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EXISTENCE OF STANDING WAVES SOLUTION FOR A NONLINEAR
SCHRODINGER EQUATION IN RY

CLAUDIANOR O. ALVES

ABSTRACT. In this paper, we investigate the existence of a positive solution for the
following class of elliptic equation

—E2Au+V(z)u= f(u) in RV,

where € > 0 is a positive parameter, f has a subcritical growth and V is a positive
potential verifying some conditions.

1. INTRODUCTION

In recent years, many authors have considered the existence of solution for the following
class of elliptic equation

—2Au+V(z)u= f(u) in RN,
w>0 in RY, (P).
u € HY(RY),

where € > 0 is a positive parameter, V : RY — R and f : R — R are continuous functions
with V being a nonnegative function and f having a subcritical or critical growth. The
existence and concentration of positive solutions for general semilinear elliptic equations
(P). for the case N > 2 have been extensively studied, see for example, Ackermann and
Szulkin [2], Alves, do O and Souto [4], Bartsch, Pankov and Wang [5], do O and Souto [9],
del Pino and Felmer [6, 8], del Pino, Felmer and Miyagaki [8], Floer and Weinstein [10], Oh
[11], Rabinowitz [12], Wang [13] and their references.

The knowledge of the solutions of (P), has a great importance for studying the existence
of standing wave solutions for, the nonlinear Schrodinger equation

ov
ey = —EAV + W (2)¥ — f() for all z € RY, (NLS)
which are solutions of the form ¥(z,t) = exp(—iEt/e)u(x), where u is a solution of (P),.
The equation (NLS) is one of the main objects of the quantum physics, because it appears
in problems involving nonlinear optics, plasma physics and condensed matter physics, see
[10] and [11] for more details about these topics.
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232 CLAUDIANOR O. ALVES

In a seminal paper, Rabinowitz [12] introduced the following condition on V'

0< ZIEIﬁQfN Vi(z) < ‘E‘Igi_nog V(z). (V)
Later Wang [13] showed that these solutions concentrate at global minimum points of V' as
€ tends to 0.

In [6], del Pino and Felmer established the existence of positive solutions which concen-
trate around local minimum of V', by introducing a penalization method. More precisely,
they assumed that there is an open and bounded set @ compactly contained in RY such
that

O0<y< V= Zuel(fDV(z) < min V(2). (1)
Motivated by this result, Alves, do O and Souto [4] and do O and Souto [9] studied the same
type of problem with f having critical growth for N > 3 and exponential critical growth for
N = 2 respectively.

In [7], del Pino, Felmer and Miyagaki considered the case where potential V has a geom-
etry like saddle, essentially they assumed the following conditions on V: First of all, they
fixed two subspaces X,Y C R¥ such that

RV=X@Y.
By supposing that V is bounded, they fixed cg,c; > 0 satisfying

= inf V(2)>0
°= &V

and

c1 = sup V(z).
reX

Furthermore, they also supposed that V € C?(RY) and it verifies the following geometric
conditions:

(V1)
co = inf sup V(z) < inf V(y).
’ R>03€0BR(0)NX (=) yey )
(Va) ~ The functions V, ¥ and 3;2;2 - are bounded in RY for all 4,5 € {1,...,N}.

(V3)  V satisfies the Palais-Smale condition, that is, if (z,,) C RY is a sequence such that
(V(x,)) is bounded and V'V (z,) — 0, then (x,,) possesses a convergent subsequence in RY.

Using the above conditions on V', and supposing that
2(p—1)

c1 < 2N+2-p(N-2) Co,

del Pino, Felmer and Miyagaki showed the existence of positive solutions for the following
problem

—EAu+V(2)u = |uP%u in RV,
where p € (2,2*) if N > 3 and p € (2,+00) if N = 1,2, for € > 0 small enough. The main
tool used was the variational method, more precisely, the authors found critical points of
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the functional
Ew) = [ (Va4 o) do
]RN
on the manifold

Mz{uEHl(RN)ﬂP : / |u|pdx:1},
RN

where P denotes the cone of nonnegative functions of H*(RY). Recently, in [3], Alves has
studied the same type of problem with f having an exponential critical growth and N = 2.
In [8], del Pino and Felmer have considered the following assumptions on V:

(V4) V is of class C! and there exists an o > 0 such that
V(z) >a, VzeRY.

Locally, it was fixed an open and bounded set D C RY and subsets By, B C D with B
connected. Using these sets, we denoted by I the class of all continuous functions ¢ : B — D
with the property that ¢(y) =y for all y € By. Define the min-max value ¢ as

1.1 c=inf sup V' ,
(1.1) Inf sup (o(y))
and assume additionally
(Vs)

sup V(y) < c.
YyE€Bo

(Vs) Forallp e, ¢(B)N{ye D : V(y) >c} #0.

(V7) For all y € 9D such that V(y) = ¢, one has 9,V (y) # 0, where 9, denotes the tangential
derivative.

Motivated by the above papers, in the present article we show the existence of solution
for (P), by considering two new class of potential V', namely :

Class 1: The potential V' verifies the Palais-Smale condition.
(Ag) There exists a Vy > 0 such that V(z) >V, V€ RY.

(A}) V€ C?*(RY)and V, g—;/; and 83321_ are bounded in RY for all i,j € {1,..., N}.

(Ay) V verifies the Palais-Smale condition, that is, if (z,,) € RY is a sequence such that
(V(xy,)) is bounded and VV (x,,) — 0, then (x,,) possesses a convergent subsequence
in RV,

Class 2: The potential V' does not have critical point on the boundary of some
bounded domain.

In this class of potential, we suppose that V' verifies (Ag) — (4;1) and the following addi-
tional condition:

(A3) There is a bounded domain A C RY, such that VV (z) # 0 for all 2 € OA.
Related to the function f, we assume that

(f1) 1imsup® =0.

s—0t §
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(f2) There exists p € (2,2*), such that

lim sup f(sz
s—+oo SPT

(f3) There exists 6 > 2 such that
0<OF(s) <sf(s) Vs>0;
where F(s) = [; f(t) dt.
The statement of our main result is the following

Theorem 1. Suppose that V' belongs to the Class 1 or 2 and [ satisfies (f1) — (f3). Then,
the problem (P). has a positive solution for € > 0 small enough.

In the proof of the Theorem 1, we will use variational methods, more precisely, the Moun-
tain Pass Theorem due to Ambrosetti and Rabinowitz [1] combined with some arguments
developed by del Pino and Felmer [6], for more details see Section 2.

The paper is organized as follows. In the next section, inspired by [6], we study the
existence of a solution for a class of auxiliary problems. In Section 3, we prove the main
theorem supposing that V belongs to Class 1, while in Section 4, we consider the case which
V belongs to Class 2. Finally, in Section 5, we make some final considerations for elliptic
problems with f having critical growth for N > 3 and exponential critical growth for N = 2.

2. DEL PINO AND FELMER’S APPROACH

In this section, following an idea found in del Pino and Felmer [6], we will study the
existence of a solution for a special class of elliptic problems associated with (P)e.
Since we intend to prove the existence of positive solutions, hereafter we consider
f(s)=0, Vs<O.
Using the change of variable v(z) = u(ex), it is possible to prove that (P). is equivalent
to the following problem
—~Au+ V(ex)u = f(u) in RV,
u>0 in RY, (P).
u € HYRY).
Therefore, in what follows, we prove the existence of a positive solution for (P).. For this
purpose, we start observing that from (4g), we can work in H1(R") with the norm

Jull = ([ 0vup + V<e:c>|u|2>dac)é ,

which is equivalent to the usual norm.

The Euler-Lagrange functional associated with (P)” is given by
1
I (u) = = ||lul)? 7/ F(u)dz, Yuec H'(RM).
2 RN

From the conditions on f, the functional I, € C*(H*(RY),R) and its Gateaux derivative is

I'(u)v = /RN (VuVo + V(ex)uv)dz — /R f(u)vdz, Yu,v € H'(RY).

N
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It is easy to check that the critical points of I. are weak solutions of (P)L.
In the sequel, let us denote by I, : H*(R™) — R the functional

1
Lo(u) = 7/ (|Vu|2+Voo\u|2)dx—/ Fu)de,
2 RN RN
where
Voo = max V().

zERN
Furthermore, let us denote by ¢, the mountain pass level associated with I, that is,

oo = inf Lo (y(t
Coo = Inf max (v(t))

where
(2.1) I'={yeC(0,1], H*(R")) : v(0) = 0 and I.(y(1)) < 0}.
Here, we would like to point out that c,, depends only on V,, 6 and f.

2.1. An auxiliary problem. Given a bounded domain © C RY, we fix the numbers
k= 92% > 2 and a > 0 be the value at which

fla) _ Vo
a k'
where Vy > 0 is given in (Ag). Using these numbers, we set the functions
0, s<0,
fls)=14 f(s), 0<s<a,
Vo

S s>a

and

glw,s) = x(@)f(s) + (1 =) f(s), V(z,5) RN xR,
where x denotes the characteristic function associated with €2, that is,

1, z€Q
X@) =90 Lecae

Using the above functions, we will study the existence of a positive solution for the
following problem
—Au+V(ex)u = gc(z,u), x€RN,
(AP).
u € HY (RN),
where
ge(w,s) = g(ew,s), Y(x,s) € RN xR.
The above problem is strongly related to (P)., because if u is a solution of (AP). verifying
u(zr) <a, VreRV\Q,
where Q. = Q/e, then u will be a solution for (P)!

€

Associated with (AP)., we have the energy functional .J. : H!(RY) — R given by

Je(u) = %/RNUVMQ + V(ex)|u|?) dx — /RN Ge(z,u)dx,
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where .
Ge(z, ) :/ ge(x,t)dt, V(z,s) € RN xR.
0
From the conditions on f, and hence on g, J. € C*(H'(RY),R) and one has
J(u)v = / (VuVo + V(ex)uv)dz — / ge(x, u)vdz, Yu,v € H'(RY).
RN RN

Thus, critical points of Je correspond to weak solutions of (AP)..

Repeating the same arguments found in [6], it is easy to see that J. verifies the hypotheses
of the Mountain Pass Theorem due to Ambrosetti and Rabinowitz [1] for all € > 0. Therefore,
there exists a uc € H'(RY) such that

Jo(ue) =cc >0 and J!(u) =0,

where

. = inf Jo(y(t
ce = inf max (v(t))

with
I'={yeC([0,1], H'(RY)) : 7(0) = 0 and J.(y(1)) < 0}.
Observing that
J(u) < Io(u) Yue HYRY),

we have
(2.2) ce L, VYex>0.

The lemma below establishes an important estimate from above for the H'-norm of the
family (u.).

Lemma 1. For all € > 0, the solution ue of (AP). satisfies the estimate
lue|? < 2kcoo.

Proof: Using the fact that u,. is a critical point of J., we must have

1 / (0 — 2) 2 1 2
frng frng —_ = > > _ .
ce = Je(ue) = Je(ue) eJe(uE)uE 2 lue]® > o || el
Now, the result follows by combining the above inequality with (2.2). O

Here, we would like to point out that in Lemma 1, the norm |Juc|| is bounded from above,
by a constant that depends only on V,, 6 and f, then the constant does not depend on
e> 0.

3. PROOF OF THEOREM 1: THE CLASS 1

In this section, we will prove the Theorem 1, by supposing that V belongs to Class 1.
For this purpose we will use the results obtained in Section 2 fixing
= Bg.(0),
where R, = % Consequently, we know that there is a solution u. € H(RY) for (AP)..
In what follows, our goal is to prove that there is ¢y > 0 such that

uc(z) <a, Yo eRN\ Br (0) and Ve e (0,¢).



STANDING WAVES SOLUTION 237

Lemma 2. The function u. verifies the following estimate

max uc(r) -0, €—0.
©€B g, (0)

Proof: Assume by contradiction that there exists an ¢, — 0 and v > 0 such that

max  up(x) > Vn € N
©€dB g, (0) n(@) 2 ’
where u, = uc,. From now on, we fix =, € dB=r., (0) satisfying

€n

U (zn) = xeaglg; " ue, ().

€n

Therefore,

un(xn) >, VYneN
By Lemma 1, (u,) is bounded in H'(RY). Thereby, setting w, = u,(- + z,), we can
guarantee that (w,,) is also bounded in H*(RY) and it satisfies

—Awy, + V(en® + €nxp)wy = glen® + 6,20, wy),r € RN,

u € HYRY).
Using bootstrap arguments, it is possible to show that (w,,) converges uniformly on compact
set to its weak limit w € H'(RY). Then, w € C(RY) and w(0) > ~, which implies that
w # 0. Moreover, by (A1), there exists a subsequence of (e,z,,), still denoted by (e,z,),
such that

a; = lim Veyzy),
n—-+oo

for some a; > 0. Since for each ¢ € H*(RY), the equality below holds

Vw,Vodx + / Vienz + enap)wpd de — / g(enx + €nxn, wp)ddx = 0,(1)]|4]],

RN RN RN
taking the limit of n — 400, let us deduce that w is a nontrivial solution of the problem
(3.1) Au—aju+ g(z,u) =0, z€RY,
where

32, 5) = (@) () + (1 = K@) F(),
for some ¥ € L°°(RY). Thus, by regularity theory, w € L= (RY) N H2(RY).
For each j € N, there is ¢; € C§°(R") such that
l6j —wl <1/3,
that is,
6 — wll = 0;(1).

Using % as a test function, we get

0¢; 0¢; 0¢;
- anvaﬁz dx + /RN V(enx + €n2n)wy aﬁz do — /RN g(en® + €72y, wy) aiz dz = 0,(1).
Now, applying the Lebesgue’s Theorem, we deduce that
0¢; 0¢;
Vw,V 0; dx = VwV 0; dx + on(1)
RN ox; RN Ox;



238 CLAUDIANOR O. ALVES

and

99 . ¢
/RN g(en® + €n%n, W) oz, dx = /RN g(z,w) oz, dx + o, (1).

From the above limit with (3.1), we find

O
lim sup / (V(enz + €nwpn) — V(enzn))wn 2 dz| = 0.
n——+o0o RN 8 1
As ¢; has compact support, the above limit gives
. 99,
lim sup (V(enz + €nxn) — V(epzy))w dz| = 0.
n—+oo |JRN Oz
Now, recalling that % € L*(RY), we have that (g?) is bounded in L?(RY). Hence,
: 09,
lim sup (V(enx + enzyn) — V(enTn))o; dz| = 0;(1),
n—+oo |JRN Ox;
and so,
1 0(¢?
lim sup f/ (V(enz + €nwpn) — V(enwsn)) (93) dz| = 0;(1).
n—-+oo 2 RN a '3

Using Green’s Theorem together with the fact that ¢; has compact support, we obtain the
lim sup

limit below

which combined with (A;) leads to

%(enfn)/RN ‘¢J| dx

7

dz = 0;(1),

lim sup
n—-+oo

= 0;(1).

/ |¢>j|2da:—>/ lw*dr >0 as j — 400,
R2 RN

it follows that

=0;(1), Vie{l,..,N}

1 |4 ( )
1m su —(EnT
n—>+o<]§) ox; e

Since j is arbitrary, we derive that

VV(enzn) — 0 as n— oo.
Therefore, (e,x,,) is a (P.S)a, sequence for V', which is absurd, since by (Az), V satisfies the
(PS) condition and (e,z,) does not have any convergent subsequence in RY because

1
lente, | = Re :6—%+oo, as n — +oo.

n

O
Proof of Theorem 1 ( conclusion ): From Lemma 2, there exists an ¢y > 0 such that

max u.(z) <a, Vee (0,¢).
©€dB p, (0)
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Considering the function

(ue —a)t(x), ze€RN \B%(O),

it follows that @, € H*(RY). Thereby, J!(u¢)i. = 0, or equivalently,

/ VueViie dx+/ V(ex)uctie da::/ Je (T, ue)Ue dx.
RN RN RN

Now, using the definition of g., it is possible to prove that @, = 0. From this,
uc(z) <a, VYeeRY\ Bz (0),

showing that u. is a solution for (P).. O

4. PROOF OF THEOREM 1: THE CLASS 2

In this section, we will prove the Theorem 1 for the case that V belongs to Class 2.
However, we will use the results showed in Section 2 with

Q=A.

Then, we also have a solution u, € H*(RV) for (AP)..
Next, we will show that there exists an €y > 0 such that

uc(z) <a, Ve eRN\ A, and Vee (0,¢).
Lemma 3. The function u. verifies the following convergence

—0 — 0.
R =0 e

Proof: Using the same type of arguments explored in the proof of Lemma 2, we find a
sequence (x,) C JA., , with €, — 0, satisfying

VV(enzn) — 0.

Since (e,2,) C OA, and OA is a compact set in RY, we can assume that there is z9 € A
such that

€ny —> o In RN,
Gathering the above limits with the fact that V € C*(RY,R), we get
90 € OA and VV(zg) =0,

contradicting (As). O

Proof of Theorem 1 ( conclusion ): The conclusion of the proof follows as in Section 3.
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5. FINAL CONSIDERATIONS

In this section, we would like to point out that the arguments explored in the present
paper can be applied to study the existence of solution for elliptic problems with critical
growth for N > 3 and exponential critical growth for N = 2, with the following hypotheses:

Critical growth for N > 3:

—2Au+ V(x)u = Nul? 2u + |[u|?* "2u in RN, (P)
u € HY(RYN), o
where €, A > 0 are positive parameters, ¢ € (2,2*) and 2* = %

The main result associated with this class of problem is the following

Theorem 2. Assume that V' belongs to Class 1 or 2. Then, there is g > 0 such that

a) If N >4, (P.). has a positive solution for all € € (0,¢e9] and A > 0.

b) If N =3, there exists an A* > 0, which is independent of ey > 0, such that (P.). has a
positive solution for all € € (0,e0] and X > A*.

In the proof of this result, we adapt the arguments found in [4], because in that paper,
the problem (P.). has been considered with the same condition on V, as considered in [6].

Critical growth for N = 2:

Hereafter, f € C*(R) and it satisfies the following conditions:
(f1) There is C' > 0 such that

[f(s)] < Ce* s’ for all s eR.

(f2) 1im 18 g,
s—0 8

(f3) There is 8 > 2 such that

0<0F(s) :zﬁ/sf(t)dt <sf(s), forall seR\{0}.
0

(f4) There exist constants p > 2 and C), > 0 such that
f(s) > CpsP~! for all s> 0,

where (r2))2
20 1 P
Cp > |Bp - )
6 —2 ) min{l, Vj}
with
Bp = }\I}OE Joos
Noo = {u € H'R*))\ {0} : J'_(u)u = 0}
and

1 1
Joo (1) = i/Rz (1Vul? + [V]oolul?) dz — E/RQ lufPda.

The main result related to above hypotheses is the following
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Theorem 3. Assume that V belongs to Class 1 or 2 and f wverifies (f1) — (f4). Then,
problem (P)¢ has a positive solution for € > 0 small enough.

In the proof of Theorem 3, we follow the ideas found in [9], because in that paper,
problem (P). has been considered with V verifying the same conditions, as explored in [6]
and f satisfying the above assumptions.

Acknowledgments. The author is grateful to the referee for a number of helpful comments
for improvement in this article.
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A GLOBAL EXISTENCE RESULT FOR A KELLER-SEGEL TYPE
SYSTEM WITH SUPERCRITICAL INITIAL DATA

DANIELE BARTOLUCCI(), DANIELE CASTORINA ()

ABsSTRACT. We consider a parabolic-elliptic Keller-Segel type system, which is related
to a simplified model of chemotaxis. Concerning the maximal range of existence of
solutions, there are essentially two kinds of results: either global existence in time for
general subcritical (||po||1 < 87) initial data, or blow—up in finite time for suitably chosen
supercritical (||po||1 > 8n) initial data with concentration around finitely many points.
As a matter of fact there are no results claiming the existence of global solutions in the
supercritical case. We solve this problem here and prove that, for a particular set of
initial data which share large supercritical masses, the corresponding solution is global
and uniformly bounded.

1. INTRODUCTION AND MAIN RESULT

Let Q C R? be any smooth and bounded domain, we consider the following parabolic-
elliptic Keller-Segel type system

pt =V - (Vp—pV(u+logV)), z€Qt>0

—Au = O, t>
(1.1) = reLt=0 b a)
p(2,0) = po(x) >0, [opo=X z€Q
%—p%z& u =20 redN,t>0
We assume that V satisfies,
(1.2) Ve ()Nt (Q), a€ (0,1] and 0 < a < V(x) <b.

This is a simplified version of a chemotaxis model first introduced in [13]. The analysis
of these kind of problems has attracted a lot of attention in recent years and we refer the
interested reader to the monograph [19] for a complete account about this topic.

We say that (p,u) is a classical solution of P(\,Q) in [0,T] if p > 0,
(1.3) peC(Qx[0,T)NC*> (A% (0,T]), ueC> (2x(0,T]),
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and (p,u) solves (1.1). We say that (p,u) is a global solution of P(X, Q) if it is a classical
solution in [0, T] for any T > 0.

Concerning the maximal range (in time) of existence of solutions to P(A,€2), there are
essentially two kinds of results. The first one yields sufficient conditions to guarantee that
the solution is global and uniformly bounded, that is

(1.4) sup sup p(z,t) < C.
>0 zcq

In fact it is well known that if py is smooth and A < 87 then P(), ) admits a unique
solution which is global and uniformly bounded, see [20] and also [6], [11]. The second class
of results is about sufficient conditions which guarantee that blow up occurs in finite time,
that is, there exist Ty, > 0 such that

(1.5) lim sup p(x,t) = +o0.
t Tmax 2€Q)

These conditions require the initial density pg to satisfy A > 87 and to be ”"peaked” around
some point, see [18], [20] and also [12]. Other intermediate situations may occur, such as
for example blow up in infinite time when A = 8, see [20]. So the value A = 8 is said to
be the ”critical” threshold and the study of (1.1) is generally divided in the subcritical and
supercritical regime according to whether A < 87 or A > 87 respectively. Of course, there
are many other results which are concerned with the blow up rate and the structure of the
blow up set, see [19] and more recently [20] for further details.

The existence of global solutions in supercritical regimes is a challenging open problem in
the study of general evolutionary equations, which has lately attracted a lot of attention, see
[4, 5, 15]. Actually, in spite of a huge literature regarding the Keller-Segel model, there are
no results at hand claiming the existence of global solutions to (1.1) in the supercritical case
A > 8m. We solve this problem here and prove that (1.1) may admit global and uniformly
bounded solutions in the supercritical case as well. In fact we are able to find a particular
set of initial data which share arbitrarily large supercritical masses A > 8 such that the
corresponding solution is global and uniformly bounded. More exactly we have the following
global existence result for (1.1).

Theorem 1. (a) Let Q be any smooth, bounded and simply connected domain. For any
ce€ (0,1] let D = ¢ (as given in (1.2)) and cp = cD. Then there exist €, > ¢,(cp) > 0 such

2

that if {e?a® + y? < B2} C Q C {%2? + y? < B2} with ¢ = ﬁ—; then, for any € € (0,¢,(cp)]
+

and for any X\ < A¢ ., there exist initial data po such that P(X, ) admits a unique global

and uniformly bounded solution (px,uy). Here AQCD < Aeep < A and Ae,c[ﬂ Ae are strictly

decreasing (as functions of €) in (0, ¢,(cp)], (0, €] respectively with A, .., =~ (84_722]133)67 Ae 23—:
ase— 0%,

(b) There exists N > 4m such that if 0 is any open, bounded and conver set whose
2 —
isoperimetric ratio, N = N(Q) = LA((%S;), satisfies N > N, then for any A < An there exist

initial data po such that P(\ Q) admits a unique global and uniformly bounded solution
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(pasun). Here Ay, < Ay < Ay and Ay, Ay are strictly increasing in N and Ay ~

2 _
% +0(1), Ay =~ MT?’N +0(1) as N — +oo.

The proof of Theorem 1 is based on the following observation. System (1.1) admits a
natural Lyapunov functional, which is the free energy (2.2) below. Suppose that we were
able to find a strict local free energy minimizer, say pg,x. Then, in a carefully defined dual
topology, those solutions of (1.1) with initial data in a small enough neighbourhood of pg x
should be trapped there for any ¢ > 0.

This information should yield the uniform estimates needed to prove global existence as
well as uniform bounds. So the problem is to find out such minimizers and a good topology
to work with. We seek these kind of minimizers in the class of stationary states (p,u) of
(1.1) which therefore satisfy

—Ap=V"-(pV(u+logV)), z e

—Au = Q
(1.6) “=p ve

pr:?‘

% - pid(“'gsg V)0, u=0 x € 0N

X

We choose a particular steady state (po,x, ux) of the form pg » = /\f\/‘e}i’ (which satisfies
Q

o
the Neumann type boundary condition in (1.6) automatically) and so reduce the problem to
the existence for large A of a free energy minimizer in the form of a (possibly weak) solution

u) of the following mean field equation with homogeneous Dirichlet boundary conditions:

Veltr
—Auy =A+——— inQ
(1.7) Yo ven
uy =0 on 99
The existence of free energy minimizers taking the form A J.V‘e/ueix with A < 87 is well
Q

known [8] where u) is a minimizer of the corresponding variational functional, see (2.5)
below. On the contrary, in case A > 87 solutions of (1.7) on domains with non trivial
topology are well known to exist [9] which are not minimizers of (2.5) in general. The
reason behind this issue is that if A > 87 then both the variational functional (2.5) and the
free energy (2.2) are not bounded from below. Therefore, in particular, any local minimizer
for A > 87 won’t be a global one and would correspond not to a stable state but in fact to a
so called metastable state from the dynamical point of view. Luckily enough, the existence
for large A of solutions of (1.7) on narrow domains which minimize the functional (2.5) has
been recently established in [3] in case V' is constant and then generalized to the case of non
constant V' for Liouville systems in [2]. In [2] it has also been shown that these solutions
naturally yield minimizers of the multidimensional analogue of the free energy (2.2) in a
suitable dual Orlicz-type topology. However we face a more subtle problem here since some
properties which are almost obvious in the HE()-topology (see (2.7)) become more delicate
in the Orlicz setting. As a consequence some care is needed to show that local minimizers
of the free energy inherits that property from local minimizers of (2.5) in a suitable large
enough sub cone, see in particular (3.18) in Proposition 2 below. To make the exposition
self contained we will also provide the details of the existence result, see Theorem 2. This
might be also useful since it clarifies the role played by a non constant V' as well as the
minimizing properties of those solutions in the scalar case.
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Once we have found the desired minimizers with the necessary topological informations,
then we can prove that in fact some crucial a priori bounds hold, see (4.2) below. By using
these a priori estimates, then the proof of the global existence result could follow in principle
from an adaptation of well known arguments [6], [11] to the analysis of system (1.1). It turns
out that we do not need to work out this argument since this kind of adaptation has been
recently worked out in [20] via a beautiful shorter proof of uniform boundedness and global
existence of solutions based on (4.2).

Remark 1. It is likely that, by using a uniqueness result obtained in [3], one could also
prove that the py found in Theorem 1 converge as t — +o0o to the pair (po x,ux) solving
(1.7).

This paper is organized as follows. In section 2 we recall some well known facts about
Keller-Segel systems. In section 4 we prove a global existence result for (1.1). In section
3 we obtain the needed free energy minimizers with large masses. Finally, in section 5, we
prove Theorem 1.

2. PRELIMINARIES

We collect here some well known results, see [19]. Some proofs are provided for reader’s
convenience.
The fact that for a given smooth initial value pg, (1.1) is locally well posed in time is well
known (see for example [6], [11]). Also, the fact that p(-,¢) > 0 follows for non negative
initial value py by the maximum principle. Actually it holds p(-,¢) > 0 for any ¢ > 0, and
in particular solutions are classical, see for example Theorem 3.1 in [19]. The total mass
conservation for (1.1) can be obtained as follows:

d B B B Op  O(u+logV) B
(2.1) dt/ﬁpd:p—/gv (Vp pV(qulogV))d:vf/(rm (8V e do = 0.

Let us then consider the free energy associated to problem (1.1), that is

@2 Fo) = [ p(oa(f)=1) -5 [ s6li= [ o(ox(F)-1-5).

where G is the Green function of —A in 2 with homogeneous Dirichlet boundary condi-
tions, G[p](z) = (G * p)(z) and p € Py where,

(2.3) PA:{pELl(Q):pEO a.e. ,/p:)\ and /plogp<oo}.
Q Q

Clearly, for any ¢ > 0 for which p(z,t) is defined, we have p € Py whenever pg is (say)
smooth, see for example [19]. Thanks to the conservation of mass (2.1) we can deduce an
important property of P(\,Q): the decrease of the free energy F along the flow associated
with the first equation in (1.1). In fact, notice that by (1.1) and integration by parts we

have
/put:—/utAu:/VutVu:/upt.
Q Q Q Q
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From this and the fact that V is time independent, the homogeneous Neumann conditions
and again integrating by parts, we deduce that:

4705 folen() 1 5) -

:/th(log(é)f%) dx*/ﬂptdIJr/QP% (log<§)fg) dx =
1

= /QV “(Vp—pV(u+logV)) (log (5) — u) dr =

= [ (2 P Y f1g (2) 1) o

N /Q(Vp —pV(u+logV))V (log (5) N u> dx =
—/Qp‘v (log<§) —u)‘2 dr <0.
Hence we get that:

(2.4) Flp(,1) < F(p(+0)) = Fpo()) Vi>0.

For any v € H}(Q) let us consider the variational functional

(2.5) Jr(v) = %/ﬂ |Vo|? — Xog </Q Ve”) .

It is well known that critical points uy of Jy are weak solutions of (1.7). As mentioned in
the introduction we will need the following recently derived [2] existence result of strict local
minimizers for Jy with large mass.

Remark 2. If v € H}(Q) then we define

vl 2 ) = lvllL2@) + IVl L2(0)-

Theorem 2. (a) Let Q be any smooth and simply connected domain. For any ¢ € (0,1]
let D = ¢ (as given in (1.2)) and cp, = c¢D. Then there exist € > €,(cp) > 0 such that
2
if {22 +y? < B2} C Q C {®2? +y? < B} with c = g—; then, for any ¢ € (0,¢,(cp)]
+ p—
< Aeep < Ae and
e are strictly decreasing (as functions of €) in (0,¢,(cp)], (0, respectively with

_ — ~ _4mcp ~ 27 +
=8 = A¢, and Ae,en > Goep)er Ae = ase—>0".

and for any A < Aecp, problem (1.7) admits a solution wy. Here A
A

~€,cp’

A

Ze,(ep)cp

€,CD

(b) There exists N > 41 such that if Q) is an open, bounded and conver set (therefore sim-

ple) whose isoperimetric ratio, N = N () = LZ((?ZS))), satisfies N > N, then for any A < Ay
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problem (1.7) admits a solution uy. Here Ay, < Ay < A with Ayp =8m, Ay, and Ay

strictly increasing in N and Ay, ~ % +0(1), Ay =~ 2‘[73]\’ +0(1) as N = +oo.

(¢) The solution uy found in both cases (a) and (b) is a strict local minimizer of J\ and
the first eigenvalue of the linearized problem for (1.7) at uy is strictly positive. In particular,
there exists 69 > 0 such that

(2.6) J)\(u) > J)\(U)\)

forany 0 < ||u—u)\|\Hé(Q) < dg. Moreover, there exists ng > 0 such that, for any 0 < mp < ng,
there exists di > 0 such that

(2.7) In(u) > Ja(up) + dy
whenever m < [Ju —ux||z2(0) < No-

Proof. We shall derive part (a) of the statement and skip the details of the proof of part (b)
which can be handled by the same argument adopted in [3].

In view of the dilation invariance of (1.7) (that is, if uy(z) solves (1.7) in €, then for any
t > 0 ux(tz) solves (1.7) in (t)~1Q with V(z) replaced by V(tz) which still satisfies (1.2))
for fixed ¢ € (0,1] and up to a rescaling we can assume without loss of generality that

Qe = {22+ <cycQC{&2?+¢*> <1} = Q..
Let us consider the following Liouville-type [16] problem

(2.8)

—Au =puVe* inQ
u=0 on 0N

and let us define

(2.9) Ve,y = 210g < (1+%)

1+ ’}/2(62332 + y2

)>, (x,y) € Q.

A straightforward evaluation shows that v, . satisfies

—Avey = Ve e’ in Q
(2.10) { Vey =0 on 0Of),,
where
(21]_) V. (:L’ y) = ﬂ (1 4 e +’72(1 _ 62)(62.’E2 N y2)) ]
T (1+92%)?
Since
1% > = W qies2@e 1),y 0
6,"/(1’.7y)—g+(776) E 212 ( +e +y (6 ))1 (xay)e €
(14+72)
thanks to (1.2) we easily verify that v, 5 is a supersolution of (2.8) whenever
(2.12) b < g+(vs€).
For fixed e € (0,1), the function h.(t) = g4 (V/1,¢) satisfies h(0) = 0 = h, (}fi» is

1+e2
) 3_¢2

1+52 1+e2 )

strictly increasing in (0 ) and strictly decreasing in (3762, oo
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2 2
Therefore, putting 72 = éf:i and i, = %he (72) = %g+(ﬁe,e) = ( ;}1) , we see in
particular that for each pu € (0,7, ) there exists a unique 7~ € (0,7, such that g4 (7, €) =

pand v+ is a supersolution of (2.8). Indeed we have

(7:)2 _ (,y:_('u))z 2(1 + €2) — pub —2,/(1 + €2)? 72,u

b +4(1 — €2)
On the other hand let us consider
2log | — ) (2 y) € Q..
(213) Ve,y,c = & <1+ (222 +y2) ( y) ’
07 (‘T,y) € Q\Qe,o

Again a straightforward computation shows that v . satisfies

_Avﬁ-,’Y»C = Vvﬁy’YyCevE'%c in Qe,c
ve,'y,c =0 on aQE,C7

where

] 2,.2 2 .
Ve,%c@c,y):{ O<1+w>(1+6 + (- E)(E? — ) in Qe

in Q\ Q.
Since
Vernel@sy) < g-(rer6) = =L (1+e+71-€)), V(zy) e,
” c(1+~2)2

it is not difficult to check that v . ¢, again by (1.2), is a subsolution of (2.8) whenever
(2.14) ap = g-(v,¢€¢).

