summary, we have constructed a map ug such that E(ug) < C; and W (u') > Cjs for
any «' homotopic to ug. This finishes the proof of Theorem 1.
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