For fixed € € (0, 1), the function f..(t) = g_(V/%,¢, c) t € (0,7?] is strictly increasing and
satisfies fe .(t) > hc(t). Once again, putting 72 = 1+:2 and p_ = The 3) = Lg9-(7.,¢) =
%, we see that for each p € (O’E@a] there exists a unique .. € (0,7,) such that

L9 (vwec)=p v . <~ and U o 18 & subsolution of (2.8). Indeed we have

(o) = (o)) = Mo =20+€) +20/(TF &)~ 2juae
Tee) = eell)) = 4(1 — €2) — pac )
Notice that since a < b we clearly have p_ > T ;. In conclusion, since Yeelp) < v (1)

implies v .- . <wv, -+, for fixed € € (0,1) and for each p € (0,7, ;] we can set

Yy = Veyro(uyer Ui = Vet (uy
and conclude via well known sub-supersolution results [10] that a solution (in a suitable

weak sense) ue . of (2.8) exists which satisfies
(215) ’UGNZ,C(M%C < Ue,p,c < U (/1«)7 V(!L‘,y) €.

Then the Brezis-Merle results [7] and standard elliptic regularity follows that u , . is a
classical solution of (2.8).
Any such a solution u. , . therefore solves (1.7) with A = A¢ ., (1) satisfying
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W v, AT o) 7T _
(2.16) A=Aeep(p) = M/Ve o > pa / e necte = pac— (14 (voo(1)?),
Q Qe.c
and
QA1) A=Al =p [ Verne <pb [ et = i (14 (6 ().
Q Qe

In case 1 = i p, recalling that D = ¢ and ¢p = ¢D, we have

cp(l+€e?)+4(V1—cpe? —1)

8(1 —€2) — cp(l + €2)?

(Vee@))? =72, = (1 +¢)

and

(v (m ))2 =7 (1 2) 5-¢
=~7v-=(1+¢€

Ve e € 8(1—€2) + (14 €2)2’

so that, by (2.16) and (2.17) respectively we have:

_ ac(1+€*)? 9 dmep

2.18 Meer = Aec >N =" 7 ~
( ) ,CD 5 D(/’Le,b) Le,cp 2 6( +le’c) (8 _ CD)E
and

- (1+e2)?nm , 2
(2.19) Acen SAe = —————(1+7¢) = -
as € — 0T. Moreover it is easy to verify that Accpp 18 strictly decreasing at least for € €
(0, r}ﬁ] and that there exists €,(cp) < 2—&% such that A, . > 8w for any € € (0,¢,(cp)]-

These estimates are uniform in 0 < D < 1 and in ¢ € (0,1]. We also see that A — (47”)_
as € — 17, is strictly decreasing for € € (0,¢,] and strictly increasing for e € [ep, 1) for
some €, ~ 0.5 and then it is straightforward to check that there exists €, > €, (c) such that
Ae > 8 for any € € (0,€.]. Finally, since Ae.p, (1) is continuous in p and by using (2.16)
and (2.17)

as . — 0
—

0 < heep (1) < pz (L4 (3F(W)?) 0,

we obtain the existence of a solution for P(A,) not only for A = A..,, but for any
A € (0,Accp] as well. This fact concludes the proof of the existence result claimed in

(a).

Next we prove that the solutions obtained so far are strict local minimizers of Jy, i.e.
part (c) of the statement. Actually we need a stronger result, that is, the linearized problem
relative to (1.7) has a strictly positive first eigenvalue. Putting

V u

f‘fe“’ and < f >w=/w(U)f7
Q Q

7

w=w(u) =

then the linearized problem for (1.7) takes the form

{ —Ap —dw(u)p + Iw(u) <p>,=0 in Q

(2.20) =20 on 0f).
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Letting H = H}(Q) and

£o0) = [ (V6-vo) - [wtwow +a| [wwe | | [wwe), @venxm,
Q Q Q Q
then by definition ¢ € H is a weak solution of (2.20) if
L(p,) =0, V¢ eH.
We define 7 € R to be an eigenvalue of the operator
Llpl = —Ap = Aw(u)(p— < ¢ >u), ¢ H,
if there exists a weak solution ¢g € H \ {0} of the linear problem
(2.21) —Ado — Aw(u)do + Aw(u) < ¢o >u=Tw(u)go in Q,
that is, if
£lonv) =7 [w(wows, Yo eH.

Q
Standard arguments show that the eigenvalues form an unbounded (from above) sequence

T << STy

with finite dimensional eigenspaces (although the first eigenfunction changes sign and
cannot be assumed to be simple in this situation).

Let us define
[IVO] =A< ¢? >y +X < ¢ >2
_ £(¢a (b) Y ¢ “

<>, < P2 >,

Q(9) , ¢eH.

In particular it is not difficult to prove that the first eigenvalue can be characterized as
follows

7 = inf{Q(¢)[¢ € H\ {0}}.

At this point we argue by contradiction and assume that 7 < 0. Therefore we readily
conclude that

70 = inf{Qo(¢)|¢ € H\ {0}} <0, where Qo(¢)= f‘)ff)
and

Lo0.) = [ (96:-90) = A [ wlwyon, (6,v) € H x .
Q Q
Clearly 7 is attained by a simple and positive eigenfunction ¢y which satisfies
—Apo — dw(u)po = Tow(u)pg in O
. [ o "
Let us recall that we have obtained solutions for (1.7) as solutions of (2.8) in the form

U = Ue e, for some p = p(e) < 7, whose value of A = A(y, €, cp) was then estimated as
a function of e. That point of view is well suited for our purpose, that is, we get back to
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w=A (fQ Ve“)_l. Hence, let us observe that for a generic value pu < 7, (2.22) takes the
form

(2 23) { _AQQO - ’U'VKEaNaC(pO = VOVK67M70§00 in
. $o=0 on 09,
where
Kepe=e"ne and vy= ,uy <0.
We observe that, by defining
2
14+, (n)?
7 fers i AR Qe c
Ke(w?c = el = <1+W(62m2+y2)> (@,y) € e,
! (1" y) € Q \ Qe,m

L+ (w)? ’
K&) = e"endun = < € ) x,y) € Q.
i ety ) 0 Y
we have

KO <Ko <K for any (z,y) € Q.

In particular, since
K() < (447 (w)?)? and 1< K() < (9.0 in @
and
(2.24) QCT.:={(z,y) e R*[|z] < (7", [y| <1},
then, by using the fact that
JIVel* de —p [ K u? da
Q

Q
[ Ke 92 dx
Q

Vg = inf peH; <0,

it is not difficult to check that, for some p <, = (1+6 ks , thanks to (1.2) the following
inequality holds:

f IVe|? dz — ub(1 + 7} (1 f@ dz

(2.25) inf T peHy <0
T.

Hence, there exists Ji, < 0 such that, putting o = o(u, €) = pb(1 + v (1)?)? + 1y, there
exists a weak solution ¢g € H of

—A¢pg—0¢pg =0 in T,
(2.26) { ¢o=0 on OT,.

It is well known that the minimal eigenvalue o, of (2.26) satisfies opin = T-€2 + %2 >
2(1 + €2) and we conclude that

(2.27) 2(1+€%) < o, €) = (1 + 75 (1)*)* + Too.
, 1t is not difficult to check that o = o(u, €) satisfies

o(pe) <1,

Next, since ¢, (c¢p) < 2ﬁ
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for any € < ¢€,(cp), which is of course a contradiction to (2.27). Therefore 7 is strictly
positive as claimed, and this clearly yields (2.6) for some small §; > 0.

Finally we prove (2.7): on the one hand, since |[u — u|[gi() < do, then by Poincaré

inequality with constant p; = p1(Q) we have ||u — ux|z2) < M0 = %. On the other

hand, by a simple Taylor expansion for Jy around the local minimizer uy and by choosing
1o smaller if necessary, we see that

1
Iaw) = Ia(ur) + 5 < I3 (UA)[U—UALU—UA>+0(|\U—UA||2Lz(Q))

>J)\(u>\)+ < JY(upa)[u — up),u —uy >

for ||u — ux|[z2() < mo. Now, thanks to the fact that the linearized operator £ admits a
positive first eigenvalue 7, we have:
< J{(un)u —ur],u —uy >= L(u —uy,u—uy) > 71 < (u—uy)? >,
Notice that, thanks to (1.2) and (2.15), there exists ¢y > 0 such that w(uy) > ¢, which
spells that
< (u—wun)? >u> exllu—ualL2()
Thus, we finally find that for any 7; < 1y we have
T1C
J,\(u) > J)\(u,\) + ! 2771
whenever 71 < [Ju — ux||£2(q) < 70, which proves (2.7) with d; := 20, O

3. THE EXISTENCE OF FREE ENERGY MINIMIZERS WITH LARGE MASSES.

As mentioned in the introduction we will need some properties in the dual Orlicz topology
that the free energy minimizers inherit from those of the u) found in Theorem 2. In order
to clarify this aspect let

Ly(92) := { pmeasurable in Q : ||p|le < +o0},
be the Orlicz space [1], [14] whose Young functions are

[
O(t) =tlog(l+1t), t>0, Y(s)= r{1>aox{ts —®(t)}, s>0,

||p||¢:—s%p{ [ ot ,/Qwh)gl}.

The Orlicz space contains the so called Orlicz class of all functions p which are measurable
in Q and satisfy [, ®(|p|) < 4oco. For any u which satisfies [, U(|u|) < 400, let us also
introduce the Luxemburg norm,

(3.1) lullw = inf{a >0 : / T(atul) < 1}.
Q
It is straightforward to check that
(3.2) U(s) <se* 1 s€[0,+00) and U(s) <e ' —(s—1), s >2,

where
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whence in particular the Moser-Trudinger inequality [17] shows that (3.1) is well defined for
any u € H}(Q). Tt is well known [1], [14] that Ls () is a Banach space with respect to the
I - [|o-norm. In particular the following version of the Holder inequality holds

(33) [ o loleliuls.

for any p € Lg(€2) and any w such that (3.1) is well defined. In particular we have
1

(3.4) §t2 <O(t)<t?,t<1, and t<®(t) <t t>1.

Clearly P, is a convex subset of L (€2). We will need the following result about the continuity
of F with respect to the topology induced by Lg(£2). Let

P::{peLl(Q):p>0 a.e. and /plogp<oo}.
Q

For any density p € P we will let u, be the corresponding potential, that is u,(z) =
Glp)(z) = (G * p)(z). Clearly u, is the unique distributional solution of:

(35) —Au, =p inf}
u, =0 on 00

Remark 3. By using the Green’s representation formula
(3.6) uy(z) = / G(z,w)p(w)dw, Vzeq,
Q

and the Hélder’s inequality (3.3) we see that u, € L>(2). Indeed, for any o > 5= we have

[0 (S [y () g [ (Bem) e <
Q o Q o Q

1 1\ 7= 1
& / log dwg% / log 1 dwgﬁ,
! |z —w| \ |z — w] « |z —w| \ |z — w] !

1(2) Bl(z)

so that
(3.7) sup |Gz, v < Co
z€Q
for some constant Cy > 1 depending only by Q. Therefore, in particular pu, € L'(£2) and

then standard truncation arguments show that u, € Hg (). We conclude that u, is also a
weak solution of (3.5).

Then we have

Proposition 1. The functional F is continuous on P with respect to the topology induced

Proof. Fix p € P and let {p,} C P be any sequence such that
(3.8) llon — plle — 0, as n — +oo.

We are going to prove that F(p,) — F(p). We recall that, since ® satisfies the following
As-condition

(3.9) D(2t) < AD(H), V> 1



GLOBAL EXISTENCE FOR A SUPERCRITICAL KELLER-SEGEL TYPE SYSTEM 255
then, see [14], a sequence {p,} C La(Q2) satisfies (3.8) if and only if

(3.10) lim <I>(|pn —pl) =

n—-+o0o

Clearly p,, satisfies (3.10) since P C L@(Q). By using (3.4) we find

/Ipn pl < / lpn — p| + / lpn — p| <

lon—p|<1 lon—p|>1

1

2

oE / el | + / pn—pl <

[pn—p|<1 [pn—p|>1

ot (/chwn—p))é + [ #, -0

Therefore p, — p in L'(Q). Next observe that

un(2) = Glpn](z) = /QG(z,w)pn(w), and  u,(z) = /G zZ,w)

satisfy u, — u, in L. In fact, letting 2, be any point where the maximum of |u, — u,| is
attained, we find

[un—=tpllo0 = |tn(2n)=up(2n)] < /QG(me)\pn(w)—p(w)l < llpn=pll2l|G(zn; )llw < Collpn—=plle,

where we used (3.3) and (3.7). Therefore, since p, converges in L'(2) to p, we conclude

that
/pnG[pn]:/pnun_)/pup:/pG[p]vaS n — +09,
Q Q Q Q

by the duality L'(£2), L> (). This fact shows that the functional p — [, pG|p] is continuous.

Since we have shown that [, pG[p] is continuous and that p, — p in L'(£2), then, to
conclude the proof, we just need to show that in fact [, p,log(pn) = [, plog(p). To this
aim we observe that since p,, satisfies (3.8), and since L (€2) is a Banach space, then ||p,| s
is uniformly bounded. But then, see [14] §3.10.9, since ® satisfies (3.9), then there exists
Cy > 0 depending only by [, plog p such that

/ q)(pn) < OQa Vn e N7
Q

whence in particular
(3.11) / pnlog(pn) < / pnlog(pn) < / pnlog(l 4+ p,) <Cy, VneN.
“ prn=>1 pn>1

At this point, for any € > 0 we can choose m. € (0,1) such that, setting
Q1= {pn <mPU{p <m},



256 D.BARTOLUCCI & D.CASTORINA

then, for any m < m it holds

(3.12) [ pntoston) [ pos(e) < [ 2mitog(m)| <.

Qmwl Q'm,l Q

where we used the fact that mlog(m) — 0 as m — 0. Next let us set Q,, := Q\ Q,,, 1 and

decompose
/pn log(pn)—/plog(p)’ <
Q Q

/ pnlog(pn) — / plog(p) | + / pnlog(pn) — / plog(p) | <

Q1 Qm,1 Qm Qm

(3.13)

2e+ / pn log(pn) — / plog(p) |+ / pn log(pn) — / plog(p)

an{PnZP} an{PnZP} Qmm{l’ngp} Qmﬂ{anp}
We will use fact that for any o > 1, we have

/ N <|10g(pn)|XQm> </ (Lostez)ixon ) s xay
— « -
Q Q Q
/(\mgépn)\)ew < / (|logépn>|)ew+ / (\logépn)\)ew <

Qi m<p, <1 pn>1
log(m 1\ log(pn, 1 log(m 1 log(pn,
oot (LYF [ loton) 11 < glostml (1), f loson)
« m « « m «
pn2>1 pn>1

1 [ ||| log(m 1 /19| log(m

(108, ) rg) < L (1280 ),

« m « m

pn>1

showing that, in view of (3.11),
| log(pn)Xam v < Cs,

for some constant C, depending only by m, |Q2| and Cy. Therefore we can estimate

(3.14) [ stoston = [ ploste)| <
QN {pn>p} QN {pn>p}
/ 19n — plllog(pn)] + / pllog(pn) — log(p)] <
QN {pn>p} QmN{pn>p}
1
n 1 n X 3 |Mn — S
low = ploll ozt xole + [ pslon =)

QmN{pn>p}
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1
Clloa=sls+ [ prlou=rl<

QmN{pn>p}

Cullpm — pllo + / In — ol <&,
Q

for any n large enough, possibly depending on m and C5, where we used the mean value
theorem. The same argument in a slightly easier form shows that

(3.15) / pnlog(pn) — / plog(p) | <e
Qmm{PnSP} Qmm{PnSP}

for any n large enough, possibly depending on m, and we skip the details relative to this
estimate to avoid repetitions. The fact that [, p,log(pn) = [, plog(p) is an immediate
consequence of (3.13), (3.14) and (3.15). O

Next we have

Proposition 2. Let uy be a strict local minimum of Jx and assume that (2.6), (2.7) hold.
If

U

(3.16) po = AM

then po.x € Py and the following property (H)x holds: there exist and g9 > €1 > 0 such that
(3.17) F(p) = Flpor) >0,

for any p € Py such that 0 < ||p — po x|le < €0 and

(3.18) F(p) = Fpo) + di,

for any p € L?(2) NPy such that ||p — po|le = €1, where dy is the constant introduced in
(2.7).
Proof. Whenever u, = G[p|](xz) = (G * p)(z) we set

Vele
If po.» is defined as in (3.16), then po » € Py and for any p € Py we find,
F(p) = F(pr) =

= /Qp (log (%) -1- ;GLOO - /QIOO,)\ (log (py) -1- ;G[,Oo,xo =
/Qp(log(é) ;G[P]) + Mog </QV6“*) —%/QWUAF*MOg)\*/QPJr/QPO,A:
:/Qplog (Ui) +/Qplog(0;}p) _%/QPG[P]—)‘IOg)\_JA(U/\)Z

Ou, 1 _
= [ plog (%) = 5 | pGlol = Nog A= i) =
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:/qupfé/QpG[p]—Alog </QV6“”> = Ia(ux) =

(3.20) = Ja(up) — Ia(un),
where we have used Remark 3, (3.19) and the following facts:

e by definition log (p“]}*) = log (f)‘f/u:uk> = uy + log A — log (fQ Ve“*);
Q ~

e by (1.7) and the definition of pg x we have: — [, poxur+3 [o, PoaGlpo] = —3 [, [Vual?;

e since {0y, po,x, p} C Px we have fQ Ou, = fQ PoN = pr =\

e by Jensen’s inequality applied to ¢(t) = tlogt and t = % we have: fQ plog (aip ) >

0.

We learned of this nice application of the Jensen’s inequality in [21]. In view of (2.6) we
have Jy(u) — Jx(ux) > 0 for any 0 < [lu — ux[|g2(q) < do. Therefore, to prove (3.17), it
only remains to show that there exists 9 = £9(do) > 0 such that 0 < [lu, — uxl|g1 (@) < do
whenever 0 < ||p — po.alle < g9. We first prove a stronger property which will be needed in

the proof of (3.18) as well. By using the Green’s representation formula and the Holder’s
inequality (3.3) we see that

(3.21) H%*uﬂmwnSngG@wWMH*mA@N@SCMP*me
Te

where C is the constant found in (3.7). Next observe that

A|v(up_uA)‘2:/Q(|Vup|2—2(Vup,VU)\)—|—|Vu)\|2):/

pwfmma/mww—mg
Q

Q

Collp = polle + lurllwllp = porlle < Cllp = polle,
where we used (3.2), (3.3), (3.21) and the fact that obviously ||uy||w is bounded. We conclude
that there exists C' > 1 such that

(3.22) wp — urllzz ) < Cllp — poalle,

and in particular that it is always possible to fix g := 25% > 0sothat 0 < [Ju,—uxll g1 () < do
whenever 0 < ||p — po.alle < €0. Hence (3.17) follows whenever we can prove that if p has
been chosen in this way, and therefore does not coincide with pg x, then the unique u,
determined through (3.5) does not coincide with uy. However this is easily verified since if
this was not the case we would find

0=—A(up —uxr) =(p—po,x) in€

which is in contradiction with the fact that p does not coincide with pg . At this point
(3.20) shows that

F(p) — Flpa) = In(up) — Ix(ur) > 0,
whenever 0 < ||p — po.rlle < €0 as claimed.

Concerning (3.18) we first observe that, in view of (3.4), we have L?(Q) C Ly (). The
linear operator 7' : L?(Q) ~ HE(Q) which maps p € L?(Q) to the unique weak solution
u, € H}(S2) of (3.5) is a continuous bijection, whence there exists C3 > 0 such that

loll2) < Csllupllaa)y, Vpe€ L*(9),
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and then, since po € L*(), for any p € L*(Q) NP we find
(3.23) e = poxlre) < Csllu, — UA||H5(Q)~
On the other side (3.4) implies

(3.24) /<I>(\p—po,xl)§/ 0= pol?,
Q Q

and then we have
Lemma 1. For any €1 < €qg there exists 63 > 0 such that
(3.25) 0= poallL2(e) = 62,
for any p € L*(Q2) NP such that ||p — poalle = €1.

Proof. If the claim were false we could find a sequence p,, such that ||p, — porlle = €1
and ||pn, — pollr2(0) < £, as n — +oo. Then (3.24) implies that [, ®(|pn — po,a|) — 0,
as n — +oo which in view of (3.10) is the same as (3.8), that is ||pn, — porlle — O,
as n — +oo. This is the desired contradiction to ||p, — poalle = €1 O

At this point, by using (3.22), (3.23) and (3.25) we conclude that for any €1 < g9 we have

02
— < lup —wallgp () < Cen,

Cs

for any p € L*(Q) NP such that ||p — po.rlle = €1. Then, in particular, we can choose
g1 < 2‘% and a smaller d if needed which satisfies dg 1 := %23 < (¢ to conclude that

(326) 50,1 é ||up - u)\”Hé(Q) < 507
for any p € L*(Q) NP such that ||p — po a|le = €1. At this point we can prove the following
Claim: There exists 0 < 11 < 19 := dp such that

m < |lup — uxllz2(0) < Mo,

for any p € L*(Q) NP such that ||p — po.r|le = e1-

Proof of Claim:
Clearly (3.26) holds and then in particular we see that ||u, —ux| z2(q) < do. Concerning the
left hand side inequality we argue by contradiction. If the claim were false we could find a
sequence p, such that, setting u,, = u,,, then, in view of (3.25), we would find

1
(3.27) un —urllzi) = 601 and  [[un — uallL2() < - VneN.

On the other side we have —A(u, — uy) = (pn — pa) and then, multiplying by u, — ux
and integrating by parts, we find

IV (un = un)l[2(0) = /Q(Pn = P0A) (Un = ux) < lpn = pollL2(eyllun = uallLz@) <

1 1
Csllun —uallay @) < C3ClIV(un —ur) L2y, ¥ n €N,
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C||V(un — ux)| £2(), for some uniform constant C' > 0. Therefore we would have ||V (u,, —
u,\)H%Q(Q) — 0 and then in particular [|u, — ux||g1(q) — 0, as n — 400, which is a contra-
diction to (3.27). O

where we used (3.23) and the Sobolev’s inequality to conclude that |lun, — ux|mi) <

By using the statement of the Claim, then (3.20) and (2.7) imply that (3.18) holds. O

4. A GLOBAL EXISTENCE RESULT FOR (1.1)

With the aid of property (H), in Proposition 2 a global existence result follows by a
standard Lyapunov stability argument to be applied to a set of suitably chosen initial data.

Proposition 3. Suppose that (H)y in Proposition 2 holds for some A > 0. Then there
exists ex > 0 such that if pg in (1.1) is any smooth and non negative density such that
oo — porlle < ex, then 5 < [, po < 2X and the corresponding solution (px(-,t),ux(-t)) is
global and uniformly bounded.

Proof. Since F is continuous, we can choose 0 < g5 < €7 such that

dy

o0

for any ||p—po|le < e2. By taking a smaller value of 5 we may assume that 5 < Jop <2X
whenever ||p — po xlle < €2. At this point let us choose py in (1.1) to be any smooth and

non negative density such that ||pg — po xlle < €2 and let (py,uy) denote the corresponding
unique solution in [0, 7T, for some T > 0. Then, we claim that for any ¢ € [0, 7] it holds

(4.1) Flpox) < F(p(,1)) < F(pox) + da.

In fact, on one side the right hand inequality is always satisfied since (2.4) implies that

F(p) < Flpox) +

F(p(-t) < Flpo) < F(pox) + %

On the other side we also have p(-,t) € Py in view of the mass conservation and the fact
that p(z,t) is classical whence it satisfies (1.3) whenever it exists (see [19] Theorem 3.1).
So, if for some t, > 0 we would find that p. := p(z,t,) satisfies F(p.) < F(po,r), then, in
view of (H), necessarily ||p. — poxlle > 0. Therefore in particular, by the continuity of
the norm, there existed ¢; < t, such that p1 := p(z, t1) satisfied ||p1 — po,x||e = €1. But then
(3.18) implies that F(p1) > F(po,.) + d1, since p; being classical surely belongs to L?(2).
This is the desired contradiction and thus we have proved that (4.1) holds. In particular it
is easy to see that (4.1) implies that there exist C' > 0, depending only on A and d;, such
that

(4.2) /Q pa( 1) (log (pa(- 1)) — 1) < C, / Vus( 0 < C,

for any ¢ € [0,T]. At this point we can follow step by step the argument in Theorem 3 in
[20] to conclude that

sup sup px(z,t) < C,
tG[O,T} Ieﬁ
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for some uniform constant C' > 0. Then well known arguments imply that the solution is
global and the desired conclusion follows by choosing €) = €. ]

5. THE PROOF OF THEOREM 1

In this section we prove Theorem 1.

The Proof of Theorem 1
We discuss the proof of part (a). The proof of part (b) can be worked exactly with the same
argument with minor changes.

By Theorem 2 we have a strict local minimizer uy of Jy for any A < Ac .., where A, . <
Aeep < A and Acep = ﬁ, A ~ 23—: as € — 0T. It follows from Proposition 2 that if

po,x is defined as in (3.16), then pg € Py is a strict local minimizer of F. Actually we have
a stronger result since (H), in Proposition 2 holds. Therefore we can apply Proposition 3
to conclude that there exists €y > 0 such that if pp in (1.1) is any smooth and non negative
density such that ||pg — poalle < e, then % < Jqro < 2X and the corresponding solution
(px, uy) is global and uniformly bounded. Let 2m) = n%n po,x- Clearly my > 0 and we define

f» to be any smooth function in © which satisfies | fy| < m, and fQ fx = 0. Then we can
choose 0 < 0 < % depending on ¢ such that po = por+ 0 f) satisties 0 < ||po — po.rlle < ex.
Clearly fQ po = A and then in particular pg € Py. Therefore, for any A < Ac ., we have found
initial data pp such that the solution (py,uy) of P(A, Q) is global and uniformly bounded as
claimed. O
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ON A NONLINEAR SYSTEM OF PDE’S ARISING IN FREE
CONVECTION

BERNARD BRIGHI AND SENOUSSI GUESMIA

ABSTRACT. By employing a fixed point argument, we prove existence and uniqueness
of the weak solution to a nonlinear system of PDE’s arising in free convection. An
adapted weak formulation is involved to let the solution as weak as possible and avoid
any additional smoothness hypotheses.

1. INTRODUCTION

In this paper, we consider a model problem introduced in [1], and derived from a coupled
system of partial differential equations arising in the study of free convection about a vertical
flat plate embedded in a porous medium. In [1], some existence result has been obtained for
small data, by using the inverse function theorem. In [4], under more satisfying hypotheses,
the existence of a solution is obtained by an iterative method. The regularity of this solution
is also studied.

Here, we come back to the weak formulation of this problem and, under reasonable
hypotheses on the data, we prove by constructing a suitable contraction mapping, that
there is one and only one weak solution.

Details about the physical background can be found, for example, in [5], [6], [7], [8], [9]
and [10]. In these papers, the authors assume that convection takes place in a thin layer
around the plate. This allows to make boundary-layer approximations, and to get similarity
solutions by solving an ordinary differential equation of the type

"+ [ +e(f) =0
on the half line [0, +00), with the boundary conditions f(0) = a, f'(0) = b (or f”(0) = ¢)
and f'(t) — ¢ as t — +o00, where £ is a root of the function g. This boundary value problem
has been widely studied, most of the time for some particular form of g, but also in the
general case. The well known Blasius problem is for g = 0. For an overview of mathematical
results about these problems, we refer to [2] and [3] and the reference therein.

Let us state now the problem we are interesting in. Let Q be a bounded domain of R? with
sufficiently smooth boundary T'. Let T'y and I's be two parts of T', such that meas (I';) # 0
and

f1UT2:F, I'iNTy =0.
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In Q, we consider the boundary value system defined by

(1.1) —-AV+KVH = F
(1.2) —MAH + VH. (V¥)" + V6. (V¥)" = 0
with mixed boundary conditions for ¥
v

(1.3) V=0 onI'y and ov =0 on I'y,

v
and for H
(1.4) H=0 on T,

where 7 is the unit outward normal vector on I’ and (V¥)" = (0y¥, —0, V). The unknown
functions are the stream function ¥ and the temperature H. The functions F', © and K are
given, and we suppose that

FeL*(Q)
and that the function © belongs to H2(f2) and satisfies
(1.5) A© =0 in Q.
Let us notice that H2(Q) ¢ C°(Q). For the coefficients K = (ki, ko), it is assumed that
(1.6) K € L*™(Q) x L>=(Q).
See [1] for details about the derivation of the problem (1.1)-(1.4). In the following, we will
denote by (-,-) the L* (Q)-scalar product, and by ||-|| (vesp. |[,, ||, and |-| ) the norm

of H*(Q) (resp. L?(£2), L>°(2) and L*°(T')). We also denote by HZ(2,T';) the subset of
functions of H*(£2) that vanish on T'y.

2. WEAK FORMULATION

In order to define a variational formulation of the previous problem, let us assume that ¥
and H are classical solutions of (1.1) and (1.2) in €, such that the boundary conditions (1.3)
and (1.4) hold. Multiplying (1.1) and (1.2) by test functions u € H} (Q,T4) and v € H} (),
and integrating on €2, we get

/V\Il.Vudx—l—/uK.Vde:/Fudx
Q Q Q

and
(2.1) /\/ VH.Nvdx + / vVH. (V)" dz + / vVO. (VI dz = 0.

Q Q Q
Since the system is formulated in the above form we are more able to think about solutions
U e H} (,T1) and H € H} (). If this is the case, the third integral in the latter equality
is still well defined (this is due to the fact that © € H?2(f2)), whereas, a priori, it is not
anymore the case for the second one.

Let us clarify this point. To this end, for u, v, w € H* (Q) such that uVv.(Vw)t € L (Q),
we set

a(u,v,w) = /QUVU. (Vw)" dz = (uV, (Vw)™ )

and let us show the following results.
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Lemma 1. Let u,v € H' () N L>=(Q) such that one of them vanishes on the boundary of
Q. Forw € H' () we have

a(u,v,w) = —a(v,u,w).

In particular, for every u € H} (Q)NL>®(Q) and every w € H' (Q) we have : a(u,u,w) = 0.

Proof. For u,v € H' ()N L*>®(Q) and w € H' (Q) the quantities a (u,v,w) and a (v, u,w)
are well defined. Since, moreover, uv € H} (), we have

a(u,v,w) + a(v,u,w) = (uVv + vV, (Vw)L ) = (V(w), (V)™ )

= —(div( (Vw)* ), uv) 0,

H=H(Q), HY () —
because div( (Vw)™ ) = 0. O
Lemma 2. Let u,v € H} (Q). For w € H?(Q) we have

a(u,v,w) = —a(v,u,w).
In particular, for every u € Hg (Q) and every w € H? () we have : a(u,u,w) = 0.

Proof. First, because H'(2) — L*(Q), the quantities a (u,v,w) and a (v,u,w) are well
defined for all u,v € Hi (Q) and w € H? (). On the other hand, by Lemma 1, for all
@, € D() and all w € H? (£2), we have

a(‘l‘% ¢7 ’U)) = —a(z/g P, U))7
and the conclusion then follows from the density of D(£2) in Hg (). O

Taking into account Lemma 1, we can replace the second integral in (2.1) by
—/ HVov. (V)" dz
Q
which is well defined, if H € L*°(Q2). Having that in mind, we state the following (equivalent)
definition.

Definition 1. We will say that a couple (¥, H) is a WEAK SOLUTION of the problem (1.1)-
(1.4), if ¥ € H} (,T1) and H € L*(Q) N H} (), and if the integral identities

(VU,Vu) + (K.VH,u) = (F,u)
NVH, Vo) —a(H,0,¥) +a(v,0,¥) = 0
hold for any u € Hg (Q,T'1) and for any v € H} ().

3. EXISTENCE AND UNIQUENESS OF A WEAK SOLUTION
3.1. A priory estimates. We will need the following lemma.
Lemma 3. Let U € H2(Q2). If H € H} () satisfies
(3.1) Yo € H(Q), MNVH,Vv)—a(H,v,¥) = —a(v,0,¥),
then
(3.2) iIl_‘lf@SH-i-@SSll}‘p@
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and

(3.3) infO —supO < H <supO —inf O©.
T Q r Q

In particular, we have H € L*>(Q) and |H|x is bounded independently of V.

Proof. The ingredients of the proof are in [1, Proposition 3.2] ; for convenience, and because
the hypotheses are slightly different, we write it here. Let us set | = supr© and HT =
sup{H + © — [;0}. Since H* € H} (), then (1.5), (3.1) and Lemma 2 imply

ANVH*, VHY) = \(VH,VH") + \(VO,VH") = \(VH, VH")
=a(H,H",¥) —a(H",0,V)
=a(H,H",¥)+a(©,H", V)

=a(H+0O,H",U)=a(H* H", ) =0.

It follows that |[VH |3 = 0 and hence H* = 0. This gives the second inequality of (3.2).
To obtain the other one, we set I’ = infr © and H~ = inf{H +© —1’;0} and proceed in the
same way. The inequalities (3.3) follow immediately from (3.2). O

3.2. A contraction. Let W = H}(,T1) x H}(2). On the Hilbert space W we define the
norm || ||w by

(¥, H)|[w = £|V¥|s + |[VH],
where x > 0 is a constant that we will choose later.

Let D = D(Q,T1) x D(R?) where D(Q,T'1) is the subset of D(£2) whose elements are
supported far away from I'y and let F : D — W be the application defined in the following
way. If (U, H) € D, then F(¥, H) = (¥, H) where ¥ and H are the unique solutions of the
linear problems

(3.4) Vu e HF (Q,Ty), (VP,Vu)=—(K.VH,u)+ (F,u),

(3.5) Yo € HY(Q), MNVH,Vv)—a(H,v,¥) = —a(v,0, D).
Let us notice that the coercivity on H}(Q) of the bilinear form
(H,v) = MVH,Vv) —a(H,v, V)

follows from Lemma 2. If now (¥y, Hy) € D and (P9, Hy) € D, then we deduce from (3.4)
and (3.5) that, for all u € H}(Q,T) and for all v € HZ(£2), we have

(3.6) (V(¥, — Uy),Vu) = —(K.V(H, — Hy),u),

(3.7) MV (H, — Hy),Vv) — a(Hy, v, %) 4+ a(Hy, v, Uy) = —a(v, 0, ¥ — Uy).

where (\i/l,ﬁz) =F(¥,, H;),i=1,2. Let us choose u = U, — U5 . On one hand, thanks to
(1.6), we get from (3.6)

V(U1 = Wo)[5 = —~(K.V(Hy = Hz), U1 = W) < |K|oo|V(H1 = Ha)|o|¥1 — Vs,
and hence

(3.8) V(01— Us)|2 < CIK ||V (Hy — Ha)l2
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where C' is the the Poincaré constant of (2. On the other hand, using Lemma 1, we can
rewrite (3.7), taking v = H; — Ho, as

NV (H, — Hy)|? = a(H,, Hy — Hy, V) — a(Ho, Hy — Hy, Vy) — a(H, — Hy, 0, ¥, — y)
= a(Hy, Hy, V) — a(Hy, Hy, Uy) + a(©, H — Hy, ¥y — U,)
= a(Hy, Hy, Uy — Uy) + a(©, H, — Hy, Uy — Uy)
= a(Hy, Hy — Hy, Uy — Uy) + a(©, Hy — Hy, Uy — Wy)
=a(Hy+ O, H, — Hy, ¥, — Ty)

< |Hy + O]oo|V(Hy — Ha)[o| V(U1 — W)
and thanks to Lemma 3 we arrive to
(3.9) V() — )l < 110 V(W1 — W)l
Now, the estimates (3.8) and (3.9) give
IF (W1, Hy) = F(¥o, Ho) |l w = 6]V (U1 — Us) 2 + |VH; — Halo
< KO|K|oo| V(Hy — Ha)2 + 5[Oloo,r|V(¥1 — ¥2)]s

< max {kC|K|oo ; |0]oe,r (Y1, Hy) — (V2, H)|lw-

|@‘oo,1"
MO K| o

In order to have the best constant, we choose kK = and we obtain

I (Wr, Hy) = F(Vo, Hy)|w < o/ SESE (W, Hy) — (W2, Ho) |-
It follows that F : D — W is Lipschitz continuous, with the Lipschitz constant

_ [l |Ol,
g = u—

Since D is dense in the Banach space W, the map F can be extended to F : W — W which
is still Lipschitz continuous, with the same Lipschitz constant 3.

If now 8 < 1, then F is a contraction and hence has a unique fixed point, say (¥, H,).
Let us show that (U,, H,) is then the unique weak solution of the problem (1.1)-(1.4). By
density, there exists a sequence (¥, H,) € D such that (¥, H,) = (¥,,H,) in W. In
other words, we have

(3.10) U, -V, and H, — H, in H(Q) as n — 4oo0.

If we set (¥, H,) = F(¥,,, H,), then

(3.11) Yu € Hi(Q,T1), (VV,,Vu) = —(K.VH,,u)+ (F,u),

(3.12) Yo € HY(Q), MVH,,Vv)—a(H,,v,¥,)=—a(v,0,7,).

Since (¥, H,) — F(¥,, H,) = (¥,, H,) in W, by taking the limits as n — +oco in (3.11),

we obtain

(3.13) Yu € H}(Q,T1), (VV,,Vu) = —(K.VH,, u)+ (F,u).
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As n — 400, we also have (VF{H,V’U) — (VH,,Vv) and a(v,0,%,,) — a(v,0,¥,), for all
v € HYQ). It follows that a(Hy,v,¥,) has a finite limit as n — +oo. To compute this

limit, let us extract from (H,,) a subsequence (H,, ) such that

H,, (z) = H.(z) ae. in Q as k — +oc.

From Lemma 3, the sequence (H,,) is bounded in L*(Q) by some constant ¢ = ¢(0), and
thus H, € L>(Q) and we have |H,|s < c. Therefore, on one hand, from (3.10), we have

la(H,, v, ¥, — U)| < c|v|||¥, — U] =0 as n — +oo,
and, on the other hand, from the Lebesgue theorem, it holds
a(Hy,, ,v,0,) = a(H,,v,¥,) as k — 400,
It follows that ) .
a(Hp,v,9,) = a(Hy,v,0,) as n — 400,
and (3.12) gives
(3.14) Yo € Hy(Q), MNVH.,Vv)—a(H,,v,¥,) =—a(v,0,¥,).

From (3.13), (3.14) and the fact that H, € L*°(Q), we obtain that (¥,, H,) is a weak
solution of the problem (1.1)-(1.4).

The uniqueness follows from the fact that any weak solution of (1.1)-(1.4) is a fixed point
of F. In fact, let (U, H) be a weak solution of the problem (1.1)-(1.4), and (¥,,, H,) € D
be a sequence such that

U, - ¥ and H, - H in H'(Q) as n — +oo.

Let us set (U, H) = F(¥,H) and (¥,,, H,) = F(¥,,, H,). Arguing as above, we can take
the limits as n — +o00 in (3.11)-(3.12), and we obtain

Yu e HY(Q,T1), (VP,Vu)=—(K.VH,u)+ (F,u),
Yo € Hi(Q), MVH,Vv)—a(H,v,¥) = —a(v,0,¥).
This immediatly gives that ¥ = ¥ and H = H.

To summarize, we have proved the following result.
Theorem 1. Let C be the Poincaré constant of Q). If we have
(3.15) C|K|, |O]s,r <A,

then problem (1.1)-(1.4) has one and only one weak solution.

Remark 1. The existence of the solution is still ensured even if the contraction is lost.
That is to say if divK € L (Q2) and (3.15) is relaxed as

(3.16) C|K |y 1Olsor < A,

the problem (1.1)-(1.4) still has at least one weak solution. Indeed, choose a sequence of
real numbers A, > X which ensure (3.15) if A, is replaced by A. Of course thanks to the



ON A NONLINEAR SYSTEM OF PDE’S ARISING IN FREE CONVECTION 269

above theorem there exist ¥,, € H} (,T1) and H,, € L>°(2) N H} () solutions to problem
(1.1)-(1.4) when X, is replaced by A i.e.

(VP,,,Vu)+ (K.VH,,u) = (F,u),
M (VH,,Vv) —a (Hp,v,9,) +a(v,0,9,) = 0,

for any u € H} (Q,T1) and any v € H} (). Arguing as in [4, Lemma 3.2], we may show
that the sequences W¥,, and H,, are bounded in H} (€2,T'1) and L>(Q) N HE () respectively.
Then there exist ¥ € H (2,T) and H € L>(Q) N HE (Q) such that -up to a subsequence-
we have

v, — U, H,—H in H(Q),
v, — VU, H,— H in L*(Q),

as n — 4o00. These allow us to pass to the limit in the above system when n — +oo and
end up with an existence result if the hypothesis (3.15) is relaxed to (3.16).
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ON THE EXPONENTIAL CONVERGENCE RATE FOR A
NON-GRADIENT FOKKER-PLANCK EQUATION IN
COMPUTATIONAL NEUROSCIENCE

J. A. CARRILLO, S. MANCINI, AND M.-B. TRAN

ABSTRACT. This paper concerns the proof of the exponential rate of convergence of
the solution of a Fokker-Planck equation, with a drift term not being the gradient of
a potential function and endowed by Robin type boundary conditions. This kind of
problem arises, for example, in the study of interacting neurons populations. Previous
studies have numerically shown that, after a small period of time, the solution of the
evolution problem exponentially converges to the stable state of the equation.

1. INTRODUCTION

The exponential convergence of the solutions to evolution problems towards the steady
states has been largely addressed for many years, see for example [1, 5, 7, 9, 10, 11, 12].
Techniques and proofs are usually based on the nature of each equation. However, the
general entropy method developed in [12] for linear problems and used in computational
neuroscience in [6, 8] is a powerful method for investigation of this question in the problem
under consideration here.

In this work, we are concerned with the mathematical proof of the exponential rate of
convergence of the solution of a non-gradient Fokker-Planck equation towards its stationary
state. This problem arises, for instance, in the modeling of the evolution of the firing
rates of two populations of interacting neurons. In this framework, the partial differential
equation describing the evolution of the probability distribution function p = p(¢,v), with
v = (v1,12) € Qand t > 0 is the Fokker-Planck equation (or forward Kolmogorov equation):

2
Op+ V- (Fp— in) =0, in[0,00[xQ

where Q is a bounded domain of R? and the vector field F' = F(v) is defined by:

F_( ™™ + oM 4+ wiirn + wite)
—va + ¢(Ag + warvr + waals)
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with ¢(z) a sigmoid function and w;; positive weights. The Fokker-Planck equation is
endowed by the following Robin or no flux boundary conditions:

62
(Fp—QVp> -n =20, on 0N

with n the outward normal unit vector on 02, # being the noise level, and a non-negative
initial data p(0,v) = po(r) > 0. It is easily seen that the F' does not satisfy the Schwarz
conditions, that is 0,,F1 # 0,, F», so that there exists no potential function V(v) such
that F' = —VV. This in particular implies that it is less likely that there is an explicit
formulation of the associated steady state, as it would be the case with a drift F' defined by
F = —VV for some smooth potential function V. We refer to [2, 3, 4] for some discussion on
these issues and some cases in which, despite of the non-gradient drifts in the Fokker-Planck
equations, one is able to find explicit stationary states. In our case, for general domains and
so complicated drift it is in general not possible to find explicitly these stationary states.

Note that as soon as we find a potential function V' such that the drift FF = —VV, the
steady state reads
-2V
pooCexp( 7 >

with C' a normalization coefficient.
In this work, we will deal with estimates of the exponential convergence rates for general
linear Fokker-Planck equations with non-gradients drifts of the form:

Ou—Au+V-(Fu)=0 inQx(0,T),
(1.1) u(0,-) =ug(-) inQ,
(Fu—Vu)-n=0 on 0.

where the unknown wu(t, ) is a probability density function, the drift I € C?(Q) satisfies
the incoming boundary condition

(1.2) F.-n<0 onodf,

and the initial data is normalized to 1, [, uo(x) dz = 1. We have assumed unit diffusion con-
stant for simplicity without loss of generality. Under these hypotheses, existence, uniqueness
and positivity of the solution v = u(t,z) of the evolution problem (1.1), and of the stable
state (stationary solution) u(z) of the associated problem were proved in [8, Theorem 2],
as well as the mass density conservation,

/Qu(t,x) dx = /Quo(a:) dx =1,

and the L2-convergence of the time dependent solution to the stationary solution ... Nu-
merical simulations were also performed underlying the exponential rate of convergence of
the solution of the evolution problem towards the stable state. However, the theoretical
proof of this exponential rate of convergence was not discussed in [8]. In the next section we
will discuss the exponential convergence towards the steady state u., by direct Poincaré’s
inequalities. Section 3 is devoted to an alternative approach implying relations between the
sharp exponential convergence rates with the best constants for different Poincaré’s type
inequalities.
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2. CONVERGENCE TO EQUILIBRIUM

Consider a drift F' € C?(Q2) such that F'-n < 0 and let u = u(t, ) be the unique solution
of problem (1.1), and 1o, = ueo(z) be the solution of the stationary associated problem:

—Augo + V(Fus) =0 in Q,
(2.1)
(Fuso — Vi) -n=0 on 09,

ensured by [8, Theorem 2] and satisfying

/Quo(a:)d:c:/guoo(x)dle.

We shall prove the following result:

Theorem 1. The solution u to (1.1) exponentially converges to the steady state un.: there
exist a, C > 0 such that

[u — tosllL2 (@) < Cexp(—at).

Let us first remind the reader that applying the General Entropy Method [12] adapted
to this problem in [8, Theorem 4] one obtains

(2.2) %H(umm) = —D(u|us) <0,
where
_ 2
H(U|Uoo)=/ (u Uoo) dr
Q Uoo
and
u |2
D(u|uoo):/uoo V—| dzx.
Q Uoo

Therefore, in order to get the exponential convergence, the key point to prove is the following
Poincaré inequality:
2

(2.3) H(u\uoo)z/ﬂ (= oe)” 4 < Pﬂ(uw)/ da = Po (1) D(ultins),

(4
Uoo ‘V
Uco Q

Uoo

where Pq(us) > 0 is the best constant for the Poincaré inequality (2.3), with weight u in
the domain Q. In the sequel, we will not put the subindex 2 in the Poincaré constants for
notational simplicity. In fact, from (2.2) and (2.3) we then deduce that

d
%HM”“) + Ptoo) H(ulus) <0,
and applying Gronwall’s Lemma

H(ulus) < Cexp(—at),

with C = H(up|uss) and a = P(u), leading to the exponential convergence of u t0 ueo.
Notice that (2.3) is equivalent to
2 2
(2.4) / Yoo <“ - 1> do < P(uoo)/ Uoo ‘v <“ - 1> da
Q Uso Q Uoo

)
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Put w = - — 1, then (2.4) reads

Uso
/ Usow? dr < P(uoo)/ Uso |Vwl® dz .
Q Q
Note that, since both u and u., are normalized to 1, we also have the constraint:

/umwdx:/uoo (ul) d:c:/(ufuoo) dx = 0.
Q Q Uoco Q

Inequality (2.3) then follows from the following result:

Proposition 1. Under the assumption

/@de:O,
Q

where H is bounded from above and below by positive constants, there exists a sharp constant
P(H) > 0 such that the following Poincaré inequality holds

/H|<I>|2dx§7?(H)/H|V<I>|2da:.
Q Q

Proof: We follow the classical proof of Poincaré’s inequality, by contradiction. Suppose that
there exists a sequence {®,,}, such that

max(H)/ |®,,|? da z/ H|®,,|* dx zm/ H|V®,,|* dx mein(H)/ VO, |* dx.
Q Q Q Q

By normalization, we can suppose that ||®,,||rz = 1. Therefore the sequence {®,,} is
bounded in W12(Q2). By mean of the Rellich-Kondrachov Theorem, there exists a subse-
quence {®,,,} and a function ® in L?(Q) such that {®,,, } converges strongly to ® in L*(€).
Passing to the limit m — oo, we get that V® = 0 a.e. and ||®||z2 = 1, which implies ® is a
constant. But, since H is positive, this contradicts the hypothesis fQ ®H dx = 0, concluding
the proof. [

Although we can obviously relate the best constant P(us) to the classical Poincaré
inequality best constant P(1) by P(uso) < %P(l), we have no information on the

— min(uc)
value of the constant obtained by this proof. In the next section, we propose an alternative
proof in which we show that the constants C' and « in Theorem 1 are linked to the bounds

of the solution K of an auxiliary problem.

3. ALTERNATIVE PROOF

In this section, we propose an alternative proof of Theorem 1 which gives us another char-
acterization of the constants C' and «. Note first that to prove the exponential convergence
of u to ueo, is equivalent to prove the exponential convergence of & = u/uy to 1. As we
will see, the proof is based on a new conservation property, see Proposition 3 below.

Before dealing with the exponential convergence problem for the function ®, we need to
define for which problem @ is a solution. This is done in the following. Let us first define ®
and the initial data ®q as follows, since us, > 0, we define

u(t, ) Bo(x) = uo(x)

Uoo () Uoo (T)

b(t,z) =

)
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and let us introduce a modified drift F'* as

(3.1) Fr—pooYie

Uco

We note that on the boundary 92, we obtain
Vs

Uoo

F*-n:(F—Z )-n:—F-n>0,

since F'-n = (Voo /Uso) - n and F' satisfies (1.2).
Proposition 2. The function ® = u/us, satisfies

0P — AP+ F*- VO =0 inQx(0,T),
(3.2) D(.,0) = Dp(.) in Q,

V& .-n=0 on 0.

Proof: In order to simplify the notation, consider g = 1/us, g € C?(Q2) N C() and g > 0,
and ® = u g and &y = ug g. We derive ® = u g to get, for all i = 1,2
0z, ® = g0y, u + u0y, 9,

02,9 2

9

Rd=0%ug+®
T hadd g

+275599, ® — 20

These identities imply, for the boundary conditions on 0f2

T GO P

Uoo uZ, Uoo  Uoo

and inside the domain 2, we obtain
2

8t<I>—A<I>=(8tu—Au)g—<I>Ag—2V<I>-vg+2¢’vg
g g

A 2
Z—V-(Fu)g—q)!]g—QVCI)-Vgg—&-Z(I)‘Vgg

V. (FO)—2VD. VY
g

2
_<Ag_2‘w‘ >+F.w
g

(3.3) + @ ;

Since us = 1/g, we have

Vi = ——= and Aug = —— +2
g

so that, dividing (3.3) by g = 1/us, we get
U Dp® — U AD + U F - VB — 2VD - Vg,
+ P[—Auno + F - Voo + uscV - F| = 0.



276 J. A. CARRILLO, S. MANCINI, AND M.-B. TRAN

Hence ® must satisfy

Uoo NP — U AD + U - VO — 2V - Vs,
F+O[—Atuo + V- (Fus)] =0 in Qx(0,7),

©(-,0) = Po(-) in Q

V®&-n=0 on 09.

Finally, recalling the definition of F™* given by (3.1), and that u. solves (2.1), problem (3.4)
is converted into (3.2), concluding the proof. [

(3.4)

Consider now the stationary problem associated to (3.2):

“AP + F* VO =0 in Qx(0,7),
(3.5)
Vd,-n=0 on 0N

then it is easily seen that the constants are solutions to (3.5), so that proving the exponential
convergence of ® to ¢, = 1, will give us the wanted exponential convergence of u t0 Uee-
So, the main result we have to prove, yielding to the exponential convergence of u to u is
the following:

Theorem 2. The solution ® of (3.2) exponentially converges in time to its equilibrium state
b, solution to (3.5).

In the sequel, in order to prove Theorem 2, we need an auxiliary problem, which is the dual
problem to (3.5) given by

AK+V-(KF)=0 in Q
(3.6)
(VK+KF*)-n=0 on 09,

for which we next prove a conservation property of the function ®K. This conservation
results is a key point in order to prove a Poincaré’s inequality on the function ® and to get
in an alternative way the exponential convergence.

Proposition 3. Let K be a solution of (3.6) and ® be a solution of (3.2), then

/(DOKdm:/@de.
Q Q

Proof: Note that —F* - n < 0 on 9f, thus by using the same arguments as in [8], this
problem admits a unique positive and bounded solution K € H?(f2). Furthermore, we have

1 K
—AP+ FVE = V- (KV) + (VK + F> Vo,

so that problem (3.2) can be written as

1 K
0% — 2=V - (KVO) + <VK+F*> Ve=0 in Qx(0,7),

(3.7) B(.,0) = do() in O

V&-n=0 on 0.
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Use K as a test function for (3.7), then

Ozat/<I>Kd:c+/(VK+KF*)-V<I>d:c— KV® - ndo(z)
Q Q o

:8,5/@de—/V-(VK-i—KF*)q)dx—i—/ (VK + KF*) - ndo(z)
Q Q o0
:at/@de—/(AK+v-(KF*))@dxzat/@Kda:,

Q Q Q

which concludes the proof. [

Since, problem (3.6) admits a unique solution, then the constants are the unique solu-
tions, in distributional sense, of the stationary problem (3.5). Hence, up to a normalization
constant, we shall consider in the sequel that ., = 1. Moreover, if we consider ¥ = &—&,
then W still satisfies (3.2) and converges to 0, in other words its equilibrium is the null func-
tion. Therefore, renaming ¥ = ® and in order to simplify the proof of Theorem 2, we are
reduced to prove the exponential convergence of ® solution of (3.2) to 0, which is done in
Theorem 3 below. We impose the following normalization

/ PyK dx =0,
Q
so that from the conservation property in Proposition 3 we get
/ ®K dx = 0.
Q

Thanks to this normalization, the proof of Theorem 2 is reduced to prove the following
result.

Theorem 3. Assuming that

/ oK dr = 0,
Q

then, the solution ® of (3.2) exponentially decays in time towards 0, that is,
1@/ r2(q) < Cexp(—at),
where C and & are estimated by
C = é/ 2K dz  and & =P(K).
min(K) Jo

Proof: Use K® as a test function for (3.7). Since K is bounded from above and from
below by some positive constants, and since from the normalization hypothesis, the Poincaré
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inequality of Proposition 1 holds, then:

ozéat/ |<1>|2de+/ |V<I>\2de+/ (VK + KF*) - Vodx
Q Q Q
=lat/ |<I>|2de+/ |V<I>\2de+E/(VK—FKF*)-V\(I)Fdx
2 Q Q 2 Q
1 1
= 7at/ |<1>|2de+/ Vo2 K dx — f/(AK+V-(KF*))|<I>|2dx
2 Q Q 2 Q

1
zfat/ |<1>|2de+/ |VO|?K dx
2 Q Q

1
(3.8) > 5at/ |<1>|2de+7>([()/ |®|°K da .
Q Q

Inequality (3.8) implies:

/ |PI2K da < (/ |<I>0|2de> exp(—2at),

with & = . With some more computations, we finally obtain

/|<1>\2dx in(K)/Q@Fdeg (M/Q@OPK@) exp(—2at),

concluding the proof of theorem 3. [

Finally, to conclude the proof of the time exponential convergence of u, solution to (1.1),

to the steady state uo, given by (2.1), we just have to note that, since g = 1/u is strictly
positive and bounded, Theorem 2 leads to:

lu — too || L2(0) < max (s )C exp(—at)

concluding the proof of Theorem 1. Notice that the decay constants might be different to
the ones in Theorem 1 obtained in Section 2 due to the different stationary problems with
solutions K and wus, used.
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TRAVELING SPOTS ON MULTI-DIMENSIONAL EXCITABLE MEDIA

YAN-YU CHEN, HIROKAZU NINOMIYA, AND RYOTARO TAGUCHI

ABSTRACT. In this paper, the existence of a traveling spot on multi-dimensional ex-
citable media is studied. First, the equations for the front and the back of a traveling
spot including the interface equation are derived from the singular limit analysis of the
reaction-diffusion system of the FitzHugh-Nagumo type. Then, the existence and unique-
ness for the front and the back are shown when the speed of the traveling spot is less than
the one of a planar wave. In addition, the non-convexity of the traveling spots is shown
depending on the speed. Finally, the traveling spot converges to the planar wave as its
speed tends to the one of the planar wave, which means that a traveling spot connects a
stationary solution and a planar wave.

1. INTRODUCTION

Self-organized pattern formation has attracted considerable attention in recent years. In
particular, various spatio-temporal patterns in excitable media have been reported in the
last three decades, e.g., [12, 17, 20, 21]. Excitable media possess two states: exciting state
and resting state. Localized patterns are produced by the exciting states. To study localized
patterns such as a planar wave, a spiral wave, and a spot, several methods have been in-
troduced. Two major methods are bifurcation theory [7, 15, 16] and singular limit analysis
[14, 27]. These studies reveal that there is a radially symmetric stationary solution and
the asymmetric traveling spot bifurcates from it. Local analysis has been performed theo-
retically, but the global branches were studied numerically. Namely, the global bifurcation
of the singular limit problem remains difficult to address mathematically. New methods
in multi-dimensional space have been demanded. Before we state the main results, we re-
view more details of the singular limit problem. The singular limit analysis is a powerful
tool to capture patterns. Essentially, by taking an appropriate singular limit of the Allen-
Cahn equation, the solution converges to a characteristic function of a moving domain. The
moving boundary is called interface. It is well known that the interface is ruled by a mean
curvature equation with a driving force. This method is applicable to the FitzHugh-Nagumo

2010 Mathematics Subject Classification. Primary: 06B10; Secondary: 06D05.

Key words and phrases. Asymptotic, parabolic, travelling spots.

Received 28/02/2016, accepted 29/03/2016.

The authors would like to thank the Mathematics Division of NCTS (Taipei Office) for the support
of the second author’s visit to Taiwan for which this paper was inspired. The second author is partially
supported by the Challenging Exploratory Research (No.25610036), Grant-in-Aid for Scientific Research (B)
(No. 26287024) from the Japan Society for the Promotion of Science.

281



282 YAN-YU CHEN, HIROKAZU NINOMIYA, AND RYOTARO TAGUCHI

system
1
u = eAu+ =(fo(u) — Bv), x€e€R™ t>0,
(1.1) €
vy = dAv+ go(u,v), zeR™ t>0,

where e > 0,d > 0, fo(u) = u(u—1/2)(1 —u), go(u,v) = g1u — g2v + g3, and n is an integer
greater than two. For the FitzHugh-Nagumo system, the limiting system consists of the
interface equation and the equation for the inhibitor v:

Vo= W), z €R™ t>0,
(1.2)

vt dAv + go(h+(v),v), zeR” ¢t >0,

where V is a normal velocity of the interface, W is a function of v determined by the
speed of a one-dimensional traveling wave, and h_(v), hy (v) are the roots of fo(u) = v with
h_(v) < hy(v). See [14, 27] for details. In some studies [4, 14], the mean curvature  of the
interface with small coefficient was added to (1.2). To derive the mean curvature term, let
us consider the other parameter settings as follows:

1
up = Au+ —(fe(u) —epv), zeR™ t>0,

(1.3) €
vy = dAv+ go(u,v), xeR” t>0,

where f.(u) := u(u—1/2+ea)(1 —u). Then, the corresponding limiting system includes a
mean curvature in the first equation of (1.2), namely,

V = W) - (n-1)k, x € 9IN(t) t >0,
(1.4) {

Ut dAU+gO(XQ7U)a xean t>0,

where xq) is a characteristic function of the domain Q(t) surrounded by the interface 0€Q(t),

i.e.,
1, x € Q(t),
XQ@t) =

0, otherwise.

The convergence of the solutions of (1.3) to those of (1.4) is shown in [1] when d > 0.
However, it is difficult to investigate the behavior of the solution of this limiting problem
even in one spatial dimension. It is partially studied in [11] through the aid of the numerical
computation.

When d = 0, the equation for v is easier to be handled. One-dimensional traveling
pulses have been studied by many researchers, for example, [3, 10, 25] and so on. Karma
[13] and Pelcé - Sun [24] studied spiral waves in two-dimensional excitable media (see also
Scheel [26] and the references therein). They also provide some numerical results of the
existence of rotating spiral waves. This system is often called a wave front interaction
model. In [28], Zykov and Showalter extended this system to the traveling spot. Along these
lines, we consider the multi-dimensional excitable media. However, (1.3) becomes a bistable
system because there are three intersection points between the graph v = f.(u)/(¢8) and
the nullcline go(u,v) = 0 for small € > 0. Therefore (1.4) is not suitable for the excitable
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\Y

9(U.V)=i':0
fe(u,v)=€Bv

FIGURE 1. Nullclines of nonlinear functions.

media when ¢ is small. Chen, Kohsaka, and Ninomiya [5] introduced the FitzHugh-Nagumo
type reaction-diffusion system with small parameter ¢ as follows:

up = AquiZ(fs(u)—eﬂv), zeR"™ t>0,
(1.5) €

v = g(u,v), z€e€R™ t>0,
where © = (21,22, - ,z,) € R" and

(1.6) fe(u) = u(l —u) (u— ;"'604) ) =g1u—ﬁ

with positive constants gq,---,g4 and a. The system (1.5) is a modified version of the
FitzHugh-Nagumo system (1.3). Under the assumption

g2 g1

- < —_—,

g3 2
the ordinary differential equations corresponding to (1.5) is monostable for any € > 0. Hence
(1.5) is an excitable system for any ¢ > 0 (see Figure 1). In [5], the following free boundary
problem has been formally derived from the singular limit problem of (1.5):

V = W) —(n-1)s, x € 00(t),t >0,
(1.7)
v = g(xow,v), TzER"t>0

where Q(t), V', xq), and x are defined as above. In the process to derive the singular limit
problem, we obtain

Ww)=a—bv

where a = v/2a and b = 6v/23. This system (1.7) looks similar to (1.4) with d = 0. As
stated before, even though (1.7) can be formally derived from (1.3), (1.3) becomes bistable
for small € > 0 and (1.4) is anymore realistic as the limit problem of the excitable system.
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To look for the traveling spot solution of (1.7), we assume that the exciting region Q(t)
and the function v do not change their shapes and translate along the z;-direction with
constant speed c¢. Namely, the traveling spot of (1.7) with speed ¢ satisfies

Q(t) = {(z1 + ct, ') € Q(0)},
v(x,t) =v(xy —ct,2’,0),
after an appropriate translation and rotation where =’ := (z9, 23, - ,2,). In addition, we

assume that Q(¢) and v are rotationally symmetric with respect to the zj-axis. Then, we
rewrite the free boundary problem (1.7) as

{ ccos =W(w) —(n—1)k, z € dQ0),

—CUgy = g(XQ(O);U)7 T € Rn7
where 6 is the angle of the outer normal vector as measured from the positive z1-axis, and
V is equal to ccosf. Therefore, if there exists a solution (Q,v,c) of (1.8), then Q(t) =
{(x1 +ct,2’) | (z1,2") € Q} and v(z1 — ct, ') satisfy (1.7).

(1.8)

Theorem 1. For any ¢ € (0,a), there exist a unique constant b and a solution (,v,c) of
(1.8) such that

ve CHR™\ 90) NCOR™Y), 0 € C2,
v(zy,2") =0 if |2'] > o,

(1.9) lim  sup w(xy,2') =0,
R=0 |(21,27)|>R

where o is the distance between the x1-axis and the boundary 02 of the rotationally sym-
metric domain Q.

Zykov and Showalter [28] studied the two-dimensional traveling spot for (1.4) with go(u, v)
replaced by go(u,0) and d = 0. In this case, we note that go(u,0) vanishes in the resting
region. Thus, for their solutions, the concentration of the inhibitor v must be a constant with
respect to xy after the back. However, for the excitable media such as the photosensitive
Belousov-Zhabotinsky experiment, the inhibitor v must be recovered to 0 after the exciting
region. Therefore, our singular limit problem (1.7) and the corresponding reaction-diffusion
system (1.5) are improved ones.

We also remark that the positivity of the diffusion coefficient is essential in the proof of
the local existence of solutions to (1.4) and that the local existence of solutions to (1.7) is
still open. Recently, Ninomiya and Wu [22] have shown the local existence of solutions of
(1.7) near traveling waves in an appropriate functional space.

The traveling spot obtained in Theorem 1 possesses the following properties.

Theorem 2. Let (., v,¢) be a traveling spot in Theorem 1. Then, the following hold:
(i) there is a c. such that for c € [0,c.), Q. is convex;
) there is a ¢* such that for ¢ € (¢*,a), Q. is non-convex;
(iii) as ¢ \y +0, Q. converges to the stationary disk {x € R ||z| < 1/a};
) as ¢ /' a, Q. converges to the planar wave {x = (z1,2') € R"| —aG~(2a/b) <
x1 < 0} locally uniformly in x’.

To treat a multi-dimensional traveling spot, we divide it into three part: a front, a back,
and a tip. The interface where V' > 0 (resp. V < 0, V = 0) is called a front (resp. a back,
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back front front front

tip

tip

(a) c=0.6, b=0.31685 (b) c=0.85, b=0.63448 (c) ¢ = 0.95, b= 0.8003178

FIGURE 2. Profiles of the boundaries of . of 3D traveling spots when
n=3,g1=1, go=44, g3 =100, g4 =1, and a = 1.

a tip). Compared with the work [5] when n = 2, a singularity appears in this case (see
more detail in (2.2)). It makes the analysis become more complicated even for the front (see
Section 3). Since the proof of the existence of the back is based on the continuous dependence
for the solution with respect to the parameter b, the method is not directly applicable to
our case due to the singularity. To overcome this difficulty, we construct a series of backs on
the approximate intervals. Then we show the existence of the back as its limit. In addition,
we prove the convergence of the traveling spots to the planar traveling wave as ¢ tends to
a. This result implies that the traveling spots connect a stationary solution and the planar
traveling wave.

The remainder of this paper is organized as follows. First, we derive the equations to
describe the front and the back of the traveling spot in Section 2. Next, in Section 3, we
show the existence and uniqueness of the front. Then, we prove the existence and uniqueness
of the back in Section 4. Finally, we study the relationship between the shape of the spot
and the speed ¢ in Section 5. We show the convexity of the traveling spot for small ¢ and
that the traveling spot is close to the planer wave when c is close to a.

2. PROBLEM SETTING

First we change the Euclidean coordinates (z1,2’) to cylindrical coordinates (x1,7,w)

by the relation r = |2'| and 2’ = rw. We assume that Q(t) and v(zq,2’,t) are radially
symmetric in 2. Moreover, we assume
(2.1) Qt) = {(z1,7w) ER™ | w_(r) +ct <z <wy(r)+ct, we S"2Y,

v(zy, ") = v(x1,7),

with some functions wy. If the interface OS2 is represented by the graph x7 = w(r), then the
normal vector of the curve 1 = w(r) in the (z1,r)-plane is given by £(—1,w,)//w2 + 1.
We denote the angle between the outer normal vector and the zq-axis in the (z1,r)-plane
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by 6. The unit normal vector N in the (x1,z’)-plane can be written as

!/
N = COSG,x—sinﬂ .
||

Notice that 6 only depends on r. We compute that

divN = EmcosQ—l—j_z_;M(Msmﬁ)

- I sin9+cos€d—0.
r dr

By the definition of a mean curvature, we have

1 . 1 sinf  df
K—n_ldlvN—n_1<(n—2) . —&—drc059>.

Thus we derive
sin 0

o n—1Drk—(n-2)

dr cos 0

Introducing the arc length s of the curve in the (21, r)-plane and combining (1.8), we obtain
the following system to describe traveling spots:

% = —siné,
dr = cosb,
ds
(2.2) &0 "
sin
= = W(v) —ccosf — (n —2) f
_Cﬁ = ¢ v)
(91’1 - g XQ(O)) .

We remark that z1,7,0,v and ¢ are unknown and that the interface will be determined
by the first three equations for any c if v is given on it. We recall that the interface where
V >0 (resp. V <0,V =0) is denoted by a front (resp. a back, a tip). We denote the front
and the back solutions of the first three equations by

($17+7T+,0+), ($17_,’I"_,6_)
respectively for a given function v and a constant c. Note that the graph z1 = w (|2’|) (resp.
1 = w_(|2'])) corresponds to the front (resp. the back). We will specify (z1,4,74,604),

(x1,—,7—,0_) later.

Remark 1. When n = 2, the last term of the equation for # in (2.2) vanishes. The equation
of df/ds may have a singularity at r = 0 when n > 3. This causes the new difficulty to show
the existence of the front and the back.
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3. EXISTENCE AND UNIQUENESS OF THE FRONT

We may assume that v =0 on
QF(t) = {(z1,7w) €R™ | 1 > wy(r) +ect, we S" 2}
Especially v = 0 on the front. Thus (2.2) becomes

d
% = —sin 9+,
dr
(3.1) d—: = cosfy,
do in6
d—; = afcc089+f(nf2)smr+.

Note that wi(r4(s)) = z1,+(s) as long as the solution of (3.1) exists. Due to the indepen-
dence of the equations for r and # on x1, it turns out that the solution with some shift along
the z1-axis also satisfies (3.1). Thus, we can put the initial value as follows:

(32) 1‘174_(0) = 0, ’I"+(0) = 0, 9+(0) =0.

To show the existence of the solution of the initial value problem (3.1)-(3.2) of the front, we
first consider the condition for the df(0)/ds. Using the 'Hospital rule, we have

do do
d—;(O) = a—ccosf(0) — (n—2) cos@(())d—:(())

= ae—(n-29%r),

which implies

do a—c

The next lemma guarantees the existence and uniqueness of the local solution of (3.1)-(3.2).

> 0.

n—1

Lemma 1. For each c € (0,a), there exists a unique solution (z1,4,7r+,04)(s) of the system
(3.1) with (3.2) such that

a—cC

33174_(5) = —m + 0(33)7
ri(s) = s+0(s%),
bo(s) = ——s+0(s)

for 0 < s < sg where sqg is sufficiently small.

This lemma can be shown by the similar argument to Guo-Ninomiya-Tsai [9, Lemma
3.1]. So, we omit the proof.

When 65 > 0, s can be written as the function of 6. Set R(6) := r(s(f)), then R(0)
satisfies the following equations:

dj_ Rcosf
dd  (a—ccos®)R— (n—2)sinf’
(33) ( ) )R —( )
R n—1
Ry =0, Wy nl
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By Lemma 1, the local solution R(f) exists and is positive for 6 € (0, 6(so)].
Lemma 2. The following inequality holds:
(n—1)siné
R(O) > —————
0) = a—ccosf ’
as long as the solution of (3.3) ewists.
Proof. A simple calculation leads us to
d R_(n—l)sin9 B (n —2)cosb (n—l)sinH_R
de a —ccosf ~ (a—ccosO)R— (n—2)sinf \ a—ccosf
(n —1)csin® @

(a—ccosf)?’

This lemma immediately follows from the Grownwall inequality. O

Thus the solution of (3.3) can be extended for any 6 € [0, 7/2]. Since dx1 4 /ds is mono-
tone increasing in § € (0, 7/2), the solution of the initial value problem (3.1)-(3.2) also exists
uniquely by Lemmas 1 and 2.

Now we denote the size of the front by ro(c) := R(w/2).

Proposition 1. The function ro(c) is strictly increasing in ¢ € (0,a). Furthermore, we
have ro(c) = 400 as ¢ S a.

Proof. By (3.3) we have

R — 2 a2 aiR - .
(8c>9 —A(O){R cos® 0 — (n — 2) 5 51n90059},

where
1

5 -
{(a —ccosO)R— (n—2) sin9}
Using the Grownwall inequality, we see that (OR/Jc)(6) > 0. Then we compute that

OR
Oc

A(0) =

0) = / ' [AD) R () cos® G ex ( / é(n — 9)A(f) sin f cos édé> Jad
0 0

X exp (— /09(n — 2)A(6) sin § cos édé) .

If (OR/9c)(mw/2) = 0, from the last equality, we know that R(6) = 0 for all 6 € [0, 7/2] and
get a contradiction. Therefore, (OR/Jc)(m/2) > 0 and we get the conclusion.
For 6 € (0,7/2), it easy to see that

dR Rcost 5 _ cos 0

dd  (a—ccos)R— (n—2)sinf ~ a—ccosf’
Integrating both sides from 0 to 7/2, we obtain that

s 2a 1 a+c
ro(c) > —— + ——=tan — .
(0 (=)

Since the right hand side of the last inequality tends to infinity as ¢ tends to a, we get the
conclusion. ]
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Proposition 2. When ¢ = 0, the front is a semi-circle. Namely,
1 4+(s) = %(cos(as) 1), ri(s)= 2sin(a5), 0. (s) = as.
Furthermore, we have ro(0) = (n — 1)/a.
Proof. When n > 3, we can rewrite the first equality in (3.3) as follows:
(aR"™2 — (n—2)R"3sinf)dR — R" % cosfdf = 0
Since

%(aR”*2 —(n—=2)R"3sinf) = —(n — 2)R" 3 cosh = %(—R’“2 cos )
and R(0) =0, it is easy to show that
(n—1)siné
—

R(0) =

This implies that r4(s) = (n — 1)sinf4(s)/a. Then we get the conclusion by substituting
this into (3.1)-(3.2). O

Remark 2. We know that r¢(c) > (n — 1)/a for every ¢ € (0,a) by Propositions 1 and 2.
Recall that the solution of the front with some shift along the xi-axis is also a solution.

Thus we have shown the existence of the front satisfying (3.1) with

(3.4) r4+(0) = 0 when 6,(0) =0,

(3.5) x1,4+(s0) = 0 when 64 (sg) = g

Hereafter we always assume the above property for the front.

4. EXISTENCE AND UNIQUENESS OF THE BACK

Recall that wy is defined in (2.1). Since s can be represented as a function of r, we define
(Wi (r), px(r)) = (x1,4(s(r)), 0+ (s(r)). Then, the second equation of (1.8) becomes
g(Lv), fw_(r) <z <wi(r), |r| <rolc),
—CUgy = g(XQ(O)a ’U) =
9(0,v), otherwise.

Due to the symmetry assumption, v depends only on x1 — ¢t and r = |2'|. Hence we use

v(z1 — ct,r) instead of v(z1 — ct,2’). Since v = 0 on the front, we get

(z1,7)
(4.1) wo(r) -z :/0 g(f e

We introduce two functions Gy and G; defined by

LY de iy 1
G () "/o grg O = [ 900,

respectively. If g is given by (1.6), then
_ g3 94
Gitlv) = Z(1—v)—Llogo,
o (v) 92( ) 4 08
Grlw) = gsv G492 log 9191 + (9193 — g2)v
9193 — 92 (92 — 9193) 9491

|
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as in [5]. From the definition of Gy and (4.1), we obtain

o(@1,7) = Ga (W)

for w_(r) <z <wy(r), 0<r <.
Similar calculations induce

(4.2)
0, if 21 > w(r) or r > 1o,
wy(r) — .
v(z1,7) = G (c) ' ifw_(r) <z <wg(r), 0<r <,
Gy (Gol(v(r)) + w(r)—a?l) , ity <w_(r), 0 <r <o,
C
where

v_(r) = G, (uur(r)—w(r)> .

c

Using w4 (r) and v_(r), we can derive the equation of the back as follows:

dzl’7 = —sinf_,

s

(4.3) % = cosf_,
40— =W <G1 (er(T) — x1>> —ccosf_ — (n— 2)sm9,
ds c r_

with the initial condition

(4.4) (21,-(0),7-(0),0-(0)) = (0,70(0), 5 ) -

"2
The local existence and uniqueness of solutions of (4.3) and (4.4) will be guaranteed by
Lemma 3. We denote the solution of (4.3) with (4.4) by (z1,—(s),7-(s),0-(s)) = (x1,—,7—,0_)(s;¢,b).
By the assumption that the traveling spot is symmetric with respect to the xi-axis, we look

for the positive constants b* = b*(c) and s* = s*(c) such that the solution should satisfy the
following conditions:

(4.5) ro(s0%) =0, 0_(s*;b*) =m.

Note that the third equation of the system (4.3) has the singularity when r_(s*;b*) = 0.

4.1. Basic properties. To show the existence and uniqueness of a solution of (4.3)—(4.5),
we prepare several properties of the local solution of (4.3) and (4.4).
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Lemma 3. For eachc € (0,a) and each b > 0, there exists a unique solution (z1,—,7_,60_)(s)
of the system (4.3) with (4.4) such that

r1_(s) = —s+0(s?),
r_(s) = rolc) — % (a - :“Lozc)2) s+ 0(33)’
0_(s) = g+ <a - ZO(C)Z) s+ 0(s?)

for0 <s<« 1.

Since the proof is similar to [9, Lemma 3.1], we omit it.
For the simplicity of notation, we ignore the subscript minus sign from now on. By the
similar argument as in [5, Lemma 4.2], the next lemma can be shown.

Lemma 4. For b > 0, the following statements hold.

(i) If there is a s« > 0 such that 0(s.) = 31/2 and 7/2 < 0(s) < 3w/2 for 0 < s < s,
then 0(s) > 3mw/2 for s > s, with s — s, small.

(ii) If there is a s. > 0 such that 6(s.) = 7/2 and w/2 < 0(s) < 3w/2 for 0 < s < s,
then 6(s) < w/2 for s > s, with s — s, small.

Proof. If the assumption of (i) holds, then we have df/ds(s.) > 0. When df/ds(s,) > 0, it
is done. Otherwise, if df/ds(s.) =0, we have

d%6 Wi — T\ Wy, Ts — T1 s do . cos @ - %r — % sin @
@(5*): {—bGll( c ) c +C%sm9—(n—2) r2 )
b)) —mils))
c c
and get the conclusion of (i).
By the similar argument as the above, the conclusion of (ii) holds. O

Next, we consider the following open region:

m 3w
D =R x (0,7r9(c)) x (2, 2) .
For any ¢ € (0,a) and b > 0, we define exit-lengths s, 5, S(c, b) and an exit-point (z, re, 0. )(c, b)
as follows:

Definition 1. (exit-lengths and exit-points)

(i) If there is a positive number s such that the orbit stays in D for 0 < s <
r(s) >0, 0(r) < 7w/2 for 0 < 7 —s < 1, then S(c,b) = s and (z., 7., 0.)(c,b)
(x(s),7(s), 7/2);

(ii) if there is a positive number § such that the orbit stays in D for 0 < s < 3,
r(3) >0, 6(t) > 3r/2 for 0 < 7 —35 < 1, then S(c,b) =5 and (ze,7e,8e)(c,b) =
(2(5),7(5), 37/2);

(iii) if there is a positive number § such that the orbit stays in R for 0 < s < § and
r(8) =0, then S(e,b) = § and (z,,7e,0.)(c,b) = (x(38),0,6(3)).

&
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From Lemma 4, the definitions of exit-length and exit-point are well-defined.
When s = 0, we have df/ds =a— (n—2)/rg > 0 by r9 > (n — 1)/a. Then we can define
the following.

Definition 2. For the solution (z1,r,6) of the system (4.3) with (4.4) on [0, S(c, b)), we
denote by 3(c,b) the first positive s such that df/ds = 0 holds. Then we also define 7 :=
r(3;¢,b), Z:=ro(c) — 7 and 0 := 6(5; ¢, b).

Set z := ro(c) — r. Since r is strictly decreasing for s € (0,5), we can define X (z) :=
x1(s(2)) and O(z) := 0(s(z)). Also, we set

ze :=19(C) = Tey, Xi(2):=wi(rolc) — 2).

Then (X, O) satisfies the following differential equations

dX  sin®©
dz  cos®’

(4.6) X.(2) - X(2) sin©
o _a—ccos@—bGl(—) (n—Q)W
dz cos ©

with

(4.7) X(0)=0, ©(0)= g

The following lemmas can be shown by using the comparison principle with respect to
the parameters b and ¢ (see also [9, Lemma 3.3]).

Lemma 5. Fiz ac > 0. For0 < by < by, the solutions (X;(2),0;(2)) := (X (z;¢,b;),0(z;¢,b;))
of (4.6) and (4.7) defined on [0,z(S(c,b;))], (i = 1,2) satisfy

Xi(2) > Xa(2), ©1(2) > O2(2)
on (0, min{z(S(c,b1)), 2(S(c, b2),10(c))}) as long as X (z) > X1(z).

Lemma 6. Fizab > 0. For0 < ¢; < ca, the solutions (X;(z), 0;(2)) := (X(z;¢;,b),0(z; ¢, b))
of (4.6) and (4.7) defined on [0, z(S(c;,b))], (i =1,2) satisfy

Xa(2) = Xi1(z), ©2(z) = ©1(z)
on (0, min{z(S(c1,b)), 2(S(c2,b),10(c))}) as long as X4 (z) > Xa(z).

Next, we borrow an idea from [6, Lemma 3.4-3.5] to give some properties between the
front and the back. Now we construct a special solution to (4.3).

Proposition 3. Given b > 0. Set

(6061760, 006)) = (1= = 671 (5 ) oraohbu-s) wm) . 520

Then (Z,9,0) becomes a solution of the system (4.3) defined for s € [0, s4] where ry(—s4) =
0 and so

(X,60) = (X+(z) G (2;) L0, (2) +7r>

is also a solution of (4.6).
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Proof. Using 2a = bG1(G7'(2a/b)) = bG1((z1 4 (—s) — #(s))/c), we can easily check that
(2,7,0) is the solution of (4.3). O
The next lemma shows the relation between ©4(z) and ©(z).
Lemma 7. Fiz a ¢ € (0,a). For each b > 0, the solution (z(s;c,b),7(s;¢,b),0(s;¢,b)) of
(4.3) and (4.4) satisfies one of the following properties :
(i) /2 < O(2) < O4(2) + 7 for any z € (0, 2.).
(ii) There exists a z, = zp(b) € (0,2) such that /2 < O(z) < O4(2) + 7 for any
z € (0,2p) and O(zp) = O4(zp) + 7.
Moreover, in the case of (ii), we have

2
X, (2) = X(2) <Gyt (ba) for 0 <z <z,

O(z) >0 (2)+7 for z€ (zp,2e).

By using the similar argument as the proof in [5, Lemma 3.3], the conclusion of Lemma 7
can be shown.

Lemma 8. For any c € (0,a), ©(z(c,0)) € (7,37/2].

Proof. If z.(¢,0) < ro(0) < ro(c), we have O(z.(c,0)) = 37/2 or /2 by Definition 1. The
comparison principle implies that

O(ze(c,0)) = O(z2e(c,0);¢,0) > O(2(c,0);0,0) >

ol 3

Hence, we know that ©(z.(c,0)) = 37/2.
For the case z.(c,0) > 79(0), by the comparison principle, we have
O(ro(0);¢,0) > O(ro(0);0,0) = 7.
Hence, there exists a z; € (0, 79(0)) such that O(z1;¢,0) = 7. Now we claim that ©(z; ¢, 0) >

7 for any z € (z1,2¢(c,0)]. If not, there exists a z2 € (21, ze(c,0)] such that O(zq;¢,0) =«
and dO(z2;¢,0)/dz < 0. But we also have

dO(z2;¢,0
40(z25¢,0) _ S
dz
and get a contradiction. Therefore, we get the conclusion. O

From the next two lemmas, we know that ©(z.) = 7/2 for b sufficiently large. Although
the proofs of the next two lemmas are similar to the proofs in [5, Lemma 5.2-5.3], for the
reader’s convenience, we provide the details here.

Lemma 9. For each v € (7/2,7], set
- . a—+c
b:=b(v,c) = .
1) = G X (35,009

where s1 € [0, 8) satisfies 0(s1;¢,b) =~. If b > b, then

g < 0(c,b) < 7.
Moreover,

(4.8) lim 0(c,b) ==, lim #(c,b) = ro(c).

b—+o0o b—+o0o
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Proof. Fix a v € (n/2,7]. Since R(v;¢,0) belongs to the interval (0,7(c)) by Lemma 8, b
is well defined. By the contradiction argument, we assume that there exist a b > b and the
smallest s; > 0 such that 6(s1;¢,b) = . Then we know that z1(s1) < 0 and €'(s1;¢,b) > 0.
By the comparison principle, we also have r(s1;¢,b) > r(s1;¢,0). From these results and
the fact G is increasing, we obtain that

0'(s1) = a — ceosy — bGL (X (r(s13¢.0)) — 21 (s13.0,b)) ) - W

<a+c—bGy(Xy(r(s1;¢,b))/c)
<a+c—bGi (X1 (R(y;¢,0))/c)
<a+c—bGi (X4 (R(v;¢,0))/c) = 0.

Hence, this contradicts the definition of s;. So we have 7/2 < (c,b) < v for all b > b.
Since

lim R(vy;¢,0) =1o(c),

y—w/2
we have

lim b= +oo.
Y7 /2

Therefore, (4.8) holds. O

Lemma 10. For each ¢ € (0,a), there is a positive constant b := b(c) such that S(c,b) = s
for all b >b.

Proof. By Lemma 9, for v = 37 /4, we can take by so large that

~ m 3T . 7
0(c,b) € (2, 4> , T(c,b) € <8r0(c),ro(c)>
for b > by. From this, we have

0<2<TOT<C), O'(z) >0 for ze€(0,%).

When ©'(z) =0 and © € (7/2,7), we obtain that
X, (2) = X(2)\ X\ (2) —tan©® (n—2)sin©
b ! + +
@ B Gl( c ) c + (ro(c) — 2)?
dz2 cos ©
holds. This also implies that ©(z) is decreasing on (2, z¢). So 7/2 < O(z) < 37/4 holds for
z € (Z, ze).
If we assume that z. > r(c), ©(z) can be defined on [0, 7¢(c)] with

<0

O(z) € r, 37T> for ze€[0,r9(c)].
2" 4
Hence, for z € [0,79(c)], we obtain X (z) < 0 by X(0) =0 and

dX( ) sin ©
2T () =
dz

< 0.
cos ©
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Since G is increasing, we know that G1((X4(2) — X(2))/c¢) > G1(X1(z)/¢). Thus, for
O € (7/2,31/4),

a—ccos© —bG1<X+(Z) 7X(Z)) _ (n—2)sin©

ae ¢ ro(c) — z
dz cos ©
< ﬂ(a—ccos@—bGl(X—;(Z)))

< V2(a+c¢—bGy (XJFT(Z)))
< \/§<a+cb min Gl(XJr(Z)))

z€[ro(c)/4,r0(c)/2]

holds. For any b > b where

tot 2T
a C —_—
V2ro(c)

b := max { by,

_ Xy 7
MiN €1 (c) /4.r0(c) /2] Gl( c )
we have
@ - 2T
dz ro(c)’

Integrating from ro(c)/4 to ro(c)/2 on both sides yields

o(2£)-o(2) <25 (2-) 5

It contradicts |©(rg(c)/2) — O(ro(c)/4)| < w/4 by ©(z) € [r/2,37/4). From this, we show
that S(c,b) = s for b sufficiently large. O

4.2. Existence and uniqueness of a solution of (4.3)—(4.5). Now we define the following
set:

There exists a constant z, = z,(b) € (0, z.) such that
B:=<b>0| O(2p) =04(2)+mand
/2 < O(2) < O4(2z) +m for any z € (0, 2p)

Then we have the following property of B.
Lemma 11. The set B is nonempty, bounded and open.

Since the proof of this lemma can be done with an argument similar to [6, Proposition
3.7], we do not repeat it here.

Lemma 12. For any sufficiently small § > 0, there exists a bs such that O(ro(c) —d;bs) = 7

Proof. By Lemma 11, for any sufficiently small § > 0, there exist a by and a 2z, 5 := 2,(bs)
such that ©(z5;b5) = O4(2p,s) + 7 > 7. Also, by Lemma 9 and 10, there exists a bs such
that O(ro(c) — &;bs) = 7/2. By the continuous dependence on b at ro(c) — &, there exists a
bs € (bs, bs) such that O(rg(c) — &;bs) = 7. O
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Taking the monotone decreasing sequence {d,} such that §; — 0 as j — oo, we define b*
by the limit of b5, as j — oo, i.e.

(4.9) b* := lim bs;.

j—o0
Lemma 13. For small ng > 0, take a positive integer J satisfying
(n —2)sinmng
2(a+c)

Fiz an integer j > J. For any n > no, if there exist a z, € (0,79(c)) and a s, € (0,5(c,b))
such that

(4.10) 5y < . ©4(ro(e) — 65) < .

Z(Sn) = Zn |@(zn; b&,-) -7 =mn,
then
1©(25bs,) — 7| =1
for any z > z,. Moreover, X (z;bs;) is also bounded.

Proof. First, we show that X (z) is bounded if |©(2;bs;) — 7| < 7 for any z € [ro(c) —d;, 2e).
Indeed, since

dX
—tan(m 4 7n) = tan(r —n) < E(Z, bs;) = tan ©(z; bs;) < tan(mw +n),

the integration of both sides from z = r¢(c) — J; to z implies that
[ X(25b5,) — X(ro(c) = 653 05,)| < tan(m +n)(z — (ro(c) — §;)) < &; tan(w + ).
Then we know that X (z) is bounded for z € [ro(c) — d;, z.) with |©(z;bs,) — 7| <.
Next, we claim that ©(z;bs,) > 7 +n for 2 > z, and X (2;b5) is bounded, if ©(2,;b5;) =
7+ 1. From the last inequality of (4.10), there exists z,(bs;) € (ro(c) — d;,2,) such that
G(Zp(bisj); béj) = ®+(Zp(b5j)) + .
By Lemma 7,
2
Xy (2) — X(2;bs,) < cGy! <ba>
3
for z,(bs;) < z < z.. From this, we obtain that

Pleebs) = —— L) = XE)

—ccos© —

(n2)sin®)

ro(c) — z

(n—2)siny (HC))

(n — 2)sinng

5 —(a+ c)>

v
|

Vv
|
[t
/\/\G\/—\
|
>
>
‘w
Q
|
o
—~
3
|
2
&,
=N
3
+
3
N~—
N~
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as long as O(z; bs;) € (m+4n,3m/2). Thus, it follows from ©(z,;bs,) = 741 that ©(z;bs;) >
m+n for z € (2, ze). Similarly, we have

0(s;05,) — 0(s,;05,) > (5 — s5p)(a +c).
By

3T T
0(s;bs5,) — O0(sy;b5;) < 5 (m+n) = 3=

we derive that

m/2 —
§—8y < / 77.
a+c
Since |dz/ds| = | — sinf| < 1, by integrating from s = s, to s, we obtain that

|2(53b5;)| < [(s9;05,)[ + |5 = 5|

T/2—n
a+c |

< |z (sn3 b5;)| +

Hence, z(s; bs,) is bounded.
By a similar argument to the case (s,;bs;) = 7+, if 0(sy;bs;) = ™ —n, we obtain that
O(z;bs,) < m—n for z > z, and X (z;bs,) is bounded. O

Lemma 14.

51;%0@(700(0) -5 ) =7

holds.

Proof. We show this lemma by a contradiction argument. Assume that there exist a n > 0
and a 2z, such that

(4.11) |©(229;0") — 7| =21

Here § is defined by Zon = 1o(c) — 5.
Since ©(z;b) is continuous with respect to b at z = 2, for any € € (0,7), there exists a
large integer j such that

(4.12) 1O (2203 bs,) — O(2250")| < €
holds. By (4.11) and (4.12), we get
©(2293b5,) — 7| >2n—e>n
From Lemma 13, for z > z5,, we know that
©(z;05,) — 7[>
By the fact ©(ro(c) — d;;bs,) = 7, we have
ro(c) — 0; < roc) — b

which implies that §; > 6 > 0. Then we get a contradiction by §; — 0 as j — oco. Therefore,
the proof of this lemma has been completed. O
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Proof of Theorem 1. The existence of the front has been shown in Section 3. For the back,
it is shown that there exists a b* given by (4.9) such that the corresponding solution of
(4.3) satisfies the conditions (4.4) and (4.5). These results show the existence of ) for any
c € (0,a). To show that 9Q is C?, we only need to treat it at the tip. Since

z1,4(s0) =0=121,-(0), 74(s0) =ro(c) =7r-(0)

dzxy 4 dxy dry dr_
2 = —1= 2 _ == —
Lt (s) L (0), T (s0) = 0= Z=(0),
d’xy 4 d’z _ d?r n—2 d*r_
: =0= 0 = = 0
ds? (s0) ds? (0), ds? (s0) ot ro(c) ds? (0),

we see that 9 is C2. For the uniqueness of b*, by the fact X, (2) — X(z;b*) > 0 for all
z € (0,79(c)], it follows from Lemma 5

From the formula of v(x1,7) in (4.2), it is easy to see that v € C*(R™\ 9Q) N C°(R™) and
v(xy,2’) = 0if [2'| > rg or 1 > w4 (r). To show (1.9), we only need to consider the case x;
tends to —oo. When x; — —oo, we have Go_l(v) — oo. This implies that v tends to 0 as
x1 — —o00. Therefore, we get the conclusion. O

5. PROPERTIES OF TRAVELING SPOTS

In this section we consider the profiles of traveling spots. In order to study them, we
prepare the following lemmas.

Lemma 15. The back of a traveling spot never intersects the front except for the tip
(X4(0),70(c)).-

Proof. Applying Proposition 7 to the back of traveling spots, we have

(5.1) g <O(2) <O, (2) +

for any 0 < z < rg(c). Then we derive that (X — X)(z) is increasing in z € (0,7r9(c)) by
0, € (0,7/2), © € (7/2,37/2) and

d(X+ —X)(z) sin(©4 —0) 50
dz ~ cosO, cosO '

Hence we conclude to the non-existence of self-intersection points of traveling spots. (I

Lemma 16. For the back of a traveling spot, © can attain © at most once in z € (0,r9(c)).
Moreover, if ©(zq) = m, then

@
dz
Proof. First we note that ©(ro(c)) = m. If there are more than two roots of ©(z) = m, we

can assume that there are z; and z2 (0 < 21 < 22 < ro(c)) such that O(z1) = O(z2) = 7 and
O(z) < 7 for any z € (z1,22). Then there is a z5 € (21, 22) such that

(5.2) (24) 2 0.

d0/dz(z3) = 0, d20/dz?(z3) > 0, g < O(z) < .
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On the other hand, we compute that

d*e sin® doO X —-X sin ©
a2 cos2@dz{aCCOS@bG1< c >(n2)ro(c)—z}
1 CdO L, (Xe - X\ Ld(Xy — X)(2)

RG) {CSIHGdz — < c ) c dz

C(n—2) sin © L cos© dO
(ro(c) = 2)2  ro(c) — 2z dz
Substituting z = z3 to the above equality, we have
d*e b X+ — X\ d(Xy — X)(z23) n—2 sin ©(z3)
_ G/ + + <0
dz? (23) {ccos O(z3) * ( c ) dz * cos O(z3) | (ro(c) — 23)2
since ©4 (z3) € (0,7/2), O(z3) € (7/2,7) and the functions G; and Xy — X are increasing.
This contradicts the definition of z3. Thus the first statement has been shown.
If there is a z, such that O(z,) = 7 and dO©/dz(z;) < 0, then there is a zo(> z4) close to

zq such that ©(z,) > m. This implies that there is another root of ©(z) = 7 which is less
than z4, namely, there are at least two roots. This contradicts the first statement. [

Lemma 17. As for the back of a traveling spot, ©(z) is increasing while ©(z) € (w/2,7).

Proof. We show this lemma by contradiction. Assume that there is a z; € (0,7(c)) such
that
e
dz
According to Lemma 16, ©(z) € (7/2,7) for any z € (0, z1). Since O(ro(c)) = =, there is a
29 € (z1,70(c)) such that
do d*e
il — >
dz (2) =0, dz? (22) 20,

As in the proof of Lemma 16, we have
d*e b , (X — X\ d( X4 — X)(22) n—2 sin O(zz)
ﬁ(@) o {ccos@(zz) {Gl ( c ) dz } + cos O(z2) [(TO(C) — 22)2} } <0.

This contradicts the definition of z5. Hence the proof is complete. ([l

(21) <0, g <O(z) <

< O(z) <.

ol 3

5.1. Convexity. In this study, we classify the traveling spot into two types as in [9]:
(i) €'(s) > 0 on [0,s*) (Convex type),
(ii) @'(s) changes its sign in [0, s*) (Non-convex type).
First, for ¢ = 0, we have b*(0) = 0, s* = 7/2a and the corresponding solution

1 1
(x1,-,7—,0-)(s;0,0) = ( - sin as, E(cosas),w/Q + as)

for s € [0, s*]. Since we have the uniqueness of b*(c) for each ¢ € (0,a) and the comparison
principle Lemma 5, by the similar argument as in [9, Lemma 6.1-6.3], we have the following
two lemmas.

Lemma 18. b*(c) is continuous in ¢ € (0,a). Moreover, if 0 < ¢1 < ¢ < a and
0'(s5¢5,0*(c;)) > 0 for all s € [0,5%(¢;)), i = 1,2, then b*(c1) < b*(ca).

Lemma 19. lim._, o+ b*(c) = 0.
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By the last two lemmas, the continuity of 6’(s;c,b*(c)) with respect to s, ¢, b*(¢) and
the fact 6’(s;0,0) = a > 0, we have 6'(s;¢,b*(c)) > 0 for all s € [0, s*(c)] for the sufficiently
small ¢ > 0. This completes the proof of Theorem 2 (i). Moreover, we have

lim (z1,4,74,04)(s5¢) = (21,4,7+,604)(5:0)
and

lir%(xl,,, r—,0_)(s;¢,b"(c)) = (x1,—,7—,0-)(s;0,0).
c—r

Therefore, Theorem 2 (iii) holds and the region  of the traveling spot converges to a disk
with the radius 1/a as ¢ tends to 0.

Now we will show that the traveling spot is non-convex when c is close to a. From the
results shown in the above, there exists a ¢g € (0,a) such that the traveling spot is convex
for all ¢ € (0,¢p]. On the other hand, we set W, (6) := w4 (R(6)) where wi(r) = z1,4(s(r)).
Then W, (0) satisfies the following system.

aw,(0) —sind
d a—ccos@—(n—Q)]S__zI(l:)
W+ (7T/2) =0.
For 6 € [0, 7/2], we have
dW.(0) _ —sind
(5:3) dd ~ a—ccosf

Integrating both sides of (5.3) from 0 to 7/2, we have

1
Wi (05¢) > Elog

Then it is easy to see that W (0; ¢) tends to oo when ¢ tends to a. Since b*(¢p) is bounded,
there exists a ¢ > ¢g such that

W, (0;¢) > aGy! (b*Q(Zo))

for all ¢ € [¢,a). Now we claim that the traveling spot is of type non-convex for all ¢ € [¢, a).
If not, there exists a é € [c,a) such that 6'(s;¢é,b*(¢)) > 0, 0_(s;¢,0%(¢)) € (w/2,7) and
x1,-(8;¢,0%(¢)) < 0 for all s € [0,s*(¢)). By Lemma 18, we also have b*(&) > b*(cg). Since
(31 is increasing, we derive that

oot -0 (L) B gy, (2209)

Then we know that 6'(s; ¢ b*(¢)) < 0 near s = s*(¢) and get a contradiction. Therefore, we
proved that the traveling spot is non-convex when c is close to a. The proof of Theorem 2
(ii) has been done.
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5.2. Convergence to a planar wave. Now, it remains to show Theorem 2 (iv) holds.
When ¢ = a, it is easy to see that (z1 4+,74+,0+)(s) = (0, s,0) is the planar wave solution of
(3.1)-(3.2) for any s > 0. So we have @ (r) = 0 for any r > 0. By Lemma 18, we define
b*(a) = lim, », b*(c). For convenience, we denote b*(a) by b*. For b = b* and ¢ = a, we
also derive that that (X,0)(z) = (X (2) — aGy " (2a/b*),7) is the planar solution of (4.6)
for all z > 0 by

dX sin

_— = 0 = R

dz cosT

X4 (2) — (X4(2) — aGy ' (2a/b* i
a—acosw—b*Gl( +(Z) ( +(Z) a’Gl ( a/b )))—(H—Q) s
a ro(c) — z

de
dz cos T
To show that the front converges to the planar wave as ¢ ' a, we claim that for any
L >0, pi(r)=0O(ro(c) —r) converges to 0 uniformly in |r| < L as ¢ /* a. Lemma 2 implies
that

r > k(sinpi(r);c)

where
s

a—cy1—s2
Since the function & is monotone increasing in s € (0, 1/1 — (¢/a)?), we can define the inverse
function k=% on (0,1/va? — ¢2). Then, we have

k(s;c) ==

. —1y .
sing4(r) < k7 (r;e) < 1—§

for 0 < r < 1/va2? —c2. When ¢ 2 a, k=(r;c) tends to 0 for any r > 0. Hence we get
the conclusion. This means that the front converges to the planar wave locally uniformly as

c Ma,ie.,

5.4 lim X =0.
(54 lim X (2)
Next we consider the back. Now we want to show that
2
(5.5) X4 (2) - X(2) — aGy! (b“> -0
as ¢ /' a. Since
do . siné
_J(O) =a—b"v(X(ro(c)),0) +c— (n—2) 711_% —
we have
_ie(o) a—b"v(X(ro(c)),0) +c
dr>’ n—1 '

As seen in the previous subsection, if ¢ is sufficiently close to a, 6'(s) becomes negative near
r = 0, namely,

db a—b*v(X(ro(c)),0) + ¢

~2(0) =

<0,
n—1

which yields

v(X (ro(c)),0) = Gy <X+(TO(C)) X<TO(C))) > aJrC'

c b*
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This immediately implies that

6 (%55 < Xulra(e) - Xlrn(e) < e (5.

b b

Then we have

ca b*

Next we show (5.5) by a contradiction argument in the interval [ro(c) — L,79(c)). For
¢ /' a, there are 6 > 0 and z. € [ro(c) — L, ro(c)) such that
2a— ¢
(5.6) X4 (20) — X(20) < cGy? ( “b* ) .
Recall that the traveling spot is non-convex if ¢ is close to a. Lemma 16 implies that there

is a unique root z4 such that ©(z,) = 7 and ©(z) > 7 for any z € (z4,70(c)). Moreover, we
have

i (X, (ro(c) — X)) = G 22,

X (2g) — X(2g) < ¢ Gy (“; C)

by
de . Xi(zq) — X(zq)
E(zq)za—l—c—b G1(+ch > 0.

For any z € (z4,70(c)),
X (2) < X(ro(c)).
It turns out from (5.4) that, for z, < z < ry(c),

2 2
(57 Gy <ba> > X1 (2) = X(2) > X1(2) = X(ro(c)) = aGy! (b">
as ¢ /* a. Thus by the definition of z., 79(c) — L < z. < z,. By Lemma 17, we have

g <O(z) < O(z) <7
for 0 < z < z.. Thus
X(z.) < X(0) = X1(0).

On the other hand, for the front, we have

dry sin @y
- —2)sinf
0+ a—ccosfy — (n=2)sinfy
ro(c) — 2
Sin9+
a—ccosfy’
This implies
X4 (0) — Xo(2) < |~ L log( 0) o L -
- ze) < |——log (a — ccos =——log————.
+ + c 8 0=0. () c gafccosG)Jr(zC)

Since ©4(z) — 0 for any z € [ro(c) — L, ro(c)] as ¢ a, we obtain that
X (ze) = X4(0) = o0
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F1GURE 3. Relationship between cand b whenn =3, g1 =1, go = 44, g3 =
100, g4 =1 and a = 1.

as ¢ / a. Therefore
Xy (20) = X(20) = X4 () — X4(0) > o,

This contradicts (5.6). Thus (5.5) has been shown. Now we give the proof of Theorem 2
(iv) as follows.

Proof of Theorem 2 (iv). From the results shown in the above, we show that for any L > 0,
w4 (r) = O(ro(c) — r) converges to 0 uniformly in |r| < L as ¢ / a. This implies that
the solution of the front (x1 4,74+,64)(s; c) converges to the planar wave (21 4,7r4,604)(s) =
(0,5,0). For the back, we have X (2;¢) — X(z;¢) converges to a Gy *(2a/b*) as ¢ 7 a.
Therefore, we derive that the solution for the back (X, ©)(z;c) converges to the planar wave
(X1 (2) —aGy(2a/b%), 7). O

6. CONCLUSION

Traveling spot is one of the patterns observed in n-dimensional excitable media (n > 3).
To capture this pattern we have used interface equations derived from the singular limit
problem of the FitzHugh-Nagumo type equations, introduced in [5]. The traveling spot
mainly consists of the front and the back. The system for the front is a set of three-
component ordinary differential equations (3.1), (3.4), and (3.5). The system for the back
is coupled with that for the front and three-component ordinary differential equations (4.3),
(4.4), and (4.5). For n > 3, these systems include the singularities when r = 0. This makes
the problem more complicated than the case [5] where n = 2. The existence of the traveling
spot is shown by proving the existence of the front and the back if the speed c is smaller
than that of a planar traveling wave. More precisely, for any ¢ € [0, a), there is a constant
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b such that the traveling spot uniquely exists up to the shift where a is a parameter of the
system corresponding to the speed of a planar traveling wave. Unfortunately, we cannot
show the existence of ¢ for a given constant b. However, by numerical computations, the
relationship between ¢ and b seems to be monotone, see Figure 3. In addition, we classify
the traveling spot into two cases: convex and non-convex. Furthermore, we obtain that the
traveling spot is close to a planar wave when the wave speed c is close to a.
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ON THE ASYMPTOTIC BEHAVIOUR OF SOME PROBLEMS OF THE
CALCULUS OF VARIATIONS

MICHEL CHIPOT

ABSTRACT. In this note we analyse the asymptotic behaviour of the solution of some
class of calculus of variation problems set in cylindrical domains. A special attention is
given to limit the assumptions on the functional at stake to a minimum.

1. MONOTONICITY PROPERTIES

We collect in this part some results which are perhaps known but for which we have been
unable to find proper references. We refer the reader to [14], [15], [3], [4] for an introduction
to the Sobolev spaces used here.

Let F: Q xR x R"™ — R be a function such that

(1.1) F(v) = F(z,v(x), Vo(z)) € L) Yo € W), ¢ > 1.
For f € W14 (Q) the dual of W, %(Q) we set

(1.2) Eq(v) = Eq,s(v) = /Q F(v) d = (f,v) Yo € Wy ()

where (, ) denotes the duality bracket between W14 (Q) and W;9(2). We consider the
minimization problem of Eq on W, '%(Q2) i.e. we denote by u = u; a function in W)
such that

(1.3) Eq(u) < Eq(v) Yo € W3 Q).
Then we have:

Theorem 1. Let u; = uy, and us = uy, be two minimizers of Eq on Wol’q(Q) corresponding
to f1 and fo respectively. One has

(1.4) (fi = f2, (ug —ug) ™) > 0.

()" denotes the positive part of a function.
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Proof. Set
(1.5) A={z e Q| ua(x) > ui(x)}.

Consider

v=1u; Aug = u; — (ug —u)*.

One has - if A denotes the set Q\ A

Eq.f (v /—7: dr—(f1,v >— F(uq) dx+/AC}'(u2) dx
_<f1,U1> (f1,(u1 —u2)*).

We consider next

w=1u Vuy = us + (u; —uz)"t.

One has
Eo,f, (w /f ) dz—(f2,w /-FUQ dx+/ Fluy) dx

- <f2,u2 - <f2, ur — U2)+>~
Adding up the last two equalities we get

EQ7f1 (U) + EQ,f2 (w)
= Eq.5, (u1) + Eq,p, (u2) + (f1 = f2, (wg — u)™).

Thus (1.4) follows since u;, us are minimizers of Eq ¢, , Eq s, respectively. This completes
the proof of the theorem.

(1.6)

O
Remark 1. Exchanging the role of f; and f; we have
<f2 — f1, (ug — U1)+> = <f2 — f1, (ug — Uz)_>
= (fi = fo,—(u1 —ug)™) >0
and thus adding to (1.4)
(1.7) (f1 — fo,u1 —uz) >0
which means that the operator f — us is monotone.

Definition 1. We say that f; > fo when this inequality holds in the distributional sense
i.e. when we have

<f13§0> > <f2550> V@ € D(Q)a ¥ > Ov
which by density of D(Q) in W '?(2) means

(1.8) (f1,0) = (f2,0) Yo € Wy (Q), v >0
Then we have:

Corollary 1. Letu; = uy, andug = uys, be two minimizers of Eq on Wol’q(Q) corresponding
to fi1 and fo respectively. If

(1.9) fi<fe

one has

(1.10) <f1 —fg,(ul —U2)+> = 0.
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Proof. This follows immediately from the definition above and (1.4). O

Remark 2. In the case where f; and f; are functions satisfying (1.9) one has u; < ug on
the set where f; < fs.

Corollary 2. Letu; = uy, anduz = uys, be two minimizers of Eq on Wol’q(Q) corresponding
to f1 and fo respectively. If (1.9) holds and either uy or ug is unique then
(1.11) uy < usg.
Proof. Indeed in this case from (1.6) one derives
Eq 1, (v) = Eq 5, (u1) = Eq,f, (u2) — Eq, 5, (w) = 0.

Then either v = u; or w = uy which in both cases means u; < us.

As an immediate consequence one has

Corollary 3. Suppose that 0 is solution to (1.3) for f = 0 and that (1.3) has a unique
solution uy for f > 0. Then one has uy > 0.

As a remarkable property we have also

Proposition 1. The following assertions are equivalent:

(i) The minimization problem (1.3) admits a unique solution.

(ii) If w = uy denotes a minimizer of Eq, the mapping f — uy is monotone in the sense
that

f1 < fo= up S uy,.
Proof.
Indeed if u; and us are two solutions corresponding to the same f the monotonicity
property implies u; > ug and ug > up i.e. uyp = us.
o(i) = (4i) follows directly from Corollary 2.
O

Remark 3. The same results hold if the minimisation on W,'?(£2) is replaced by a minimi-
sation on a subset K of WO1 "4(Q) having the property that

ul,ug € K = uy Aug, up Vuy € K.

Note also that our results do not involve any convexity on F' or K.

One has also the following additional monotonicity property with respect to the domain

Q.

Theorem 2. Suppose that f > 0 in the distributional sense and that (1.3) admits a unique
solution for two open subsets Q and Q' such that

(1.12) Qco.

If u,u' denote the solutions to (1.3) corresponding to 2,V respectively and if 0 is solution
to (1.3) for f =0 for Q,Q one has

(1.13) u' >u>0.
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Proof. u,u’ > 0 is a consequence of Corollary 3. Suppose that u is extended by 0 outside
Q. Consider then v =uAv' =u' — (v —u)T and

A={z e |ulx) >d(2)}
Note that A is included in €2. One has

/]—' dz — (f,v) /]-' dz+/]—' ) dz — (f,0) .

/]-'(u’) dx</]-"(u) dz — (f,u) + (F,0)
A A

If

one has

/ Fw)dz— (f,0) < | Flu) do+ / Flu) da — (fu) + (f.0) — (fo0)
Q AC A

:/Q]-'(u) dx — (f,u).

and a contradiction with the definition of « which is not a minimizer. Thus it holds
/ Flu) do < / F') de + (fu) — (f,0).
A A

If now one considers w = u V' = u + (v’ —u)T it comes

F(w) dz — {f,w) = F(u) dx—&-/A]-'(u) dzr — {f,w)

e% AC
and thus

| Fw) o=t < [ F) dor ifo) = (f0) = ()

Q

F') do — (f,u').

Q/
(Recall that v = v’ — (v —u)™, w = u+ (v — u)"). By uniqueness of the solution one has
w = u’ which implies that v/ > u. This completes the proof of the theorem.
O
2. A CONVERGENCE RESULT

We denote by €2, the open subset of R™ defined as

Qg = &L}l X Wo
where
(2.1) w; is a bounded convex open subset of R? containing 0,

ws being a bounded open subset of R("~P),

Thus for every £y < ¢ — 1 there exists a function p = py,(X1) such that
(2.2) 0<p<1, p=1onlywy, p=0outside (¢y+ 1wy, |Vp| <C
where C is a constant independent of /3. We consider then a function F' : R™ — R such that

(2.3) F is convex,
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and such that there exist positive constants A\, A, A’ such that
(2.4) NE[?— A < F(€) < AE|?+ A’ VE € R, F(0) = A’
(q is a fixed number such that g > 1).

For such a function we have for some constant C' = C(q, A, A’) (see [13]):

(2.5) |[F(P)— F(Q)| < C{1+|P|" " +|Q|* '}|P - Q| VP,Q € R™.
Then for
(2.6) f=F(X) € L7 (ws), é SR

we consider the minimisation of the functional
(2.7) Eq,(v) = / F(Vv) — fv dz
Qy

on W, %(%). We have:

Theorem 3. There exists up solution to

(2.8) ue € Wy U(Qy), Eq,(us) < Eq,(v) Yo € Wy 4(Q).

Moreover if F is strictly convex the solution of the problem above is unique.

Proof. First note that by (2.4) and (2.6), Eq,(v) is well defined for any v € Wy9(Qy).

Moreover by the Hoélder and Poincaré inequalities one has

(2.9) [ svde <ifladvlan, < ClflyaI9el,
£

and thus -see (2.4)-

B, () 2 A[Vol|® o, — Clflys |Vl q, — A1

This implies that Eg, is coercive or that every minimizing sequence is bounded in Wy (£2).
To conclude it is enough to show that Eq, is lower semicontinuous for the weak topology of
WO1 (). Eq, being convex it is enough to show the lower semicontinuity of Fg, for the
strong topology of Wy4(€). If

vy — v in Wod(€)
up to a subsequence one has
vp, — v in L1(Qy), Vv, — Vv a.e. in Q.

By Fatou’s lemma one deduces

liminf Eq, (v,) = liminf [ F(Vo,) dx — fvdx
n—oo n—oo QZ QZ
> / liminf F(Vu,) dx — fv dx = Eq,(v).
Q, " Q

This completes the proof of the theorem. O
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We are interested here in the behaviour of uy when ¢ — +4o00. The issue has been
considered before for a certain number of problems and we refer for instance to [1], [2], [5],
[6], [7], [9], [10], [11] to have a good spectrum of the techniques involved.

If 0 denotes the 0 vector in R” and Vx, the gradient in X3 i.e.
Vx, = (8l‘p+1’ T 781‘71)

one sets

(2.10) E.,(v)= / F(0,Vx,v) — fv dXs Yo € Wy (ws).

2

Clearly E,,(v) is well defined and with the same proof as above one has

Theorem 4. There exists us solution to

(2.11) Uno € Wy (w2), By (i) < By (v) Yo € Wy % (wy).

Moreover if F(0,-) is strictly convex the solution of the problem above is unique.
Our goal is now to show:

Theorem 5. Suppose that f > 0 and F strictly convex then one has

(2.12) Ug — Uso

when £ — +o0.

Remark 4. For the time being we are not more precise on the way the convergence above
occurs. This result completes the results of [8]. See also [5].

We will need several lemmas.

One denotes by W,-4(€) the space

lat
(2.13) Wh(Q) = {v e WH(Qy) | v =0 on fw; x dwn}
and by V19(Q,) the space
(2.14) Va(Q) = {v e WhiQy) | Vx,vdX; =0ae Xo€wyl.
ZUJ1

(fro, = ﬁ [y, Where |[fw:| denotes the measure of fwr ).

Lemma 1. u is the unique solution to

(2.15) Uoo € VI(Qy), Fo,(us) < Eq,(v) Vv € V().
(We suppose u~ extended to §y being taken constant in X1).

Proof. First notice that us, € V19(Qy). Indeed one has since u+, is independent of X;

Vx, Uso dX1 = 0.

Zwl

Next let u € V19(Qy). Set
U(XQ) = ][ ’U,(.,XQ) dX1
Zwl
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It is easy to see that v € W, (wy). Thus
By (t1s0) < Bu (v) = / F(0,Vx,0) — fo dXos.

w2

Now using the fact that u € V19(£) one has

0=1 Vyx,udXi.

éwl
Also by differentiation under the integral, we get
Vx,v = Vx,u dX;.
Zwl
Therefore we have by Jensen’s inequality

sz(uoo) S/ {F( ! leudXh 1 VX2udX1>}dX2

w |€w1| Ly ‘&U1| lwy

1
- / Fl— [ wdx, bdx,
w2 |£w1| fb.)l

s/ : {F(Vu) = fu}dX1dX; = Fa, (u)
wa |‘€w1| Zwl

|£w1| '

Clearly equality holds in the above inequality if © = u,. Then the claim follows from the
uniqueness of the minimizer.

O
One can then show:
Lemma 2. One has for £/ > £
(2.16) 0<uy <up < Uso.

Proof. Recall that we are assuming f > 0. The nonnegativity of all the functions above
results from the corollary 3. Indeed for f = 0 one has for instance

Eq,(v) = [ F(Vv)dz > —AN'dx
Qy Qp
= / F(0)dz = Eq,(0) Vv € Wy (Qy)
Q
i.e. 0 is a minimizer. The monotonicity property ¢ — wu, follows from the theorem 2. To
prove that u, (or ug ) is less than us, one proceeds as follows. One considers
Ap={z € Q| ue(x) > uco(x)}.
One has

(2.17) Ea,(ur) < Ea, (uoo) (Ea, () = B (V)= f du).

Indeed, if not, setting vy = uy A us, one has vy € Wol’q(Qg) and

Eq,(ve) = Ea,(ve) + E 0 (ve) = Ea, (Uso) + E ¢ (ue) < Eq, (ur)
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and a contradiction with the definition of u, (AY denotes the set Q\A,). Assuming then
(2.17) and considering wy = uy V us, one has wy € V19(£2). Indeed if v denotes the normal
to O(fwy) this follows from

1
VX1w€(~7X2) Xm = 6
Lwq | w1| 8(&.}1)

),
= — Uoo (., Xo)V do(X
€ | d(Lwr) (- Xo) )

’U}e(.,XQ)I/ dO’(Xl)

= leuoo(.,Xg) Xm = 0,

Zwl

(since uso (X1, X2) is constant in X;). Then
Eoq,(we) = Ea,(we) + Eac(we) = Ea, (ue) + Eac (uss) < Eg, (o)

and thus wy = us -i.€. Uy < Ugo-

Clearly it follows from the lemma 2 that there exists @, such that
(2.18) Up < Too < Uoo VU, Up — Uoo a.€. in RP X wo.
Lemma 3. The function ls is independent of X;.

Proof. Fori=1,---,p we set
Tiv(z) = v(x — he;), h >0

where e; denotes the i-th vector of the canonical basis of RP. We claim that

(2.19) wprn > Thiug for 0 < B’ < \h
A <1 being so small that
(2.20) Ae; € wy.

Indeed if (2.20) holds we have for X; — h'e; € fw; and some Y7 € wy
l I
X =, +hes=U+h{—Y1 + —+—¢; {+h
1 v e =+ R){ i+ et € (C )

(since Y7, %ei € wy and wy is convex containing 0). Thus the support of T,i,ug is contained
in Q¢1p. One defines
A={x € Quyp | Thus(x) > uepn(x)}.
One has E4(uein) < Ea(iug). Indeed if not
Wy = Upyp V T}i/uZ = Up4h + (T;L/Ug - Ug_;,_h)Jr S Wol’q(Qg_;,_h)
and ‘
Eoq, ., (we) = Ea(tue) + Eac (Uetn)
< Ea(uesn) + Egqo(uesn) = Ea, ., (wern)

and a contradiction with the definition of usy . Let us set

A ={x € Q[ 71y (uesn) (x) < ue(x)}.
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reA e x+he € Qypand uprp(z+ he) < u(z)
sy=x+he € Qi and upin(y) < ue(y)
x4+ hle €A,

i.e. one has
(2.21) A =A-Ne,.
Consider next
ve =g AT (wern) = we — (wg — 785 (weypn)) ™t
Clearly vy € Wy'%() (recall that 7%, (usyp,) > 0). Then
Bq,(ve) = Bar (1 (uetn)) + Eac (ue).
Using (2.21) one has

Bl i) = | AF(Vuenla+We)) = F(Xa)ursn(a + e,

=Awmew—ﬁ&mM@mmEmWw

and

E(1],(ug)) = /A{F(Vug(x —We)) — f(Xo)ue(x — h'e;)} dx

= A/{F(VW(?J)) — f(Xa)ue(y) by = Ear(ur).
Thus we obtain from above — recall that E4(usin) < Ea(7} ue)

Eq, (vg) :EA(Ug+h) + E e (UZ) < EA(T;;/UZ) + E g (Ug)
=FE (ug) + E 4 (’u,g) = EQE (UZ)

This is only possible if v, = ug i.e. (ue — 7%, (ursn))™ = 0 which is also
T,i/ (ue) < Upgn-
Similary one would get

Thus, passing to the limit in ¢ in the inequalities above one derives
oo (T — h'e;) < lioo(T), Too(x + h'e;) < loo(x) ace. z,
which implies
oo (7) < Uoo(z — We;) < lio(x) ae. z, Vi=1,--- p, Vh' small.

This completes the proof of the lemma.

Lemma 4. The function i, belongs to Wy ' (ws).



316 MICHEL CHIPOT

Proof. Let p = pq, be the function defined in (2.2). Since (1 — p)uy € Wy 9() one derives
from (2.8)

[ {P(Vu0) — fucdde < | {F(V(0 = pue)) = £~ pJuc)a.

Since (1 — p) =1 outside of Q41 and 0 on Qy, we get

/ {F(Vuy) — fug}dx
Q41

<[ POt [ P pu) - 50 pu da

£ Dy,

< [ AFKNV(A = pue)) = fF(1 = p)ueidr

D"‘O

(with Dy, = Qgy41\Q¢,) and thus
/ F(Vug)de < / F(V((1 - p)ue))da + / Fllelde
Q41 Dy, Qeg+1

< /D FV((L~ p)un)da + flg g 1 [1tlg.0, 1

)

< / F(V((1 — p)ue))dz + C|flg e .. | [Vue]
D

a4,y +1”
Lo

by the Poincaré inequality. Using the assumptions on F' and Young’s inequality it comes

A Vet do— N[, 1] < A/ V(1= pue)|? da
Qeg+1 Dy,
+ 6‘ |VU5||375260+1 + C(€)|f|g',mo+1 + A/|Qéo+1|'

Choosing € = % we get

A
*/ |VU[|q dx
2 Qo1

<A [ |- uVor (1= pVult do s CONSIY g, + 20 1R
D

q" Qg1
£o

SC/
D

(we have used here the Poincaré inequality again). Thus we derive
A

- / |Vue|? dz

2 Qog+1

SC/ Vel do + (bo + 1P lor {C) I FI7 ., + 24 Jwa ]}
D

q’ w2

Vu? do 00 [ 17 dXadXy + 20
(Lo+1)w1 J wa

Lo

Lo
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If we still denote by C the maximum 2& v {%|w1|(C’()\)|f|q’ + 2A|wz|)} we obtain

q’ w2
/ Vugl? dz < c/ Vugl? d + C (o + 1)P
Qeg+1 Dy,

where C' is independent of £y and ¢. Thus it comes

/ Vug|? dz < C Vugl? dz—C [ [Vugl? dz+ C(to + 1)
QZO Q[O+1 Q[O
and then
/ |V’U,g|q dx S’)// |Vw\q dx+’y(£0+1)p
Qg Lo+1
with v = CL_H < 1. Tterating this inequality [¢ — £y] times where [ ] denotes the integer part

of a number leads to

| ultde <oty [ [Tult do st + 27 44+ 1)
Q

Qeg+2

<o [ Vult do 402+ 27 426+ 17
Qeg42

Lo

[¢—£o]

<l [ Vet du+ S A * (b + k.
Qg 10— 10) k=1
Using the fact that
6—60—1< [f—g()] Sé—go
we derive
1 oo
2.22 / Vugl? dx < 74/ Vuel? dz 4> ~* (o + k)P.
(2:22) o [Vl s [V ; (
Since it
bo+k+1)P
lim (bo+k+1)P <1

itoo ARl + k)P
the series above converges and has for sum some real number that we will denote by 3({).
We know on the other hand taking v = 0 in (2.8) that

/ F(Vuy) do — Sfug dx < / F(0) dx
Q Q

Q
i.e.

/ F(Vug) dx —/ F(0) dx < fuedz
Q Q Q¢
<|f

by Holder’s inequality. Thus

¢ suluelgn, < Clflg .o [Vuel] g,

A |VUZ|q dx S C|f|q/,gz£“VUz||

Q"
Q q,5¢¢

This leads to
/ |Vl dz < C / 1£19" dX,dX, < CeP.
Q Lwy J w2
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Thus, going back to (2.22) we obtain

1
(2.23) / [Vug|? doe < —— CHHP + (L) < K (to) V¢
Q, e

where K (£y) is a constant independent of £. Tt follows that u, is bounded in W,%(Q,) and

thus up to a subsequence one has that there exists i € VVlth (€y,) such that

wp — oo in Wlt’tq(ng)7 g — Gioo in LI(Qyg,).
Since by the dominated convergence theorem one has
Up = Uoo in LI(Cy,)
one obtains
liog = log € VVIZ’E(Q%)

i.e. fioo € Wy'%(ws). This completes the proof of the lemma.

Lemma 5. One has
(2.24) flos = Uso.
Proof. First notice that from (2.22), (2.23) one has

+o00
/2 |Vue|? do < 1—|—€827k(1+k‘)p

Qe k=1

=1+C0,

(2.25)

for ¢ large enough i.e. £ > £({y), £y > 1. If p = py, is the function defined in (2.2) one has
(1= plue + puce € Wy ()

and thus from (2.8)

{F(Vug) — fup} dx
Qp

< [ (P ppuet pusch) - 10~ ppue + punc}}
Qy
Since (1 — p)ug + puce = ug on 2,\Qy,+1 and is equal to u on Qy, we get

/ {F(Vug) — fup} dae < {F(Vuso) — fuoco} dz
(2.26) O o

+ /D {F(V{(l — p)ug + puoo}) — fF{(1 — p)ug + Puoo}} de.

Lo
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Let us denote by I the last integral above. One has

1= [ {F0 = ppuc+ pu) = FUL= p)F0r + Tz

£o

+ F((1 - p)Vur + pVus) — f{(1 — plus + puoo}} dx

< /D {F(V{(1 = phue + pucc}) = F((1 = p)Vue + pVuse) } d

Lo

+/ (1= PH{E (V) — fuek da+ p{F (Vi) — fus} da
D

Lo

due to the convexity of F. It follows from (2.26) that

| plF(u) = fuddo < [ p(F(Vux)  fuse}da
Qeg+1 Qeg+1

(2.27)
+ /D {FOV{(1 = p)ue + puac}) = F((1 = p) Vs + pVuce) .

Lo

Let J be the last integral above. Since

V{1 = plue + pucc} = {(1 = p)Vur + pVuoo } = —(ur — uso)Vp

we deduce from (2.5)

J<C (1+\V{(l—,O)ueeruoo}lq_1

DZO

(1 = )V + pVusc} 1Y e = ecld

<C (1 Vel + [ue™! + Voo™ + \uoo|q_1>|u(g — usedz

(we used the inequality (a+b)9"1 < C(a?"14+b971) valid for ¢ > 1, a,b > 0). Using Holder’s
inequality we derive

J < C’(/ [tg—too |? dm)a
{([ vt vudrdni ([ fultan?
D D D

Lo Lo

+ (/D [Vauso|? da) 7 +(/

Due to the Poincaré inequality it comes

Lo

1

JSC(/ [tp — Uoo|? cloc)E
D

Lo

D=5 ([ vurao =t (
£o+1

Qo1

Vttoo |7 dx)l—%}.
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Using (2.25) we deduce that for ¢ large enough
1
J=Jy < C(/ [ur — Uool? dm) " (bo + 1)PO—D),
D

Lo
Thus, for large ¢, (2.27) can be written as

| oty de< |
Q41 Qep+1

(2.28) 1
+c(/ g — ttoo| dx)q(éo—s—l)p(l’%).
D

)

p{F(Vus) — fusc}t dz

Passing to the liminf and using the weak lower semicontinuity of the left hand side (recall

that F'is convex) we get

[ plF Vi) fun) e < [
Qeg+1 Qeg+1
L 1
+C(/ [tioo — Uool|? dx)q(€0+1)p(1_6).
Dy,
Considering each of the terms above one has
[ ptF )~ fadae= [ [ p(F(VE) - fi)de
Qe0+1 (£0+1)0J1 w2

= sz (1100) / del .
(Lo+1)w1

P{F (Vi) — fuse} dz

Similarly
{F(Vus) — fus} de = E,, (uoo)/ pdX;.
on+1 (€0+1)W1
Finally
1 1
(/ o — ttoo| dx)“ :(/ / o — oo }|? dx)q
Dy, (Lo+1)w1\lowr Jwa
= Jiico — tsclgwa | (fo + Dwr \lows | 7
= [fioe — oo g (|(f0 + Ler| = [fowir])
11
<oV
where C' is independent of ¢y. Thus we have obtained
Boy(iine) < Eupuse) +C00 0600 [ pax,
Qeg+1

(-1} p0-3)

< Euy(use) +C : /P
0

for some constant C i.e.
(Uso) + Cly °.

By (tioo)
(uxo). By definition of us this implies that

< E,,
Letting £y — 400 we obtain F,,(lie) < Fu,

Tloo = Uoso and the result follows.
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Remark 5. We have now proved the theorem 5. Note that the convergence (2.12) takes
place pointwise and also in L(€, )-strong and Wllatq (Qy, )-weak for any £.

Remark 6. The function

1
(&) = 5|§\‘1

satisfies the assumptions (2.3), (2.4). The solution of the minimisation problem (2.8) is also
weak solution of the ¢g-Laplace Dirichlet problem

-V (|VUg|q_2Vug) = f in €y,
Uy = 0 on an

One recovers the results of [12] i.e. the convergence of u, toward the weak solution us, to

{_sz . (IVX2UOO|‘1_2VX2UOO) = f in w2,

Uso = 0 on Ows,

with a clear meaning for Vx,- i.e. the divergence in Xs.
To conclude this section we would like to consider the asymptotic behavior of

EQa (Ug)
|£UJ1|

when ¢ — oo.
In particular we would like to prove (Cf. [8]):

Theorem 6. (Convergence of the energy) One has for some constant C > 0 and
sufficiently large £,

Lm(ue) < E,,(us) + 9

EUJ oo S =
2(U ) |£w1| g

where Uy, Use are the solutions to (2.8) and (2.11) respectively.

Proof. Since ug € Wy'?(€Q) € V19(£2) the left hand side inequality is an immediate conse-
quence of (2.15) which can be written for v = u,

[lw1| By, (o) = Eo, (uoo) < Ea, (ur).

To prove the right hand side inequality, one considers p = py—1(X1), as defined in (2.2).
Since puo, € Wy 4(Qy) from (2.8), we have

Eq,(ue) < Eq,(ptico).
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Thus from (2.2), (2.4) we deduce for some constant C

B () = By (o) + | o FT (1)) — fucpa

< P, () + | o F (Vo)) = F(Vus) = Fuse(p = 1)

< VB () + [ 2N AT (pus) 7+ ATl + | flfe o
Qe\Q2—1

< [wr|Ew, (uss) + C L+ Voo |? + [tioo|? + | f]|tieo [de
Qe\Qe—1

< [l B, (too) + Cfllwn | = [(€ = Dwn[} [ 14 [Vitoo |[* + [tioo|* + [ f]|uco|dz.

w2

Dividing by |fw1| the result follows, i.e. one has for some other constant C

EQZ (ug) C
— L < FE (Use) + —.
|€w1 | — 2 (U ) + Z
This completes the proof of the theorem. O
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DECAY ESTIMATES FOR LINEARIZED UNSTEADY
INCOMPRESSIBLE VISCOUS FLOWS AROUND ROTATING AND
TRANSLATING BODIES

PAUL DEURING, STANISLAV KRACMAR, SARKA NECASOVA, AND PETER WITTWER

ABSTRACT. We consider the time-dependent Oseen sytem with rotational terms. This
system is a linearized model for the flow of a viscous incompressible fluid around a rigid
body moving at a constant velocity and rotating with constant angular velocity. We
present results on temporal and spatial decay of solutions to this system in the whole
space. The spatial asymptotics we establish exhibit a wake.

1. INTRODUCTION

Consider the motion of a viscous incompressible fluid around a rigid body translating
with constant velocity and rotating at constant angular velocity. Suppose the fluid flow is
described with respect to a coordinate system in which the body is at rest. Then the flow
in question is usually represented by a modified Navier-Stokes system which reads like this:

(1.1) Ov—vAw+(v-Vy)v—(V4+wxz) Vyao+twxv+Vg=F, div,o=0

in (R®\D) x (0,7). Here ® C R? is a bounded domain representing the rigid body. The
function v denotes the velocity field of the fluid, and the function ¢ its pressure field. The
vector V' describes the constant translation of the body, and the vector w its constant angular
velocity. We suppose that V' and w are parallel. The function F' stands for an exterior force
exerted on the fluid, and the parameter v € (0,00) characterizes the viscosity of the fluid.
By a suitable normalization and some changes of variables (see [16]), system (1.1) may be
rewritten in the form

(1.2) 0w — Agu+ 70, u+7(u-Vy)u — (gey X z) - Vyutoey xu+ Vyeo = f, divyu =0,

where 7 € (0, 00) is the Reynolds number and o € R\{0} the Taylor number.

In recent years, many articles dealt with flows around a rotating body. As examples we
mention [10] — [14], [17] — [18], [20] — [21]. In the present context, an article by Chen and
Miyakava [1] is relevant. These authors proved existence of a global weak solution to (1.1) in
the whole space R™ with n = 2 and n = 3, and derived algebraic decay rates (as t — oo) for
the kinetic energy associated with this solution. They assumed F' = 0, v = 1 but considered
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nonzero initial data and admitted the case that V and w are functions depending on time,
and need not be parallel. We will show results related to those in [1], but pertaining to the
Oseen system with rotational terms, that is, to the following system obtained by dropping
the nonlinearity in (1.2),

(1.3) Opu — Agu+ 70z, u— (per X x) - Vyu+ ey xu+ Vyo = f,  divyu =0.

Under the assumption that f does not depend on time and decays in an appropriate way,
we will study the asymptotics of U(x) — u(z,t) and V(U (z) — u(z,t) ) with respect to both
the space variable z and the time variable ¢, where w is the velocity part of a solution to
(1.3) with initial data zero, and U the velocity part of a solution to the stationary variant
of (1.3), that is,

(1.4) —AU +70U - (pe1 x2) -V U+ per xU+VII=f, divU =0.

The decay bounds we obtain for U(z) — u(z,t) exhibit a wake. In addition, they imply
optimal rates of spatial decay for u(z,t) when || — oo. These rates are uniform with respect
to t. Our estimates of U(x) —u(x,t) further yield that u(-,t) converges to U with respect to
a weighted W1>°-norm, which we will denote by || ||1,00,w,e- The rate of this convergence is
t~¢, where € may be arbitrarily chosen in (0, 1/2) but enters into the definition of || ||1,c0,uw,e-
This convergence result means in particular that U is unconditionally asymptotically stable
with respect to the norm || ||1,00,w,e- For more details on our results we refer to Theorem 2,
Corollary 1 and the comments in Section 4.

2. NOTATIONS, DEFINITIONS AND AUXILIARY RESULTS

If A C R3, we write A° for the complement R3\A of A. The symbol | | denotes the
Euclidean norm of R3 and also the length of a multiindex from N3, that is, |a| := a1 +as+a3
for « € N3. The open ball centered at x € R® and with radius r > 0 is denoted by B, (z).
If x = 0, we will write B, instead of B,(0). Put e; := (1,0,0). Let z x y denote the usual
vector product of z,y € R3.

The parameters 7 € (0,00) and ¢ € R\{0} will be kept fixed throughout. Put s,(z) :=
1+ 7 (Jz| — 21) for € R3. Define the matrix Q € R3*3 by

0 0 0
Q:=p 00 -1,
01 0

so that pe; x = Q -z for z € R?. By the symbol €, we denote constants only depending
on 7 or w. We write €(vq,...,7,) for constants that additionally depend on parameters
Y1, -y Yo € R, for some n € N.

For p € [1,00) and for open sets A C R?, we write W1P(A) for the usual Sobolev space
of order 1 and exponent p. If B C R3 is open, define Wli’f (B) as the set of all functions
g : B — R such that g|U € WHP(U) for any open bounded set U C R3 with U C B. If
V is a normed space whose norm is denoted by || ||v, and if n € N, we equip the product

1/2
space V™ with a norm || Hgl) defined by ||v\|§f) = (2?21 ||vj||%/) for v € V™. But for
simplicity, we will write || ||y instead of || Hgb)
Let K denote the usual fundamental solution to the heat equation,

(2.1) K(z,t) = (dt)=3/2e~121"/(40) g1 2 € R3, ¢ € (0, 00).
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Recall that the Kummer function 1 Fi(1, -, - ) is given by
1F1(1,c,u) := Z(I‘(c)/F(u +¢))u” for all w € R, ¢ € (0, 00),
n=0

where I' denotes the usual Gamma function. We put
Hjp () == xjxg|z| 72 for x € R\ {0},
Aji(x,t) == K (x,t) (8 — Hj(z) — 1F1(1,5/2, |2]?/(41))) (85/3 — Hn(x))

for x € R3\ {0}, t € (0,00), 4,k € {1,2,3}. In what follows, the letter I will always stand
for a matrix-valued function defined by

t2 tQ

Ty, 2, t))1<jk<s = (Aps(y — Tter —e™ " - 2,8))1<rs<3 - €

for y,z € R?, t € (0,00) with y — 7te; —e . 2 #£ 0.
This function is the velocity part of the fundamental solution to (1.3) introduced by
Guenther, Thomann [22]. Our following lemma restates [3, Corollary 3.1].

Lemma 1. The function I';; may be extended continuously to a function belonging to
C>(R® x R?® x (0,00) ).
We will use the ensuing technical lemmas:
Lemma 2. (see [4, Lemma 2.9]) Let x € R®, t € R. Then
e x| = |z|, (et 2); =21, e -e; =e;.
Lemma 3. (see [2, Lemma 4.8]) For z,y € R® we have
sr(@ =) < €(1+ lyDs,(2) 7.
Lemma 4. (see [9, Lemma 4.3]) Let 5 € (1,00). Then

/ s, (x) Pdo, < &(B)r forr € (0,00).
4B,
Lemma 5. (see [4], Lemma 2.4) Let S € (0,00), x € BE. Then
|z] > €(5) s ().
Lemma 6. (see [3, Lemma 3.2])
(2.2) 105k (y, 2, O + 10T ja(y, 2, )] < €|y — Tter — - 22 4 )72/ P12
fory,z € R® t € (0,00), B € N3 with |3| < 1.
Lemma 7. (see [3, Theorem 3.1]) Let k € {0,1}, R € (0,00), y,2 € Br with y # z. Then
(2.3) / (Jly — Tte; — e B 2|2 4 4)3/27F 20t < €(R) |y — 2|71 7*.
0
Due to the preceding lemma and by (2.2), we may define
3jk(y,zaT) = / ij(yvz,t)dt
T

for T € [0,00), y,2z € R® with y # 2, 1 < j,k < 3. The function 3(-, -,0) is the velocity
part of the fundamental solution of (1.3) proposed by Guenther, Thomann [22].



328 PAUL DEURING, STANISLAV KRACMAR, SARKA NECASOVA, AND PETER WITTWER

Lemma 8. Let j,k € {1,2,3}, T € [0,00). Then 3;x(-,-,T) € C*((R® x R®) \ {(z,x) :
z€R3}), and

(2.4) 8,,35(y,2,T) = / 8y, Tyu(ys 2, 0)dt, 0., 3, (y, 2 T) = / 02T j1(y, 2, 1)t
T T

fory,z € R3 withy # 2z, n € {1,2,3}. If R € (0,00), y,z € Br withy # z, a € N3 with
la] <1, we have

(2:5) 10y 351y, 2, )] + 102 351, (y, 2, T)| < €(R) Jy — 2771
Proof. The proof of [4, Lemma 2.15] carries over to the present situation (T° € [0, co) instead
of T = 0). Note that (2.5) follows from (2.4) and (2.3). O

Theorem 1. Let S,6 € (0,00), v € (1,00), T € (0,00) and 0 < e<v—1, or T =0 and
e =0. Then

(2.6) / (ly — rer — e 22 4 £)7Vdt < €(S, 0, €, )T (|y|s, (y)) T/
T

fOT’y € B(Cl_;’_(s)s, z € FS, and

(2.7) / (ly —Ter — e 2P+ ) 77dt < €(S,6,6,0)T(|2]s,(2)) "V TH/2
T

forz € Bf 55, Y € Bg. Moreover,

(2.8) 105 355 (y> 2, 1) + 10235k (95 2, T)| < €(s,8,€) T (|y|s-(y)) 114/
for j,k € {1,2,3}, @ € N§ with |a| <1, y € Bf 5,6, 2 € Bs,
(2.9) 105355 (y, 2, T) + 102355y, 2, T)| < €(s,6,€) T~(|z]s,(2)) "I/

fory € Bg, z € B(C1+5)s and j, k,a as above.

Proof. In the case T =0, € = 0, Theorem 1 restates [4, Theorem 2.19]. Now suppose that
T > 0and 0 < e < v—1. Then inequalities (2.6) and (2.7) may be reduced to the preceding
reference. In fact, take y, z as in (2.6) or (2.7). Then

> oo
e =< [y e ey
T T

< T_E/ (Jly —Ter —e ™ 22 4 t)7VTedt < T_E/ (|ly — Ter — e 1 22 + £) 7V Tedt.
T 0

Since —v + € < —1, we may now use [4, Theorem 2.19] with v replaced by v — ¢, obtaining
(2.6) and (2.7). The estimates in (2.8) and (2.9) follow from (2.2), (2.4), (2.6) and (2.7). O

3. VOLUME POTENTIALS
We will study volume potentials involving the kernel 3(-,T).
Lemma 9. Let p € (1,00), ¢ € (1,2), f € LY (R3)3 with f|BS € LY(BE)? for some

loc

S € (0,00). Then, for j,k € {1,2,3}, a € N} with |a| < 1, we have

(3.1) / / 10, T(y, z,t)| dt| fr(2)|dz < oo for a.e. y € R3.
R’ Jo
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Let T € [0,00). We define R(f)(-,T) : R3 — R3 by putting

3 o 3
BT = [ 3 [ Ttz fias = [ 3 3u07) il
k=1"T k=1

for y € R® such that (3.1) holds; otherwise we set R;(t)(y,T) := 0 (1 < j < 3). Then
R(f)(-,T) € W (R)? and

loc

3
(32) O (N 1) = [ 3703500057 ful2)ds

R? =1
for j,1 € {1,2,3} and for a.e. y € R3. Moreover, if f € L*(R?)?, T > 0, we have

(3.3)  |0°R()(y,T)| < CT 35| f|y for a € N} with|a| <1, y € R®.

Proof. In view of (2.8) and (2.9) with ¢ = 0, and due to Lemma 8, all the statements of
Lemma 9 except (3.3) may be proved in exactly the same way, without any modification, as
analogous statements in [4, Lemma 3.1]. As for (3.3), we use (2.2) to obtain for y € R3, 1 <
J, k < 3 that

[ [ ot oiase)d:

R3 JT

ge:// (Jy — rter — e~ - 22 4 £)=3/271el/2g | £(2)| d=
R3 JT

<e [ [Tesetare)d < er e,
rs JT
Inequality (3.3) now follows with (3.2) and (2.4). O

Theorem 2. Let T € (0,00), S, S1, v € (0,00) with S1 < S, p € (1,00), A € [2,00), B €
R, 0<e<1/2+al/2, f:R3— R measurable with

fIBs, € LP(Bs,), |f(2)| < v|z| A s:(2)78 forz ¢ BS,, A4 min{l, B} > 3.
Let 1,5 € {1, 2, 3}, y € BS. Then

(34) [%;(N)(y. ) < €S, 81,4, B, )T~ (| f1Bs, |1 +) (lyls+(v))

la,B(Y),

(35) 10,9 (F)(y, T)| < €(S, 81, A, B, )T~ (| f|Bsy |1 +7) (Jyls- ()~ > La s (y)

S, (y)max(o, 7/271473726)7

where
Lap(y) = 1 if A+ min{l, B} >3
ABWY) = max(1,In|y|) i A4+ min{l,B} =3

Proof. We modify the proof of [4, Theorem 3.1]. Since A > 2, we have f|Bg € L(Bg,)? for
any q € (3/2,00). But f|Bs, € LP(Bg,)3, so we get, say, f € Lmin{p’Q}(R?’)B. Therefore f

loc

satisfies the assumptions of Lemma 9, hence R(f)(-,T) is well defined, belongs to Wﬁ)cl (R3)3
and verifies (3.2).
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By (2.8), we find for k € {1, 2, 3}, o € N3 with |a| <1 that

(3.6) /B 1003y, 2, T | £(2)] dz < €(S, S1, ) T~ (Jyls+(y)) V") £|Bs, IIr-

1

We further get with (2.4), (2.2), a change of variables and Lemma 2 that

6D U= [T i
S1
< 6’7/ / (|y —Ttey — e—tQ . 2‘2 +t)—3/2—\a|/2lz|—AST(Z)—B dz dt
T c
oo .
:Q'Y/ / (ly — Tter —z|® +¢)3/27 12 | =45 (et )8 du dt
T JBg,

= QWT*E/ / (Jly — Ttey — a|? +)73/27 /2 gp)g| =4 s (2) 7B da.
¢ JT
S1

The preceding integral over Bg is split into a sum of integrals over Bg N Bg/s(y) and
B§ \Bg/2(y), respectively. In order to estimate the integral over B§ N Bg/2(y), we observe
that for 2 € R3, the term (|y—7te; —a|?+t)~3/2712l/2+¢ is hounded by (|y—7te; —a|?+t) =2
if |y — 7te; — z|> +t < 1. Else it may be bounded by min{1, t=3/2=12l/2+€} " Thus we get
by (2.3) with y — z in the place of y and with z = 0 that

/ / (Jy = Tter —af* + )72 124 dt o~ (2) "7 d
Bg NBsy2(y) JT

< / / ((ly — 7ter — x[* + )72 + min{1, ¢~3/27lel/2te}) gy
B§ NBs/2(y) /T

lz| =4 s, (2) "8 da
(oo}
< QI(S)/ (|y — |2 +/ min{1, ¢~#/2-lel/2+e}) dt) 2|4 5, ()" da
Bg NBs/a(y) 0

< e(S,e) / Iy — 2|2 + 1) |24 5, (2) 2 de,
Bg NBs/2(y)

where we used the assumption € < 1/2 + |a|/2 in the last inequality. On the other hand, we
apply (2.6) with y, v replaced by y—x, —3/2—|a|/2+¢, respectively, and with z = 0, € = 0,
to obtain

/T (Jy — rter — af? + )32 1012k g < (8, €) |y — a|so(y —2)) 1"V

for x € B \Bg/2(y). Here the assumption € < 1/2 + |a|/2 is again relevant. Now we may
deduce from (3.7),

(3.8) Ay < C(S, )T ¢ (/B o )(|y — x| 2+ 1) |z A s (2) B da
$,NBs/2(y

—1—|a|/24€ _ _
+/ (ly—z|s;(y —x)) ledl/ 2|~ s, (2) Bdm).
Bg \Bsa(v)



DECAY ESTIMATES FOR LINEARIZED UNSTEADY INCOMPRESSIBLE VISCOUS FLOWS 331

Next we observe that for x € Bg/o(y), we have |x| > |y| — |y — x| > |y| — 5/2 > |y|/2, and
by Lemma 3,

sr(@) 7 S C(L+Jy —al) s (y) 7" < €S) s, (y) 7
For 2 € Bg/s(y)¢, we find
ly =zl =ly—=[/2+ [y —x[/2= 5/4+ |y — x|/2
> min{S/4, 1/2} (1 + |y — z),
and for x € Bg we get |z| > €(51) (1+ |z|). Therefore from (3.8),

(3.9) Qla§(C(S,Sl,A,B,e)T‘€7(|y|_AsT(y)_B/B IRURE R
s/2y

—1—|a|/2+e€ _ _
+f (4 Iy — ) se(y—2) 7V (0 o)A, () )
Bg, \Bs/2(y)

< €(8,51,4,B, )77 (Jyl 5 (1) "7

+/RB (L4 ly—a)sr(y—2)) " T o) A ()8 dac).

By Lemma 5 and because y € Bg, A—3/2 >0, A+ B > A+ min{l, B} > 3, we further
observe that
(3.10) [y~ s (y) 77 < €S, A) Y| 722 s, (y) " AHIIE < €(8, A) [y T2 s (y) 2,

Moreover, by the proof of [19, Theorem 3.1] we get

[ Qs =absly=a)) (4 al) s )77 da < €e A B) (Il 0) " as(o)

Similarly, the proof of [19, Theorem 3.2] yields

L= sty =)™ (0 fal) s )7

—3/2+e max(0,7/2—A—B—2¢)

<64, B) (lyls-(v)) La,B(y) 5+ (v)
The two preceding estimates together with (3.6), (3.9) and (3.10) imply (3.4) and (3.5). O

Corollary 1. Consider the situation of Theorem 2. As additional assumptions, suppose
that A+ min{1, B} >3, T >0 and € < 1/2. Then f € L'(R3)3.
Forwv e VVlloc1 (R®)3, define
[V]11,00,w,e := sup{[v(@)[ [(1 + |z[) s-(2)]' "¢ : = € R®}
+sup{|Vo(z)| [(1 + |z|) sp(x)]?/?7¢ s, ()7 22x(0.7/2=A4=B=20) . ;. ¢ R},
Then
IR Dl oo,we < €S, S, A, Bye) (|| flly + ) max{T~, T~}

Proof. Put B* := min{1, B}, ¢ := min{(A—-2)/2, (A+B*—3)/2}. The assumption A+B* >
3 implies A > 2,509 >0 and —A+ 2 —§ < 0. Thus we get with Lemma 5 that

(311) fa] Asp ()72 = fol 28Ja] A5, 2) P < €Sy, A) a2 s ) A BES
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forz € Bgl. We further observe that —A—B+2+4+§ < —A—B*+2+§ < —1, where the last

inequality follows from the choice of § and the assumption A + B* > 3. Now Lemma 4 and

(3.11) yield [,. |f|dz < oo, so we may conclude f € L'(R*)3 in view of the assumption
S1

f|Bs, € LP(Bg,)3. At this point (3.3) implies
1 1
(3.12)  [0SR(f)(y, T)| < €(Sy) T~ H2712| | f||; for y € Bg,, a € Ng with |a| < 1.

Obviously 1 > €(S1) (1 + |y|) s-(y) for y € Bs, and |y| > €(S1) (1 + |y|) for y € B, . Thus
Corollary 1 follows from Theorem 2 (in the case |y| > 1) and inequality (3.12) (in the case
lyl < 1). O

4. COMMENTS

Let f € C§°(R?)3. Tt is implicit in the proof of [3, Theorem 4.2] that the function U :=
R(f)(-,0) is the velocity part of a classical solution to the stationary problem (1.4) in the
whole space R3. On the other hand, according to [22, Theorem 1.2], the velocity part u of a
solution to (1.3) in R3 x (0, 00) with initial data zero is given by u(z,t) := fg Jos Tz, 2.t —
s) f(z)dzds.

But U —u(-,T) = R(f)(-,T) for T > 0, so Theorem 2 yields a decay estimate of
U(z) — u(x,t) with respect to the space variable x and the time variable ¢. In addition,
the function R(f)(-,0) is known to satisfy all the statements of Theorem 2 with ¢ = 0
([4, Theorem 3.1]). Therefore these statements with ¢ = 0 carry over to u(-,t), yielding
pointwise spatial decay estimates of u(-,¢) which are uniform with respect to ¢t € (0, 00).
These estimates are optimal in the sense that the fundamental solution of the stationary
Oseen system (without rotational terms) decays with those same rates ([19]). The powers of
s, appearing in the estimates stated in Theorem 2 should be considered as a mathematical
manifestation of the wake extending behind a body which moves in a viscous incompressible
fluid.

Corollary 1 means that U — u(-,t) converges to zero for t — oo with respect to the
weighted W1 *°-norm || ||1,00.w,c. As already mentioned in Section 1, this convergence result
means in particular that U is unconditionally asymptotically stable with respect to this
norm. The notion of stability which we refer to here is the one introduced in [15, Defini-
tion 5.2] in a Hilbert space setting. Obviously it may also be used in the context of Banach
spaces.
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POSITIVE SOLUTIONS OF A SEMILINEAR ELLIPTIC EQUATION
WITH SINGULAR DIRICHLET BOUNDARY DATA

MAREK FILA, KAZUHIRO ISHIGE, AND TATSUKI KAWAKAMI

ABSTRACT. The purpose of this paper is to construct positive solutions of the semilinear
elliptic equation —Au = w? in RY with a singular Dirichlet boundary condition. We
show that for p > (N +1)/(N —1) there exists a positive singular solution which behaves
like |z|=2/(P=1) as |z| — 0 and like the Poisson kernel as |z| — oco.

1. INTRODUCTION
We consider the problem
—Au=uP in RY,
(1.1) u>0 in RY,
u=¢p>0 on GRf,

where N > 2, RY := {z = (2/,an) : 2/ € R¥™!, 25 > 0}, p > 1 and ¢ is a nonnegative
measurable function in RV ~1,
For problem (1.1), the exponent

pei=(N+1)/(N—1)

plays an important role. Namely, it was shown in [2] that for p < p, there is no classical
solution of (1.1), no matter which boundary data ¢ we impose. As we shall see below, this
result is sharp.

If © = 0 then there are Liouville-type theorems saying that no classical solution of (1.1)
exists if (N —2)p < N+2 (see [12]) and no classical bounded solution of (1.1) exists if p < p.
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(see [7]), here

0, N < 11,
De 1= a2 _ —
(N—-3)*—4N +4+4+8VN 27 N> 11
(N —=3)(N —11)

If p > p. then a solution of (1.1) exists when ¢ Z 0 is small enough. More precisely, if
is bounded, 1 # 0 and
lim sup |’ |>/ P~V (z') < oo

|z’ | =00
then there exists a solution (in the sense of Definition 1.1 below) when ¢ = ki and k > 0
is small enough (see Corollary 1.3 in [11]). Also, when p > p,, a different condition for
pe Lt (]RN“) N L (RN’l), ¢ # 0, which guarantees the existence of a solution of (1.1),
follows from Theorem 1.4 in [11] and Theorem 1.2 in [8]. Namely, it is sufficient if

Np—p—N-1)/2
el vy el i)™

is small enough.
Singular solutions of the problem

—Au=u’ in RY, p>1,
(1.2) u>0 in RY,
u=0 on ORY\ {0},

were studied in [3] and [6]. It was shown in [3] that a solution of the form

ue(z) = || 7 Tw (;')

exists if and only if

0, N <3,

P <p<p i=4¢ N41
i, N > 3.
N-3

The existence of a different singular solution U of (1.2) was established in [6] for p €
(ps, px + €) where € > 0. This solution U behaves like u, as x — 0 and like the Poisson
kernel as |z| — oc.

In this paper we prove that for p > p, and suitable singular boundary data ¢ there are
singular solutions of (1.1) which behave like |z|~2/®=1) as |z| — 0 and like the Poisson
kernel as |z| — oco.

For p > N/(N —2), N > 2, there is an explicit singular solution

1
_ 2 2 2 p—1
Uso 1= Cp,N|T| 77T, Cp,N == (P—l(N_2_p—1>> ’

and for N/(N —2) < p < (N +2)/(N —2), N > 2, there is a family of radial singular
solutions u, a > 0, such that

lim |z|V 2uq(z) = a

)
|z|—o00

see [5]. The solutions we find behave differently from u,, 0 < a < oo, as |z| — oo.
For other works on boundary singularities of solutions of semilinear elliptic equations we
refer to [4, 13, 15, 16, 17, 18].
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To formulate our results we introduce some notation. For any 2/ € RN~! and X > 0, let
P be the (N — 1)-dimensional Poisson kernel, that is,

_N
2

(1.3) P(z' ) A) = ey A (N +[2') 2,

for 2/ € RV=1! and A > 0, where cy is a constant chosen so that
(1.4) / Pz’ \)ds" =1, A> 0.
RN-1

Throughout this paper, we often identify RN ~! with 8]Rf . Next we set y, := (v, —yn) for
y=(y,yn~) € RY and

C _(N— _(N— .
s (-l v
(15)  Glay) =9 sy
~log (14 22 it N =2,
4r |z —y?

which is the Green function for —Ap. Here Ap is the Laplace operator in Rf with the
homogeneous Dirichlet boundary condition.

Definition 1.1. Let ¢ be a nonnegative measurable function in RN¥~!. Let u be a nonneg-
ative measurable function in RY.
(i) We call the function u a solution of (1.1) if u satisfies

u(a, oy) = / P’ =y on)e()dy' + | Gz, y)uly)’ dy < oo
RN -1 RY
for almost all 2/ € RV~! and all zy € [0, 00).
(ii) We call u a minimal solution of (1.1) if, for any solution v of (1.1),
w@',zy) <v(r',zn)
holds for almost all 2/ € R¥N~! and all zy > 0.

Now we are ready to state the main result of this paper.

Theorem 1.1. Let N > 2 andp > p. = (N +1)/(N —1). Put

T <
1.6 z') = min{|z’ _P%l, 2|7V = l ¢ -7
(1.6) P(z') {12'] /|77 } eI
for o' € RN=1. Then there exist constants 0 < ¢ < k < 1 such that if
(1.7) ap(a') <pa') <kp(a), o e RV,

then problem (1.1) possesses a minimal solution w. Furthermore,

(1.8) Klz|"71 <u(z) < Llz|"71,  z€ Dy := B(0,1)NRY,
and
(1.9) K1 +zn)z|™ <u(z) < LA+ zy)|z| 7Y, T € Doyt 1= Rf \ B(0,1),

for some positive constants K and L with K < L.
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The rest of this paper is organized as follows. In Section 2 we recall some preliminary
inequalities. In Section 3 we give pointwise estimates of S(xn)1. In Section 4 we obtain
upper estimates of an integral associated with the Green function G and prove Theorem 1.1.

2. PRELIMINARIES

We recall some properties of the semigroup associated with the Poisson kernel P and a
proposition on the Green function G. Here and in the rest of the paper, by ¢ and C we
denote generic positive constants which may have different values also within the same line.

We introduce some notation. For any R > 0, let
B(0,R):={z €RY : |z| <R} and B'(0,R):= {2z’ ¢RN"!: |2/| < R}.

For any 1 < r < oo, we denote by || - || the usual norm of L" := L"(RV~1). For any
measurable set E in RV~ we denote by |E| the N — 1 dimensional Lebesgue measure of
E. For any measurable function f in RV=1, let

nrN) = Ha ¢ 1f@) > A (A=0)
be the distribution function of f. We define the non-increasing rearrangement of f by
fr(s) :==inf{A >0 : pr(A) < s}
For any 1 < r < oo, we define the L™ space by
L7 = {f : fis measurable in RN =1 || f||; 00 < 00},

where

1£lnoe = sup s £7%(s),  f**(s) = © / £ (r)dr.
s>0 0

S

For any measurable function ¢ in RV=1, let
(2.1) Sn)ela) = [ | Pa = an)oly') df
for almost all 2/ € RV~ and all zy > 0. Then, for any A > 0,
[SA+zn)p](2) = [SA)(S(zn)p)] (@),
for almost all 2/ € R¥~! and all zy > 0 if either © is a nonnegative measurable function

in RVN=1 or ¢ € L% for some ¢q € [1,00]. In particular, for any ¢ € L% and 1 < ¢ < o0,
there exists a constant C' such that

(2.2) [1S@2N)elloo < [[PpSN)ellr < CUPNIpIIPA) Isllollgoes A >0,
where 1 < p,r, s < oo satisfy

p
(see [14, Section 2]). By (1.3) and (1.4), for any 1 < r < oo, we have

[PV, < CA-NV=DA=D x>,
This together with (2.2) yields

1 1 1 1 1
,:1’ ,+,:1+,
r S r

—1

(2.3) [SN¢lloe <CA™ 7 lellgoe,  A>0, g€l o0
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Next we recall some estimates of the Green function G (see [1, Proposition 1] and [9]).

Proposition 2.1. Let G be as in (1.5).
(i) If N > 3 then there exists a positive constant C' such that

TNYN
[z —yN 2 (lz — y? + denyn)’

(2.4) G(z,y) <C z,yeRY, z#y.

(ii) If N =2 then, for any a € (0,1], there exists a positive constant C' such that

T2Y2
|z —y]?

(2.5) G(x,y)SC'( )a, r,ycR2, x#uy.

3. POINTWISE ESTIMATES OF HARMONIC EXTENSIONS

In this section we obtain some pointwise estimates of S(zx)t. In what follows, we set

for simplicity. Then
(3.1) m<N-—-1 if p>p..
Furthermore, let D;,, and Doy are as in (1.8) and (1.9), respectively.

Lemma 3.1. Let p > p,. and ¥ be as in (1.6). Then there exists a positive constant C such
that

(3.2) [S(@n)¢l(2') = Cla| ™™, @ € Din,
(3.3) [S(zn))(z') > C(A +xn)|z|™, =€ Dous.
Proof. Tt follows from (1.3) and (2.1) that

&

/

Y

TN

x 2') = ena VY
[Stonla) = enar™ ™ [ <1+
=cn /RN?1 (1+ \z/|2)—

We prove (3.2). For any x € Dy, since

) V(' —y')dy'
(3.4)

Y@’ —an2)d, xeRY.

7 — x| < || Fanl|| < |2 F o < V2, 2 e B'(0,1),
by (1.6) and (3.4) we have
[Sn)Pl(a) = C A+ 1)@’ — an2)dy’

RN-1

& C/ (1 +1)" |2 — oy |7 dy’
B/(0,1)

1
> C(|2'| —|—xN)_m/ (1+7r)"NpN=2ar > Cla|™™.
0

This implies (3.2).
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We prove (3.3). Set
1 1
D = {xeDout:xN§4}, Dy = {xeDout:xN>4}.
For any x € Dy, since
V3-1
2
for all 2/ € RN~ with 1 < |2/| < 2, it follows from (1.6) and (3.4) that

<|2'| = 22y < |of| —anld| < Ja" —and| < |2+ an 2] < 2(12 + 2)

[S(an)](a) > C / 1+ 1) Nep(a’ — ane)dy’

RN-1
(35) ZC/ (1+|Z’D7N|I/7:L'NZ/|7Ndy,
1<]2]<2
> Cle|™N > C(1 +an)|z| ™V, x € Dy.

On the other hand, for any = € Ds, since 5z > 1+ xy, by (1.3), (1.6) and (2.1) we have

[Sew)la) = Cow [ an ot fo) Iy )V | dy

I<]y’|<2
2
> (4 xN)|x|_N/ P 2dr > C(+ax)le| N, @€ D
1
This together with (3.5) implies (3.3), and the proof is complete. O

Lemma 3.2. Let p > p, and ¥ be as in (1.6). Then there exists a positive constant C such
that

(3.6) [S(zn)¥)(2") < Cla|™™, @ € Din,
(3.7) [S(zn))(z') < CA+zn)|z|™Y, € Doy.
Proof. We first prove (3.6). Let x € Dy, and set
By (2') = {y’ eRN L2 — /| < |I2/|}, By (2') := {y’ eRNL: 2 — | > |x2’|}

It follows from (1.3) and (2.1) that

Stewula) = evaw [ (e +1yP)

RN
<o [ wf Yaxtox+ W Vot - i) ar.
Bl(ZL”) BQ(Z/)
By (3.1) we can find € € (0, 1) such that

Ty — ) dy
(3.8)

(3.9) —(N-1)+m+e<0.
For any y' € By(2'), since |2|/2 < |y/| < (3|z'])/2, we see that

(310) wN(xN + |y/|)7N < C|:L,/|7(N71) < C|x/|7m75|x/ _ y/|7(N71)+m+e'
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By (1.6) and (3.10) we have

/ oy (on + 1) N — o) dy < / enen + )N — o™ dy’
Bi(z') Bi(x)

B1 x!

!’
o’ |

2
= C|x’|7m7€/ ri e dr < Cla’| 7™
0
Similarly, we have

/ an(ay + |y )N — o) dy = / en(en + )N — o | dy’
Bz(m,) BQ(LE’)

< C|x’|_m/ (1+ )N d2' < Cla!|™,
RN—1

These together with (3.8) yield
(3.11) [S(zn)Y](z") < Cl2'|™™, x € Diy.

On the other hand, it follows from (1.6) and (3.1) that ¢» € L™ with r, = (N —1)/m > 1.
This together with (2.3) implies that

(3.12) [S(zn)¥)(x') < 1S(@n)Plloc < Cay™ [¥llr.io0, = € RY.
Therefore, by (3.11) and (3.12) we obtain
(3.13) [S(zn)¥)(2") < Cmin {|2'|™, 2"}, x € Dyy.

On the other hand, the following inequality holds (see e.g., [10, Section 4]): For any ¢ > 0,
there exists a positive constant C' such that

(3.14) min {a"%b"%} <Cla+b)~? for a,b>0.

Then, by (3.13) and (3.14) we have (3.6).
Next we prove (3.7). Let © € Doy with || < 1/2 and set

By(z')={y e RN |2/ —y/| <2}, Bu(a)):={y eRV"': |2/ —y/| > 2}
Similarly to (3.8), we have
319 Senil@)<Con( [+ [ Yot ) b
B3(I,) B4(:c’)
Since 2z > V3 > 1 > |2/|, we see that |z| < Czy. Tt follows from (1.6) and (3.1) that

oy / (e + 1)V — ) dyf < 2y / (e + 1) — | dy
Bs(z') B

3(2’)
(3.16) <zt / |z’ =y |7 dy’
Bs(xz')
2
<c(+ xN)|ac|_N/ r=mEN=2 g < O(1 4 2 2]
0

Furthermore, since |2/| < 1/2 and

ly'| > " —y| = || > 2" =y | =121, ¢ € By(a'),
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by (1.6) we obtain
- / (wn + 1y )N — ) dy < an / (e + 1) — | dyf
B4(a:’) B4(£U/)

(3.17) < +:cN)*N“/ 2 =y |7V dy’
B4(CE,)

<C(+ xN)|x|_N/ r2dr < C(1+ay)|z| V.
2

Then, by (3.15), (3.16) and (3.17) we have (3.7) for the case |2/| < 1/2.
It remains to prove (3.7) for the case |2’| > 1/2. Let € Doy with |2/| > 1/2 and set

_ 1 4 1 x!
B5(x')::{y’eRN 1:|:1c’—y'|§8}, BG(x’)::{y’eRN 1:8<|nc’—y’|§|2|},
N-1 ' / |2']
Br(2'):=qy €R sz —y|>7 .

Similarly to (3.8), we have

318)  Savul@)<Can( [ w [ w YN - ar
Bs(x') Be(z') Bz (')
Since |y| > |2'| — 1/8 for any 3’ € Bs(z’), by (1.6) and (3.1) we have

xN/; ( /)(xN'i' |y’|)_N¢(x’_y/)dy/ < .’I,‘N/; ( l)(xN + |y/|)_N|I/ _y/|_mdy,

(3.19)

1 N

1

0oy [*(oxll=5) YR £ OO+ amlal
0

Since |2'|/2 < |y'| < 3|2’|/2 for any y’ € Bg(z'), it follows from (1.6) that

IN/ (an + 1Y) N —y)dy < IN/ (xn + )N =y 7N dy’
Bg(I,) BG(I/)

(3.20) <Cltay)al™ [ -y ay
Bg(z')
o0

<c(+ xN)|x|-N/ r2dr < C(1+ aw)|z| V.

1

8

Furthermore, since |2’ — /| > |2/|/2 > 1/4 for any y’ € By(2’), by (1.6) we obtain

—N
_ _ Yy’ _
QTN/ (-TN+ |y/|) Nlﬁ(.%‘/ _y/) dy’ S x}\l N/ (1+ ||> |3;‘/ _y/| Ndy/
(3.21) Br(a') Br(a') TN

< Cla|N /RN_lu +12) N d < Ol N < O+ a2
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Similarly, we see that

nN =N
JfN/ (33N + |y’|)7N¢(x’ _ y/) dy’ < x}V—N/ (1 + |y|) |JU/ _ y/|fN dy,
Br(z') Br(z') TN

(3.22) < (1+ xN)x;,N/ 2" — |7V dy
Br(z')

§(1+mN)x;,N/ rfzdrgC(l—i—xN)x;VN.

4

Then (3.14), (3.21) and (3.22) yield

mV/’ (an + )N — ) dyf
B7 (I')

< C(1 4 zy)min{|2/| "N, 23N} < C(1 4+ zy)|z| V.

(3.23)

Then we deduce from (3.18), (3.19), (3.20) and (3.23) that (3.7) holds for the case |z'| > 1/2.
Thus Lemma 3.2 follows. (|

4. PROOF OF THEOREM 1.1

In this section we obtain two pointwise estimates of

(4.1) [(—Ap) ™' fP)(z) == | G(z,y)f(ydy, = eRY,

Y
and prove Theorem 1.1.
Lemma 4.1. Let p > p.. Assume that
- N
(42) 0<f@) <lal ™, weRY.
Then there exists a positive constant C' such that
[(—=Ap)~ ' f*)(x) < Cayla|~™, z e RY.

Proof. Let x = (2/,zn) € RY. We divide RV ™! into the following three sets:

/ !
D, = {y’ eRN L2 — 9| < |:1;|}7 Dy := {y’ e RN-L: % <z’ =y < 2|x’|},
D3 :={y e RN"1 |2/ —¢/| > 22|}

Since mp = m + 2, by (4.1) and (4.2) it suffices to prove that
(4.3) / G(z,y)ly|~ "D dy dyn < Caylz|™™ 1, k=1,2,3.
o Jb,

Here C' is independent of = € Rf .

Proof in the case k = 1. In the case |2’| = 0, we immediately obtain (4.3) in the case k = 1.
So it suffices to consider the case |z’| # 0.
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For any 3’ € Dy we see that |y’| > |2'|/2. In the case N > 3, by (2.4) we have

/ / Gz, )|y~ dy
=x Jp,

o0
< C/, / =y TNy ) ay! dy
(44) CLTN |2/ —y'|< \’g\
< C/ (|IL‘/| +yN)—(m+2) dyN/ / 2 — y/|—(N—2) dy’
2 |~y | <5

< O/ +ax) ")l < O(la!| +an) ™™ < Cay™

In the case N =2, by (2.5) with a = 1/4 we have

ﬂ / G, y)lyl =™+ dy
z2 Jp,

1
T 1
<C L L (ly1| + y2) =2 dy, dys
(4.5) o1 —un <zl \ |21 — 1]?
<Cx2/ (Jz1| +y2)~ m_%dyz/ 21 — 31| "2 dis
2 |1 —yn | < 12!

1 1
< Cxg (Jo1| + 22) ™™ 2|2 < O (1] +a2) ™7 < Cay™

On the other hand, in the case N > 2, by (2.4), (2.5) and (3.1) we see that

TNYN — YN
(4.6) G(z,y) < O|xN N[ — N1 = < Cay™ o/ — y/[N-1-m

for all y € Rf with 0 < yny < xxn/2. Then we have

/ Gz, y)ly| =2 dy
Dy

< Cay™ —(m+2)d "d
TN / /|"c/ |<‘I,| |(£ y\N 1— m|y| Yy ayn

< Czy™ / (Ja'| +yn) O+ dyN/| y)< 12l o =y dy
0 ' —y’|<
< CINm‘$/|_7TL|$/|7TL < C{E;Vm
This together with (4.4) and (4.5) implies that
(@) | @ ay < cay
o Jp,

Next we prove that

(4.8) / G(z,y)|y|~ ") dy < Cxyla’|”™ "
0 D
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In the case N > 3, similarly to (4.4), by (2.4) we obtain

/ G(z,y)ly|~ "+ dy
BmN
(4.9) < C/ / L =y T ) dy dy
311|VI y|<

<C’|9C|/ (|2 +yn)~ " dyn < Cayla’|"™
In the case N = 2, it follows from (2.5) with o = 1 that

T2Y2
4.10 Gx,y) <C—————=<C
(4.10) () <O

for all y € R with 0 < yo < 25/2. This together with (4.2) yields
+

/ / (z,y)ly|~ m+2)dy<0/ / (] +2) =02 dyy dys
411 D, \11 y1|<

<C|$1|/ |x1|—|—y2) (m+2) dy2<0$2‘$1| m—1

Furthermore, it follows from (1.5) that

312
/ / G(a,y)ly|~" " d
dx —(m
= C/ / log (1 R r— 2> (1] + y2) =" dyy dys
SO PN lz1 =yl
[z1]

=2 p) 622
< 0/2 (1] + o) ~(m+2 dy2/ log (1 + - 22> dr

2 0

2
< 0/3‘2’2 (2] + )7(m+2) p |z1] 1 241:2 /7 12562
>~ xTQ 1 Y2 Y2 2 0og 1‘2 T2 +6$

Since z > log(1 4 x) for > 0, we deduce in the case N = 2 that

3x2

L G, y) f ()" dy
2 D,

< C22|zy | (2| 4 22) " 4 Cagla|(|o1| + 22) ™M) < Caglay | 7™ L

(4.12)

On the other hand, in the case N > 2, by (2.4) and (2.5) with o = 1 we have

INYN
< C—/—7_
(4.13) G( Y) C|:c y|N
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for all y € RY. Since |y/| > |2/|/2 for y' € Dy, by (4.13) we have

L /’aawm*”%@
TN D,

2

[e'e] x om
SC/ / NN (| ) ) dy dy
MTN |z —y’|<

L |z —y|N

|z
2

= Cow /?’zN / < Iz yn (|| +yn) "B (2 =y |+ yn —an) N dy' dyn
= ey <5

o) o0
< CCCN/3 . / yn (12’ +yn) "D (o +yn —an) VeV 2 dr dyy.
= Jo
So we obtain

ﬁ /'mmwm*“”@
TN Dy

2

SCh“CﬂA_/ yn (2| +yn) "y — aw) 7 drdyn
2ZN Jo
2

smwﬂ ('] + yn) "D I gy

=N YN —IN

< C:cN/ (|| + yn) " dyy < Capyla!| 7™
0

This together with (4.9), (4.11) and (4.12) implies (4.8).
We deduce from (4.7) and (4.8) that

/ G(J:a y)|y|7(m+2) dy < Cxy min {|x/|7m*1’ x]—vm—l} .
0 D,

This together with (3.14) implies that (4.3) with k = 1.

Proof in the case k = 2. Similarly to the case k = 1, it suffices to consider the case |z'| # 0.
We have

|z —y|* + 2anyn > V]z — Y2+ 2enyn2anyn > |2 — Y |on
if YN > JUN/Q and
2 2 / / 1 / /
e —yI" + 2enyn 2 |z —y" 2 2" —yllen —yn| 2 le’ —ylen
if 0 <yn < xn/2. Then, in the case N > 3, it follows from (2.4) that

YN YN /
G(z,y) SC|x/_y/|1\/71 §C|z/‘N71’ y € Do
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Since Dy C {y’ € RN~1:|y/| < 3|2'|}, we have

/ / G, y)ly ™) dy
= Jo,

o]
< Clxll—(N—l)/ // yN|y|—(m+2) dy/ dyn
=3 Sl <lar—y | <2l

(4.14) e
S C«|x/|f(N*1)/ / (T+yN)7(m+1),r,N72 d?"dyzv
™ Jo

<C [y dyy < Caym.
N

2

In the case N = 2, it follows from (2.5) with o = 1/2 that

L. | el ay

L[~ H 1y, |—(m+2)
<cof [ v Lo — Uy~ dyy dy
22 JI2l gy —y1| <2l |

1 oo 3|z 5
< Cl’22|$1|71/2 / (r+y2)” ™2 drdys
22 Jo
2

o0
< Ca? “M2 dyy < Cay ™,
> 2 /,, Yo Yo = 2

2

(4.15)

On the other hand, in the case N > 2, by (3.1) and (4.6) we have

/ /G<x,y>|y|*<m+2>dy
Do
D2 Z/|

3|z’ |
SOIJ_\/m|xl|7 +m/ / 2(r+yn)” (m+1) qy dr

< Cayma!|~NV=D+ / rN=m=2 gy
< C’x]_vm|a:’|7(N71)+m|x?|N717m < Cay™.
This together with (4.14) and (4.15) implies that
(4.16) | [ a2 ay < ca
0o Jp,
Furthermore, it follows from (4.13) that

ITNYN ITNYN ’
G(x7y)gc|x/_y,|1\[ §C|Z’/‘N7 Yy €D27

347
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and we obtain

/ / G(z,y)ly| =™ dy
0 Do

oo p3lz’|
< Cayla!|7 / / yn (r+yn) "IN 2 dr dyy
o Jo
oo p3lz’|
< C-Tle/l_N/ / (r+yn) " YN =2 g dy
o Jo
3|z’ | 3|z’
< C’xNIx’|_N/ rN=m=2 g < CxN|x'|_m_1_E/ || TN FmAltep N=m=2 g,
0 0

3lz’|
< CxN|w/|7m7176/ ri e dr < CxN|z/|7m71,
0

where ¢ is as in (3.9). This together with (4.16) yields

/ / (z,9)|y| """ dy < Cxy min {7 2y
D>
Therefore, by (3.14) we obtain (4.3) with k = 2.

Proof in the case k = 3. Since

(4.17) | =l2" =y |—|2'| >0,  ye€Ds,
by (4.13) we have

/ / G(z,y)ly| =" dy
0 D3

< C$N/ / yN|xl _ y/|—N(‘y/ _ xll _ |1‘l| _|_yN)—(m+2) dy/dyN
0 Jler—y>210)
(4.18) oo oo
: CmN/ / r2(r = 2| + yn) " dr dyy
0 2|z’ |

< Cay / (|| + yn) =+ ( / err> dyn < Cxylz'|7™ "
0 2

||

It follows from (2.4), (2.5) and (4.17) that
/ / G, y)ly| ") dy
N
= C/ / o — o/ [Ty — | 2|+ yn) T dy dyw
2 Sy 2l

< C’/ / (r—12'| +yn) "2 dr dyn
= Jaja

oo

(4.19)

<C | (|| +yn) "D dyy < Cla|™ < Cay™ it N >3,
TN
2
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and

\

R / G, )yl =™ dy
<cf,

«@
oy B
/ ( = 2> (lyr — 1| = |z1| 4+ y2) ") dyy dys
|z1—y1]|>2|z1] |332—y2|

(4.20) / / |<$2—y2|2) (r = las] +y2) =2 dr dyy
: 7 2|z

2xo [e)
xz —(m «
< (/ + [ )(22) (Ja1] 4 y2)~ "+
z 225 |z2 — o
2x2 [e%e]
< ng‘xr(m-&—l)-ﬁ-a /,2 |5 — y2|—2a dys + Cm;a/ (Jo1] + y2)—(m+1)+a dys
% 2x2

< Cxd=z|~(m+DFe L Ops ¥z ™™+ < Cz;™ if N =2,

where a € (0,1/2) with a < m.
On the other hand, it follows from (2.4) and (2.5) with & = 1 that

TNYN —m—e YN
G(x,y) < C|acN _ yN|1+m+e|l-/ _ y/‘N—l—m—s < CxN |ac’ _ y/|N—1—m—e

for all y € RY with 0 < yn < xn/2, where ¢ is as (3.9). This together with (4.17) yields

N
2
/ Gla, y)lyl~ "2 dy dyn
0 D3

oy
e[ (= o 1] ) dy
|z’ =y’ |>2]z'| 2" — /|
< C.’ﬂ;,m s/ / 1+m+5(r o |£L'/| +yN)7(m+2) dr dyN
2|a:’|
= 2|z’ |4y N oo
< C’m;,m_e/ </ —|—/ ) ynr e (r — |2+ yn) T2 dr dyn
0 2|z’ | 2|z’ |[+yn
TN

=: Cx;vmfe /OT([l(yN) + I (yn)) dyn.

Furthermore,
2|z’ |[+yn
L(yn) < C2'| + yw) " / P dr < O+ y)
2|z’ |
Lyn) < C (r — 2] + yn)~2¥ dr < O(|2!| + yx) 77

2|z’ [+yn
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These imply that

m
e —(m+2) g, g
(z,y)|yl Y dyn
0 D3

TN

2N 2y
2 2
< C$N7n_8/ (|1‘/| _|_yN)71+5 dyN < Cx;[m—a/ y;/vl—&-a dyN < CZ‘R}m
0 0
Therefore, by (4.19), (4.20) and (4.21) we obtain
oo
(4.22) / Gz, y)|y|~ ™2 dyy dys < Cay™
0o Jps
We deduce from (3.14), (4.18) and (4.22) that
/ / G, y)ly|~ ") dys dys < Caoy min{|2’| 7" 2y} < Caylz| 7™,
0 JDs

which implies (4.3) with k = 3. Thus (4.3) holds for k = 1,2, 3, and the proof of Lemma 4.1
is complete. [l

(4.21)

Lemma 4.2. Let p > p,. Assume that

|x‘7m’ S Di117
(4.23) 0< fla) <
(1 +$N)|x‘_Na T € Doy
Then there exists a positive constant C' such that
[(—Ap) L fP)(x) < Canlz|™V, x € Doyt
Proof. Let = (2/,xN) € Doyt. We divide RY into the following seven sets:
1+z
1 || 1+zn
Dy:=<SyeRY || <~ || <=
2 {y ‘y|—4 |y|727 Yn =2 4 )
1|2 3|/ l1+azn
D3 := RY: |y <=, <<
o= {yeriis g Blewis B
1 3|2 1+ay
Dy = RY | < -, |¥]>
= {verYayis o Wiz T e
1 |z’
Dy :=qyeRY - <|y| <1,
5 ¢ {y 4= Y| < 5 }
1|2 3|2|
Dy = RY:ly|>=, =<y 1
6 - {ye ‘y|747 2 7|y| 2 +1l4+zN, ¢,
3|z’
Dy = {yGRf:ZAZ |2 | +1+50N}-
Then, by (4.1) it suffices to prove that
(4.24) Gz, y)f(y)Pdy < Coyle|™, k=1,...,T.

Dy,
Here we recall that mp = m + 2.
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Proof in the case k = 1. By (3.1) and (4.23) we have

—-m N
(4.25) 0< f(z) <Clz|™™, r e RY.
For any y € D, since

=g > Jo| — [yl > ol — (L + 20 ) > 32l 1l
x — x| — =z + = —_— > —
yI= yIr= 274 )= T4 T 271
by (4.13) we see that

(4.26) Gla,y) < C—2N_ < Canla| Nyn,  ye Dy

|z =yl
Then it follows from (3.1), (4.25) and (4.26) that

G(z,y)f(y)? dy < CwN|$|_N/ ynly|~" D dy

Dy
< C’xN\x|_N/
ly'I<

4
<C’xNx|N/I > \y’\*mdy’ngNLer/o P IN =2 g < Caylz| V.
y'_z

This implies (4.24) with k = 1.

Dy
1+ay

4
/ ('] +yn) =" dyy dy’
0

1
1

Proof in the case k = 2. For any y € D5, since

!/
o ) > ]~ ) >

)

by (4.13) we have

x X _
(4.27) Glay) < O, f@;J'VN <O fyyj,vw < Conynle'|"N,  yeDs.

On the other hand, by (3.1) and (4.23) we have
(4.28) 0< fy) <CA+ynyl~" <Cynlyl™™, yeDyUDsUD,.
Furthermore, it follows from p > p, that
(4.29) —Np+p+N+1<0.
Then, by (4.27), (4.28) and (4.29) we obtain
/D Glz,y)f(y)’ dy < Clew/l’N/ YRyl dy
2

D>

o0
SCQCN%/_N/ <121 [+ N(Iy’|+yzv)‘N”+”“dyNdy’
y| <

(4.30)
SC?CN\%/VN/ (Lt + |y )~V ay

B4
ly' 1<%

|z

SCmN\x’\_N/ (1 + )~ NPHPHN g < Cayla! |7V,
0

On the other hand, in the case N > 3, by (2.4) we see that
Gz,y) <Cla' —y/ N2 < Cl/|"™V=2,  yeD,.
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Then it follows from (4.28) and (4.29) that

Gla,y) fy)P dy < Cla/|- V=) / by VP dy
D2 D2

oo
SCIJE'l*(NJ)/ 2/ /ﬂ (1y' +y) =P dyn dy’
e

1

(L+ [y + zn) VPPt gy

/

|z

(4.31) < C|x’|*(N*2)/
ly'I<

121

< C|$’|7<N72) / ’ 7’N72(1 +7r 4+ JZN)iNIHFerl dr
0

< C(+ay) VPR < O ay) WD < o (VY.

Furthermore, in the case N = 2, since p > 3, by (2.5) with a € (0,1/2) and (4.28) we obtain

X * _
G(x,y)f(y)Pdy <C i (2y2> A

D, |$2 *y2\2

lzq]

oo e
< Czy [erz /0 w2 — Y2 72 (r + y2) TP dr dyo
—a

1+2:

< Or& 2 > —2a, —pta+l

s Oy + |22 — Yol Ya dyo
1tzg 14224

4

< Cay <(1 +@o) TP 4 ) PO (1) 21+ xz)p+a+2)

<O +a9) P2 < C(1+29)7 ! < Oyt

This together with (3.14), (4.30) and (4.31) yields

G(z,y)f(y)P dy < Cxy min{|z’|~N, 2V} < Cay|z| V.
D-

Thus (4.24) holds for k = 2.
Proof in the case k = 3. In the case N > 3, by (2.4) we have

ITNYN N
4.32 Gz.y) < C , eRY.
(4.32) (z,y) < 2 — [N 2(zy + yn)2 Y +
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Then, since |#' — y'| < C|2’| for any y € D3, by (4.28) and (4.29) we see that

/ Glar,y) £ ()P dy

yi N
<Ce “Nr gy d
N ~/1+IN /ll\ <ly’ |<3|J—/| ‘[L’ -y |N Q(I,N + yN) |y| Yy ayn

= CmN/ / YR (| yn) NPy N2 dy dyw
AN S|zl —y! |<Ol|

(4.33)

Clz'|
< Czpn /1+1N / |x |+ yn)~ Npp—=(N=2),.N=2 g, dyn

o0
< Czy /HZN W12+ yn) NP dyw < Cay /1+xN ('] + yn) VPP dyn
Lioy Loy
< Can(1 4+ |z))NerP+l < Cayla| V.

In the case N = 2, for any « € (0,1], by (2.5) we obtain

«

T2Y2

G(%y)SC( — — ) y € RY.
|331 y1||x2 y2|

For any y € Ds, since & € Doyt and |z1]/2 < |y1] < 1/4, we see that zo > 1 — |z1| > 1/2.
This implies that 2§ < 2z for any « € (0,1) and x5 > (1 + x2)/4. Then, since p > 3, by
(4.28) we have

G(w y)f(y)"dy

< Czg /1+12 /I
_C’x%[+m2

2xo s}
< Cxy (ﬁ 2 ) Y3 |wa — yol T (lwa] + y2) P dys
T2

[0

Y2 _

< ) Y51yl dyy dy»
|1 — y1llz2 — Y2l

/ yg+a|“72 — ol " (w1 | + y2) " |wr — 1| dyn dys
|z1—y1|<Clz1|

(4.34)

+xo

+
1 T2

SC@(Mp”/i]w—wme+LmWﬂ+m)“1%%>

< Cxglz|™2 <|£cp+3 + |x|p+4a) < Caxolz| 72,
where a € (0,1) with —p+4 < a. This together with (4.33) implies that (4.24) with k = 3.
Proof in the case k = 4. For any y € Dy, since

x/
o —y) 2 |- )2 2
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by (4.13) we obtain

x

Then it follows from (4.28) and (4.29) that

Gty dy < Cosle! ™ [ [ R
<lyi<

Dy

(4.36) < Czyla'|” // YR+ yn) TP dr dyy

< Cnla'|” / PN dy < Cala!| N

4

For any y € Dy, since |2'| < 1/6, we see that
! N-1 3|:L‘| 1 / N-1 / !
(4.37) y eR : << c{y'eR Dl =y <1}

Then, in the case N > 3, by (4.28), (4.29), (4.32) and (4.37) we have

Dy
° yp+1 N
SC””N/ 3 y| =P dy’ dyn
B N e 2(1’N+yN)2| |
oo
(438) <Con [ () Y Y
= Jjar—yr|<1

1+zn ~Nptp
4

On the other hand, in the case N = 2, for y € Dy, we have |z1| < 1/6 and it follows from
@ € Doyt that g > 1—|x1| > 5/6 and 22 > (1+x2)/4. Then, similarly to (4.34), by (4.37)
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we have

G(fﬂ y)f(y)" dy

[e%
Y2 -2
<Cx/ / < ) Y5 lyl ™" dyr dy
2 1+z2 3|ac1|<|y1 % |x1—y1\|x2—y2| 2| | ! ?
< Czxg ﬁ+
LD
2:1:2 oo n
1+12 25
2:132 oo
< Ozg x;p+a/T2 \mz—yzradyri-/ Yo " dyo
pad’ g 212

4

< Cxy PP < Cujt,

/ Ys P 2g — ya| a1 — i | dyr dyo
|z1—y1|<1

where a € (0,1). This together with (3.14), (4.36) and (4.38) implies that
G(z,y) f(y)P dy < Cxy min{|z'| "V, 2N} < Canlz| V.
Dy

Thus (4.24) holds for k = 4.

Proof in the case k = 5. Since © € Doy, we have

' 1+an
o= vl = fal = Iy + yw) > e - 221 - L

|2/l V2lz] 1 3-+2 1_2-v2
> > |z] — = > ||
4 4 4 4 4 4

for y € D5 with 0 < yy < (14 zx)/4. Then it follows from (4.13) that

Gla,y) < C% < Canynlz| ™Y
r—y

for y € D5 with 0 < yy < (1+zn)/4. By (4.23) and (4.29) we obtain

/ Gla. ) F5)" dy
Dsn{o<yn<EENy
1+LN
< Caylz|” N/ / Cyn(L+yn)Plyl NP dy dyn
(4.39) <ly'|< i e
4
< Cenlel” N/ Lop 2l \(1+yN)p+1(yN+r) Np+N= 2drdyN
0 $<r<

o0
< CmN\er/ (14 yn) NPV gy < Cale] V.
0
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On the other hand, since |2’ — y'| > |2/|/2 for any y € Ds, similarly to (4.36), by (4.23),
(4.29) and (4.35) we obtain

[ Gy
Dsn{yn>—7~1}

< C'3€N|96’/|7Nﬁ+ N / =1 yn (14 yn)Plyl NP dy dyn
£ <|y'|< z

(4.40) vris

< Caxy|z|” / / YR 4y ) VPN 2 dr dyy

< Czyl2'|” /1 y;,Np'FNﬂ) dy' dyn < Cayla’|™N

4

Furthermore, in the case N > 3, by (4.23), (4.29) and (4.32) we have

[ Gy
Dsn{yn>—7%}

oo
YN -N /
<C 1+ p Pdy'd
- mN/l*:N /1<|y/|<z’ =g 2w )2 TNy duw

(4.41)

1
4

=]
<Cxy(l+zn)~ [HN / (r+yn) NP1+ yn)P drdyy

< Con(l+ay)™ /lﬂw (1+yn) VPP dyy

4

< Can(1+ay) VP < Cay(1+ay) ™ < oY,
N

In the case where N = 2 and xo > 1/7, since 2x9 > (1 + x2)/4 and p > 3, it follows from
(2.5) and (4.23) that

[ Gy
Dsn{y>—"722}

Y2 “ L
<C 1 » P e
x2/ /S ‘<|L1\ (|x2_y |2> ( +y2) |y‘ Y1 ay2
(4.42) -

/ / p+a\aﬁ2 — yo| T2 (r 4 y2) 2P dr dys

2362
< Czg /1”2
1

+/ ) Yo PO g — yo| 2 dyy < Cay " < Cay!
2xo
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where a € (0,1/2). In the case where N = 2 and zo < 1/7, since 225 < (1 + x2)/4 and
p > 3, by (4.13) and (4.23) we have

[ Gy
Dsn{y2> +£2}

(1
< 0332/ / y2 + y2)2 ‘ | 2p dyl dyQ
itog <y |< L w2 —y2 |

< 0362/ / (y2 — $2)_2(7" +y2) P dr dys
2$2

1

(oo}
< Cw;l/ (1+y2) P 2dy, < Cay ' (14 22) PF® < Cag
2

T2

This together with (3.14), (4.40), (4.41) and (4.42) yields
(4.43) / G(z,y)f(y)Pdy < Cxy min{|x'|*N,vaN} < Cxy|z|™N.
D5ﬂ{’l}N> + N}

Therefore, by (4.39) and (4.43) we obtain (4.24) with k = 5.
Proof in the case k = 6. We recall that

!/
DGC{yERf:O§|x’y'|< Sl |+1+:1:}

Put

Then 2A > |2/|. In the case N > 3, by (2.4) we have

TNYN N
G(z,y) < C , eRY.
R il (P v ER

It follows from (4.23) and (4.29) that

/ Gy dy
DeN{0<yy<ZN

E yn (14 yn)Ply| P
< CQTN/ / , 7 /Nf(z ’ )/| | 2 dy' dyn
A<y |<22 p gy |2/ — | (|2’ —y'| +xn +yn)

(4.44)

5\1 |

+1+a N
< CH?N/ / N(A+yn) VPP (r £ yn) T2 dr dyn

< CmN/ (A+yn)~ Notp gy < Cay A™NPHPHL < Oy AN < Czy|2 |
0
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In the case N = 2, since p > 3, by (4.10) and (4.23) we have

/ G(a,y) ()" dy
Den{0<y<%2}

P
(4.45) < C/ / , (1+ y2)?|y| =2 dys dys
0 Jagiy|<dgl i,

< C/ ’ (A + yg)_p+1 dyg < ngA_p+1 < CJ?QA_Q < C.Z‘2|.131|_2.
0

Furthermore, by (4.13) we see that

INYN N
G(z,y) < C——m=, e RY.

Then it follows from (4.23) and (4.29) that

/  Gle)f ()P dy
Dgn{0<yn<ZN}

x?N
= CxN/ / , yn (1 +yn)Plyl NP ley —yn| N dy dyn
0 A<y 1< p1tan

E?N
< CaVH! / / , yn(L+yn)P(r+yn) VPN 2 dr dyy
0o Jagly < vty

TN

< Cx;VN+1/ 2 (A+yN)—Np+p+N dyN < Cx;VNH_
0
This together with (3.14), (4.44) and (4.45) implies that

(4.46) /
Den{0<yny<ZN}

On the other hand, in the case N > 3, similarly to (4.44), we have

/ G, y) ()P dy
Den{yn>2X}

=P

G(z,y)f(y)Pdy < Cxy min{|x’|_N,x;,N} < Cxylz|™N.

(4.47) < Czxy /OO / yn (1 +yn)Ply
' - on Jacy <2 pey [ =Y INT2(l2) — Y|+ 2N +yn)
o0

5 dy' dyn

< Czpn /EN (A+yN)_Np+pdyN < C’acN(A+xN)_Np+p+1 < CwN|m|_N.

2
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Furthermore, in the case N = 2, since p > 3, by (2.5) and (4.23) we obtain

/ G,y) ()P dy
Den{ %2 <y2<2z>}

212 y2
@ e —
= Cr 22 Ja<y<Elvi4a (|$2 — yol?
(4.48) 2 == 2

23?2
< CJCS/ Ys|wa — yo| 2 (A + y2) P dy,

z2
2

) (14 y2)P|y| =P dyy dy»

—p+1 -2
<Cay(4+2) 7 <COm(A+3) " < Caslal
where a € (0,1/2). In addition, since it follows from (4.13) that
L2Yy2 r2Yy2
G(x,y) <C <C
R AL
for any ys > 2x9, by (4.23) we see that

/ G, ) f ()" dy

De¢n{y2>2x2}
> Y2 —92

< Cry / / P (1 4yl dyy dys
203 J A<y i<zl y14as (1210 — 2]+ 12)?

o0 £21|+1+a:2 )
< C:cz/ / y2(r+y2) “(A+y2) Pdrdys
2172 0

< C’xg/ (A4 y2) P dys < Cao(A + 220) P < Cag(A + 219) 72 < Caglx| 2.
2

x2

This together with (4.47) and (4.48) implies that
(4.49) / Gz, y) (5P dy < Calz| ™.
Den{yn>=N}

Combining (4.46) and (4.49), we obtain (4.24) with k = 6.
Proof in the case k = 7. For any y € D7, by (4.13) we have

INYN -
G(z,y) < CW < Cznyn|z| N

Since & € Doyt, by (4.23) and (4.29) we see that

| sy

D~

< Cayla| ™™ / / gyl N dy dyy
0 Jy > p1qay

§C$N|$|_N/ / / <r+yN)_Np+p+N_1drdyN
0o JA 14ay

o0
< CxN|x|_N/ (|| + yn) " NPHPEN gy < Cayl|z| V.
0
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This implies (4.24) with & = 7. Thus (4.24) holds for k¥ = 1,...,7, and the proof of
Lemma 4.2 is complete. O

Now we are ready to prove Theorem 1.1.
Proof of Theorem 1.1. We proceed similarly as in the proof of Theorem 1.4 in [10]. Define
{un} inductively by
ul(x) = 07
u’ﬂ+1(x) = [S(‘TN)SD](‘%I) + N G(l’, y)u’n(y)p dy7 n= 17 27 R
]R+
for almost all 2/ € RV~! and all zy > 0. Then we can prove by induction that
0 <up—1(x) < up(x)
for almost all ' € RV~! and all zx > 0. This means that the limit function
(4.50) u(z) ;== lim uy(z) € [0, o]
n—oo
can be defined for almost all 2/ € RV=! and all z > 0.
Let ¢ and k be sufficiently small positive constants such that ¢ < k. Assume that
PEETCINNAS U
where 1 is the function given in (1.6). It follows from Lemma 3.1 that

||~ r € Dip,

(451)  u(z) > [S(zn)el(2) > c[S(zn)P)(z") > 010{ N
(I+zn)|z|™", 2 € Dout,

where C1 is a positive constant independent of c. On the other hand, if ¢ satisfies
p(a) < kp(a'), ol €RVT,
then, by Lemma 3.2 we see that

|x|—m7 T e Din»
(4.52)  wuz(z) = [S(zn)¢](z) < k[S(zn)Y](2)) < Cok

(1+£L’N)|£L'|7N7 xeDouta
where Cs is a positive constant independent of k. If

‘x|—m’ S Dir‘n
un(x) < 205k
(1+an)|z|™N, x € Doy,
for some n € {2,3,...}, then, by Lemmas 4.1 and 4.2 we see that
Unt1 (@) = [S(zn)e] (@) + [(=Ap) ™ ub](x)
|$‘—m’ VS Din7
< [Cak 4 2C5(2C5k)P)
(1 + xN)|x‘7N7 x € Dout,
where C3 is a positive constant independent of k. Therefore, taking a sufficiently small
constant k if necessary, we have
‘xl_m’ S Dina

un+1(x) S 202](5
<1+$N)‘SC|_N, xEDout~
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This together with (4.50) and (4.52) implies that

|m|—m7 VS Dina
(4.53) u(z) <202k
(1+xN)|1-|*N7 xeDoub

Therefore, if ¢ satisfies (1.7) with sufficiently small constants ¢ and k, then (4.51) and (4.53)
imply that u satisfies (1.8) and (1.9). Then, similarly to [11], we see that u is a minimal
solution of (1.1). Thus Theorem 1.1 follows. O
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ON THE FINITE TIME BLOW-UP OF BIHARMONIC MAP FLOW IN
DIMENSION FOUR

LEI LIU AND HAO YIN

ABSTRACT. In this paper, we show that for certain initial values, the (extrinsic) bihar-
monic map flow in dimension four must blow up in finite time.

1. INTRODUCTION

Let (M, g) be a compact Riemannian manifold without boundary of dimension four and
(N, h) be another compact Riemannian manifold without boundary, which is isometrically
embedded in R¥. The critical points of the following functional

E(u) = /M | Au)? dv

are called (extrinsic) biharmonic maps. We also define
E(u) = / |V2u|2 +|Vul* dv
M

and notice that since the target manifold is compact, we can bound £(u) by E(u).
The associated heat flow of E(u) was first studied by Lamm [8]. In [8], the author proved
that in dimension four, the following evolution equation

(1.1) O = —LN*u+ A(B(u)(Vu, Vu)) + 2V{AuV P(u)) — (AP(u), Au)

has a unique short time smooth solution for all smooth initial value. Here B is the second
fundamental form of N C RX and P(u) is the projection from R¥ to the tangent space T}, N.
Moreover, the solution is global if the W22 norm of the initial value is small. Following the
famous work of Struwe on harmonic map flow [13], Gastel [7] and Wang [17] showed the
existence of a global weak solution with at most finitely many singular times.

It is a natural question whether the flow develops finite time singularity. The problem is
particularly interesting given that all weak biharmonic maps with bounded W22 norm in
dimension four are known to be smooth (see [15]). The corresponding problem for harmonic
map flow was answered by Chang, Ding and Ye [3]. After that, more finite-time singularity
examples were found by Topping [14], Li and Wang [9] and very recently by Chen and Li
[4]. The last construction shows that the blow-up could be forced by topological reason and
its proof relies on the no neck theorem for approximate harmonic maps of Qing and Tian
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[11]. In fact, it was pointed out by Qing and Tian that the no neck theorem could be used
in showing finite time blow-up.

Recently, the authors proved the no neck theorem for the blow-up of a sequence of (ex-
trinsic) biharmonic maps with bounded energy. The proof follows from an idea of [11], which
was motivated by the three circle lemma of Simon [12]. In light of [4], it is very natural
to extend the argument to the case of biharmonic map flow and this is the purpose of this
paper. More precisely, we show

Theorem 1. Suppose that N’ is any closed manifold of dimension m > 4 with nontrivial
m4(N') and let N = N'#T™ be the connected sum of N' with the torus of the same di-
mension. For any Riemannian metric g on N, we can find (infinitely many) initial map
ug : S* — N such that the biharmonic map flow (1.1) starting from ug develops finite time
singularity.

As remarked earlier, the proof relies on the idea of [4]. However, we give a slightly different
presentation. Our assumption on the topology of N enables us to be more specific in the
construction. Moreover, we define and use the concept of the width of a biharmonic map
from S* to N. Roughly speaking, the idea of the proof is the following. By a compactness
argument, we show that the width of biharmonic maps from S* to N is bounded by a
constant depending on the energy of the map (and the geometry of N of course). However,
we can construct initial map ug with bounded energy but in a homotopy class in which every
smooth representation must have very large width. If no finite-time singularity occurs, we
may choose a sequence t; — oo such that the bi-tension field of u(t;) goes to zero in L?
norm. Hence, u(t;) is a sequence of approximate biharmonic maps. wu(¢;) either converges
to a smooth biharmonic map in the same homotopy class, which is not possible because
the energy of the limit is smaller than that of ug, or blows up. In the latter case, the total
number of bubbles and energy of each bubble, as well as the weak limit is bounded and the
no neck theorem (Theorem 2) implies a contradiction as well.

The rest of the paper is organized as follows. In Section 2, we generalize the no neck
result in [10] to the case of approximate biharmonic maps. The generalization is in two
directions. The first is to involve a non-zero bi-tension field and the second is to show the
neck analysis works on round sphere instead of flat domains in R*.

Remark 1. For many PDE theorems, especially about regularity of geometric PDE, the
curvature of the domain is not essential. Hence, it suffices to prove the theorem in the case
of domains of Euclidean space. In this paper, we think it may not be very obvious that
the neck analysis of biharmonic maps works on curved space. Hence, we present a detailed
proof in the case of round metric on S, which is needed by the proof of Theorem 1.

In spite of the complexity caused by the round metric, we still believe that the neck
analysis works in general. However, that would require greater efforts. We also note that this
is not an issue for the neck analysis of harmonic maps, because of the conformal invariance.

In Section 3, the width of a map from S* to IV is defined and the width of biharmonic
maps from both S* and R* are bounded by the energy. Finally, Theorem 1 is proved in
Section 4.

Remark 2. Recently, we notice that Breiner and Lamm [2] proved a no neck theorem for
a sequence of biharmonic maps with bi-tension fields in Llog L when the target manifold
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is a sphere. In this paper, by approximate biharmonic maps, we mean bi-tension field is
bounded in L2.

We also want to mention a paper of Cooper [5]. The author constructed blow-up solution
from B* to S* by using symmetry.

2. NO NECK FOR APPROXIMATE BIHARMONIC MAPS

In this section, we show that the main result of [10] can be generalized to a sequence of
approximate biharmonic maps w; defined on S*.

We use a subscript g to denote operators defined on S* with round metric, such as A, and
V4. A and V are reserved for the Laplace and gradient with respect to the flat metric given
by normal coordinates around some point in S*. We always take the normal coordinates
so that the scaling u(Az) is well defined for small A. Moreover, due to the Gauss Lemma,
the geodesic ball B, is the same as the ball of radius r with respect to the flat metric given
by the normal coordinates. Finally, there is no need to distinguish the L? norms defined
with round metric g and the flat metric in normal coordinates for our purpose.

We will prove

Theorem 2. Let u; be a sequence of approzimate biharmonic maps from B* to N satisfying
(2.1)  Aju= Dy(B(u)(Vyu,Veu)) + 2V - (Dgu, V(P(u)) — (Bg(P(w)), Dgu) +7(u).
with
(2.2) / ‘Vgui’2 + |Vgui|4 dvg <A and ||7(u)l|Le(y) <A

B,

for some A >0 and p > %. Assume that there is a positive sequence \; — 0 such that
w; (M) = w

in WP C W22 C° on any compact set K C R*, that u; converges weakly in W22 to us
and that w is the only bubble. Then,

39 i Jim_ Bm oses o5, n(o)ti = 0

Remark 3. In Theorem 2, we assume that there is only one bubble. The same result holds
in the case of multiple bubbles. The proof is routine argument by now and hence is omitted.

The proof is similar to the proof of Theorem 1.1 in [10], which we outline below. We first
recall some definitions and results, which are modified only slightly.

2.1. Minor modifications. The following theorem is a modified version of e—regularity,
proved in the Appendix of [10].

Theorem 3 (go-regularity). Let u € W*P(B;)(p > 1) be an approzimate biharmonic map.
There exists g > 0 such that if fBl |V2u|? + |Vu|*dz < € then

lu =@l wans,,,) < CUNV?ullL2s,) + IVullLas,) + (W)l Le ),
where W is the mean value of u over Bj.

Remark 4. We may very well use V, in the above lemma. It is the type of result that
Riemannian metric does not make any difference.

Next, we modify the definition of n—approximate biharmonic map as follows.
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Definition 1. Let u be a smooth function defined on B, \ By, , u is called an n—approximate
biharmonic function if it satisfies

(2.4) Aﬁu(r, 0) = a1VyAgu+ agvgu +a3Vgau + asu
1

+W b1V Agu + by Vot + b3V gu + byudo + h(z).
rl JOB,

where a;,b; and h are smooth functions satisfying, for any p € [r1,72/2],
(a) llgsj(pz) — 61‘]‘”04(32\31) < 1. Namely, the metric after scaling to By \ By is close to
the flat metric in C* norm.

(b)
(2.5) 2" Ph) Lo s, 8.,y <0

and
(c)

Z ||ai||vi/4—i,p(sz\Bp) + ||biHW4—i,p(sz\Bp) <.
i=1

Here W4=%P norm is defined as

”wHVfM—i,p(sz\BP) = ||piw(px)||w4—i,p(32\31) .

Remark 5. The condition (¢) implies that if we compute the equation satisfied by a(z) =
u(px) (defined on By \ By), then the coefficients appearing in the place of a; (or b;) become
pla;(px) (or p'b;(px)), which is assumed to be small in W*~%P norm.

Moreover, one can check that if u is an n—approximate biharmonic function on B,., \ B;,,
then w(z) = u(%) is also an n—approximate biharmonic function on By, \ B, .

The following is a version of interior LP estimate for approximate biharmonic function.
It is used in the proof of three circle lemma.

Lemma 1. There is some 19 > 0 such that for any n < no if u : B4\ By — R is a
n—approzimate bitharmonic function with

4
Z ||aiHW4*i»p(B4\Bl) + ”bi”W‘l*iyp(B‘L\Bl) <n and ||hHLP(B4\Bl) <C
i=1

Then, for any 4 > p > 1, we have

Hu||W4»P(Bg\Bg) < C(||u||LP(B4\Bl) + ||h||Lp(B4\Bl))'

Proof. Without loss of generality, we assume the metric g is the standard Euclidean metric.
The main idea is similar to the lemma 3.3 in [10], but the assumptions on a; and b; are
different from [10]. Next, we sketch the proof here.

For 0 < 0 < 1, set Ay, = B34, \ Ba—, and A = B3+1+Ta \B2_1+T0. Let ¢ be a cut-off
function supported in A/ satisfying: (1) ¢ =1 in A,; (2) ’nga| < ﬁ for j =1,2,3,4
and some universal constant ¢; (3) ¢ is a function of |z|.
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Computing directly, we have
N (pu) = A(pAu+2VeVu + ulp)
= pA%u+ AV AUV @ + AV2uV2p 4+ 2Aulp + AV ApVu + Apu
a1V Au + pasV3u + pazVu + pasu + oh

1
N — b1V Au + b V2u + bsVu + byudo
0Br| Jop,

+AV AUV @ 4+ AV2uV2p + 2Aulp + AV ApVu + A2 pu.
Next, we estimate the LP(p > 1) norm of the right hand side of the above equation. By our

choice of ¢ and the assumption of a;, we have

c
VAUVl Loy < 77 1Vl 1o ay

and
||<P01VAUHLP(A;,)
< NaaVA(eu)llpocar) + ||a1v2“V‘F’||Lp(A;,) + ||a1vuv2‘/’”m(,4;,) + ||a1“V3‘P||Lp(A;,)
c C
< Cllai]lys.e ||v3(30“)”vv1,p(,4;) + 1-o ||a1v2u||LT’(A;) + 1-0)2 llarVull Lo ar)
+m lavull o (ar)
. IV2ullrmary  IVElwrogar ||u|W1,p(A/U)>

Cn lleullyyapary +C ( 1_o + (1—0)2 + (1—o0)3

HV?)uHLP(A’) HV%HLP(A/) IVull poary  lllpocar)
< CWWHWWAMC‘( -0 (1-0)? 1-0F  A-o)t )

Here in the third and fourth line above, we use the Sobolev multiplication theorem which

says that [|f1f2ll L, < Cllfillwa-se 1 f2llwise-
Moreover, Jensen’s inequality implies that

/ ad </ WVA )pd
e a—— u X
ar 108, \ Jop,
1
< P </ bVAup>dx
/;, 9B, \,p, VA

< C <pp|b1V3u|pda:.

Now, the same estimate used for ||pay VAuHLp(Ag) can be used again to get the same upper
bound.

Similar argument applies to the remaining terms and gives an estimate of LP norm of
A?(pu), if we choose n sufficiently small, by which the L? estimate of bi-Laplace operator
implies

loull <C Hv?’“HLzJ(A;) HVQUHLP(A;) N IVull o ary Mullpocar) 1Al
Pillwarcag) = 1-o 1-0)? 1—_o) 1—o)* L
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In particular, we have

(1- 0)4 ||V4

IN

s, = C(A=0PIV%] a0 = 0P 92u] )

+(1 = o)Vl oy + lll oagy + 10

By setting

= s (1=0) [Vul i,

and noting that
14+o0

A;:AHTU and 1—0=2(1- ),

we obtain
(2.6) \I/4SC(\I/3+\I’2+\I/1+\I/0+HhHLP).
We claim that for j = 1,2, 3, the following interpolation inequality holds for any € > 0,
- C
U, < eIy 4+ S,
eJ

In fact, by the definition of ¥;, for any v > 0, there is 0 € [0,1] such that

A\

T, < (1—o0,) HVWHLM”) + v
4—j 4 || o4 c
< 771 -o0,) HV “’|Lp(,467)+gHUHLD(AM)‘F’Y
, C
< U+ ST+
€
Here we used the interpolation inequality
Cs
0
with n = ¢(1 — 0,,). We remark that the constant in the above interpolation inequality are

independent of o € [0,1] (see the proof of Lemma 5.6 in [1]).
By sending v to 0 and choosing small €, we obtain from (2.6)

Uy < C (Yo + [|h]l 1),

+

(27) ||vjuHLP(Aaw) § 7]47j HV4 ||UHLP(AUW)

UHLP(AM)

from which our lemma follows. |

For the universal constant L > 0 given in Section 3 of [10], set

Ai = Be—(i—l)L \Beﬂ‘L

1
Fi(u) = /A. Wtﬁdw.

Remark 6. Here is a technical issue. We use dx instead of dv, in the definition of Fj(u).
The advantage is that Fj(u) is invariant under the scaling © — Az. Since g is close to
Euclidean metric, this difference does not matter when we use Fj(u) as a control of L2
norm.

and
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Theorem 4. There is some constant g > 0 such that the following is true. Assume that
u: A1 UA;UA 1 — RE is an no—approzvimate biharmonic function in the sense of (2.4).
Suppose

(2.8) _max 2" PRNZ, ) < 0Fi(u)

and

(2.9) / udf =0
9B,

forr € le il e=(2=DL] Then
(a) if Fii1(u) < e LF;(u), then Fi(u) <e LFZ 1(u);
(b) if F;_1(u) < e L Fi(u), then Fy(u) < e~ F,_H( );
(c) either Fy(u) < e FF;_1(u), or Fy(u) < e FFii(u).

Proof. (The proof is almost the same as Theorem 3.4 in [10]. For reader’s convenience, we
repeat it below.)

The exact value of ¢ does not matter, because F; is invariant under scaling. Hence, we
consider only the case of i = 2. Assume the theorem is not true. We have a sequence of
nr — 0 and a sequence of uy defined on A; U A U A3 (and a sequence of gi defined on
A1 U Az U Az as required in (a) of Definition 1) satisfying

(2.10) A2 g (r,0) = a1 Vg Dgu + ara V2, ug + ars Vg, up, + agauy
1
+W b1 Vg, Ag ur + kaV?}kuk + brs Vg, up + braus, + hy ()
rl JOB,
with
(2.11) r1n23§|Hx|4(1—1/p)hk||%p(Ai) < mpFa(ug)
and
4
(2.12) Z HakiHWzl—i,p(BzP\Bp) + ||bkz’HW4_7z,p(sz\Bp) < Mk,
i=1

for any B, \ B, C A1 U Ay U As.
By taking subsequence, we assume that one of (a), (b) and (c) is not true for uy. If (a)
is not true, then we have

Fy(ug) > €LF3(7.Lk) and  Fp(ug) > e*LFl(uk).
If (b) is not true, then
Fg(’u,k) > eLFl(uk) and Fg(’u,k) > eiLFg(uk).

If (c) is not true, then

Fy(uy) > e L max{Fy (uy,), F3(ug)}.
In any case, we control Fy(uy) and Fs(uy) by Fo(ug). Multiplying by a constant to uy if
necessary, we assume that Fy(ug) = 1 for all k. The above discussion shows that

||uk HL2(A1UA2UA3) S C’



370 LEI LIU AND HAO YIN

Lemma 1 shows that (by passing to a subsequence) we have

up —u weakly in  L?(A; U Ay U A3g),

U — U strongly in  L*(Aj).
By (2.10), (2.11) and (2.12), we know that u is a nonzero biharmonic function with respect
to the flat metric defined on A; U Ay U A3 satisfying (2.9), because gi converges strongly in

C3 norm to the flat metric. The three circle lemma for biharmonic function (Theorem 3.1
in [10]) implies that

(2.13) 2Fy(u) < e L (Fy(u) + F3(u)).
If (¢) does not hold for uy, we have
2F5(uy) > e " (F1(uy) + Fa(ur)).

By the strong convergence of uy, in L?(As) and weak convergence in L?(A; U Ay U Az), we
have
2Fy(u) > e H(Fi(u) + F3(u)),

which is a contradiction to (2.13). Similar argument works for other cases. g

2.2. Estimate of the tangential energy. Let u; be the sequence in Theorem 2. Assume

that
l;

S=B;\Banr=J A
1=l
and for any € > 0, by choosing ¢ small and R large, we may also assume (by an induction
argument of Ding and Tian [6])

(2.14) / !Vzui|2 + |Vui|4 dr < e* < g
Ay

for I =1lg,---,1;. Set u;(x) = u;(e~*Fx), by go-regularity Theorem 3, we have
@ =il wae(ag) < CUIV Tl 204 yua00an VUl Laa_uaouan 7@ | 2e(a_ua0040)s

where 4; is the mean value of @; over Ag.
Scaling back, if § is sufficiently small, we will get
4
Z |4/ (u; — @) ()
k=0

—1L4(1-1/p) HT(uz)

C(”vzuiHLZ(A171UAlUAz+1) + ”vuiHL‘*(AquAzUALH) +e ||Lp(Al—1UALUAl+1))

Ce.

Let r = €*, then as a function of (¢, ), we have

ININ

(2.15) [|lwi _uTi||W4vP(—lL,f(l71)L)><S3 < Ck,
for any Iy <1 <1;.
The theorem is equivalent to the statement that for any ¢ > 0, we can find § small and
R large such that
0SCB,\ By, nlhi < Ce

for 4 sufficiently large.
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Set
1

B |8Br| OB,
The Poincaré inequality and (2.14) imply

1
/ — |ui — wi? de < Ce2.
A, |z

u; (r)

u; (r, 0)do.

Lemma 2. There exists some €1 > 0 such that if € < &1 in (2.14) and 6 < €1, w; = u; —u}
is an no— approximate biharmonic function defined on Bs\ By, in the sense of (2.4), where
No s the constant in Theorem 4.

Remark 7. Although the proof is parallel to Lemma 4.1 in [10]. We reproduce it because
(1) we now use the sphere metric instead of the flat one; (2) the definition of n—approximate
biharmonic function is different.

Proof. For simplicity, we omit the subscript i. Recall that u satisfies
(2.16) Azu = a1 (u)VgAgu#Vu + oq(u)Vﬁu#VSu
+a3(u)V§u#V9u#V9u + s (u)V gu#tV gu#V gu#V gu + 7(u).
Here «;(u) is a smooth function of u and # is the contraction of tensors with respect to g,
for which we have for example,
Vg Agu#Vgul < C|VaAgul|Vgul.
Since A, = 88—:2 8cosr 0 4 L Agyand Jgs Dgs fdf = 0 for any f, we have

sinr Or sin? r
1
2, % 2
Aju (r)y = B, Jos Ajudo
1
= 951 ), al(u)VgAgu#Vgu+a2(u)V3u#V§u
T B,
+a3(u)V§u#V9u#V9u + au(u)V gu#V gu#V gu#V gudo
1

4+—
08| Jos,

7(u)do

= I+IT+1IT+1V+

7(u)do.
|aBr‘ 0B, ()

Remark 8. Here we make essential use of the symmetry of spherical metric to simplify the
computation in the first line above. This is partially the reason that we work on round S%.
Computing directly, we get
1
I = — a1 () Vg Agu#V gu — a1 (") VA u#tVau

0B:| Jog,

+o (W) Vg Agu#Vgu — o (0" )V A gu* #V gu

+o1 (u) Vg Agu* #V gu — aq (u*)V A gu™ #V gu™do

+oq (U )V Agu*#V u*

1 " "
_ /m Balul(u — u*) + Br[ulV A (u — u”)

0B, |
+583[ulVy(u — u*)do + o (u*) Vg Agu*#V g u*.
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Here f3;[u] is some expression depending on u, u* and their derivatives. Precisely, we have

Balu] = ay(x)VyAgu#Vu
Bilu] = a(u")Vgu
Bslu] = ar(u")Vghgu”.

In what follows, those (;’s may differ from line to line in the following. However, thanks
to Theorem 3, we have

HﬁiHW%z‘,p(BQp\Bp) <mno for pe[\R, /2]

if € in (2.14) is smaller than some 1. We shall require the above holds for all §; and j;
below by asking €; to be smaller and smaller.
The same computation gives

1
7 = 9B, / Balu](u —u™) + BQ[U]VS(U —u")do + ozﬂu*)VEu*#V?u*,
T B,
1
I = —— Balul(u — u*) + Bo[u] Vi (u — u*) + B3[u] V4 (u — u*)do
|8BT| OB,
o3 () Vou #V gu* #V gu*
and
1
v = OB,] Balu)(u — u*) + Bs[u]Vy(u — u*)do + as(u* )V u* #V u  #V u* #V u*.
rl JOB,
In summary, u* satisfies an equation similar to (2.16) except an error term of the form
1
—_— B1{u]VgAgw + Bo [u]ng + B3u]Vgw + Bafu]wdo.
0Br| Jop,

Subtract the equation of u* with (2.16) and handle the terms like a1 (u)V Aqu#Vu —
a1 (u*)VaAgu*# Vg u* as before to get

Aqw = Bi[ulVeAgw + Bylul Viw + B3u]Vew + B [ulw
1
+W B1{u]VgAgw + B2 [U]Vf]w + B3[u]Vow + Baulwdo + h,
r OB,
where )
h=71u) — —— 7(u)do.
" 0B,] Jom,
To see that h satisfies (b) of Definition 1, we notice that 4(1 — %) > 0 and
4(1-1) 4(1-1) 4(1-1) .
L el L PRI sl A0 PR
Since 7(u;) is uniformly bounded in LP, the lemma follows by choosing ¢ small. O

Now we apply Theorem 4 to the function w;.
Lemma 3. For any 0 < € < &1 and sufficiently small § > 0, we have
(2.17) Fi(w;) < C<2 (e* min{8(1-1/p),1}(I~lo)L | o~ min{8(171/p),1}(l,;7l)L) ’

fOT'l0<l<li.
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Proof. Let the set of [(ly <1 < l;), for which the condition (2.8) is not true, be denoted by
{j1,"+* ,Jn, } and we assume that
lo<ji <jo<- < jn <L
By definition, for each | = jy,

(218) Lm0 4 2 moF ).

Then we have

I3 4(1-4)
(w;)) < C max |||z] »’ h;
1—1,L,1+1 LP(A)
< Ce—S(l—l/p)lL
< C§8(1=1/p) o—=8(1=1/p)(I=lo) L
< 052678(1*1/17)(1710)%

if we choose § small.
By the choice of ji, the condition (2.8) holds for ji < I < jgt1, K = 1,...,4 — 1. By an
application of Theorem 4 (see also Lemma 4.2 in [10]), we have, for ji <[ < jr11

Fi(w;) < C(e_L(l_jk)ij(wi)+€_L(j’““_l)Fn+1(wi))

A

2 (6— min{S(l—l/p),l}(l—lo)L) .

So, if j1 = lp+ 1 and j,, = l; — 1, the inequality (2.17) follows immediately. If not,
assuming j; > ly + 1, by Theorem 4 again, we have, for o <1 < ji,

Fitw) < C(e "0 By () +e 20 E (w))

C (e*L(Z*ZO)FlO (w;) + %6~ min{8(171/p),1}(l7ZO)L)

0626_ min{S(l—l/p),l}(l—lo)L.

IN

IN

Similarly, if j,, <l; — 1, we have, for j,, <l <l; —1,

Fi(w;) < C <€7L(lfj"i)ani (w;) + e "D R, (wl))
< ¢ (626_ min{8(1-1/p).1}(1~lo)L | e_L(“_l)in(wi))
< Ce2 (e* min{8(1-1/p),1}(I=lo)L | efL(zH))
< Ce2 (e* min{8(1-1/p),1}(I~lo)L 4 ,— min{8(171/p),1}(li7l)L> )

]

Since w; satisfies (2.4), we may use Lemma 1 to get estimates for the derivatives of w;
and the tangential derivatives of u;. In the following, (r,0) is the polar coordinates where
6 € S3 is a point of the unit sphere. A function u(r,6) is also considered a function of (£, 9),

where 7 = e’. We denote the gradient operator on S by Vgs and the Laplacian on S® by
Ags.
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Remark 9. Since we have only LP norm of bi-tension fields bounded, we may not prove
pointwise decay bound for tangential derivatives. Hence we need the following lemma as a
replacement.

Lemma 4.

(2.19) / <|A33ui|2 + |85V53ui|2> dfde
(=1L,—(I—1)L)x 83

< (2 (67 min{8(1-1/p),1}(I=lo)L -~ min{S(lfl/p),l}(lifl)L> '

Or equivalently,
/ <|A53ui‘2 + |85V53u2-|2) dfd@
[£,t+1]x S3
< Ce2 (67 min{8(1-1/p),1}(logd—1) | ,— min{8(171/p),1}(t~710g)\iR)> )
Proof. Setting

we have

1032 agoaiony < CF—1(ws) + Fu(ws) + Fry (w;))
2 (e* min{8(1-1/p),1}(I~lo)L 4 ,— min{8(171/p),1}(li7l)L) '

IN

By scaling, w satisfies

(2.20) AZ0(r,0) = a1V A g + a2Vl + dsV g + ag
1 . - . . -
e b1V A gt + by Vo + bV b + bybdd + h(x).
10B,| Jog,
Here
iL((E) _ 6_4(l_1)Lh(6_(l_1)L$)
and .
hiz) =71(w;) — == 7(u;)do.
0B Jos,
Letting A = e~ (~DL we have
(2.21) Hh‘
LP(AgUALUA,)

1
_ (/ X)) dx) ’
AgUA1UAS

)\4(1*1/p)(/ |h(x)[P dx)l/p
Aj_1UAUA
Ce—40-1/p)(I-1)L

O §4(1=1/p) ,—4(1-1/p)(1=lo) L
Cee—40-1/p)(1=lo) L.

IN A IA

if § is small.
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Lemma 1 and the Sobolev embedding theorem imply that

/ (A sswl? + 105V o) dEdo
(—IL,—(I-1)L)x S3

IN

c/ (V2| + |V |*)de
Ay

IA

Ce2 (e— min{8(1-1/p).1}(I=lo)L | o~ min{8(1—1/p),1}(li—l)L) .
U

2.3. Proof of Theorem 2. With the preparations of previous subsections, we may now
prove Theorem 2. For the rest of the proof, we require p > % and hence min {8(1 — %), 1} =
1.

The rest of the proof is some type of Pohozaev argument. It follows the same line of
Section 5 of [10]. However, the proof there made use of the explicit expression of bi-Laplace
operator in polar coordinates of R*. Since we are now using the round metric on S*, we
think it is necessary to justify the reason why the proof still works. As it can be seen from
below, this is not obvious and the proof depends on some detailed computation.

To begin with, we define a function (for r < 1)

"1

t(?"): . @ds

Obviously, t'(r) = Sirlw. One may want to compare it with £(r) = logr. In fact, we have

0<t(r)—t(r)y<C for r<l1

and #(r) is comparable with #'(r). As a consequence, the result of Lemma 4 can be further
rewritten as (noting that p > 4/3 here)

(2.22) / (|A53ui|2 + |atvs3ui|2) dtdf
[t,t4+1]x S8

< C=2 (efu(a)ft) i efuft(xiR))) .

Recall that the metric is given by ¢ = dr? + sin® rd6?. (Here df? is the standard metric
on the unit sphere.) To simplify the notations, we write f(r) = sinr and f’ is the derivative
of f with respect to r. The Laplace operator is

3f

1
Ngu= 0>+ - 0,u+ —
! f f?

As?»’ll,.

By using 0; = f0,, we may compute

DNgu = f2(0] +2f' 0+ Dgs) u.
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Writing Ayu = f~2w, we obtain
Nou = [f72(F +2f 0+ Dgs) (fw)
= f (82+2f8t+Ass)w
+f72 (07 (f 7w + 20, (f %) 0w + 20, (f*)w)
)

1

= ff( —2f'0 + Ngs)w — Qf—w

By the definition of w and f” = —f, we have
Nou = 7O =20+ Dga) (07 +2f'0r + Dgs) u+2fw
F7H0F + D)’ =400 (f'00) u
(07 4 Dgs)(21'0) — (2f'00)(87 + D)) u+ 2 2w,

In comparison with the case of flat metric, f causes some extra terms. It is the primary
goal here to show that we can handle these extra terms properly.

A(f'0:)(f'0r) = 4(f")20] — AL 'O,
where we have used 0; = f'0, and f” = —f because f(r) = sinr.
Note that Ags commutes with f'9; and we compute
0;(21'0r) — (2['01)0;
07 (210, + 20,(2f")0}
—4f2f'0, — Af?07.

In summary, we have
(2.23) Adu=f* (07 + Dgs)® — 407 ) u+2f w,
where we have used (f')? + f2 = 1.

Remark 10. The first term in the above formula is almost the same as the flat case. The
importance of the computation is to show the error caused by the round metric is just f~2w.
Since w involves only first and second order derivatives, it can be controlled by the energy.
If there is a third order derivative term here, then the proof below would fail.

By the definition of 7, we have

f4A3u - Opudf = A7 (u) - Opudf.
S3 g3

By (2.23), the above is equivalent to

/ ((0F + Dgs)? — 407) udyudf = / (f*7(u) — 2f%w)opudh.
54 58

The left hand side is now completely identical to the form which is dealt with in Section 5
of [10]. For simplicity, we set

Flu) = 7(u) — 2f 2w = 7(u) — 20 u.
Since w has finite energy, 7(u) is also uniformly bounded in L? for p € [4/3,2].
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The same computation as in [10] gives
3
1 2 2 ! 4~
= ——|Agsul” + |0 Vgsu|” + f7(u) - Orudsdf.
S8 2 —oo J 53

We will integrate the above inequality from ¢(\; R) to t(d). We estimate the right hand side
first. Thanks to (2.22), we have

t(8) 1 9 9
/ / —= |A53u‘ + |8tvS3U| df < 062.
tOuR) Js3 2

Transforming back to z—coordinates by 8; = f0, and do = f3df, we get

()
/ / 47 (u) - Opudfdsdt
()\ R) S3

< / / )| | £yl dwdi
t(\iR) /B,

< / / w)| |Vu| dedr
iR

<

Co 1Tl Lass () VUl paa,) -

In summary, the integration of (2.24) yields (by taking o small with respect to )

#(9)
(2.25) / / |02u|® + 2 |0,u|* dodt
Sd

< C / |0sudFu|db + / |0sud2u|do + 2
{t(6)}x 33 {t(Xir)}xS3
< Cllowull 2 gus)rxs2) ||at2uHL2({t(6)}><S3)
+C [ 0eull 2 (10r, ryyxs2) ||at2u||L2({t(>\iR)}><5’3) +Ce?
< Cé

where the last inequality comes from the (2.15) and Sobolev embedding and trace theorem.
In fact, we have W4P(Q) embeds into W32(Q2), which in turn embeds into W22(9Q).

Remark 11. We remark that in fact, the argument above gives an independent proof of

the energy identity in the blow up analysis of biharmonic maps with tension field in L? for
4

some p > 3

For some fixed tg € [t(\;R),t(d)], set

to+t
/ / S 102ul® + 2 |0pul* dodt.
to
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F is defined for 0 < ¢ < min {tg — t(A\;) R, () — to}. Integrating (2.24) from to —t to to + ¢,
we obtain

1 3 , 2
Fit) < —= / +/ 31020l® 4 210,ul? db
2\/3 < {to—t}xS3 {to+t}x 53 2 ‘ t ’ ‘ t ‘

to+t i
+ / ( / A + 10,V oul? do + / F17() -atudscw) di
to—t 53 2 —o0 /53

With the help of (2.22), we can have

to+t
/ / — |Agsul? +10:Vgsul® dods < Ce? ( (t(8)=to) +e*<t°*t<*iR>>) e,

On the other hand,
to+t
/ / 47 (u) - Oyudsdfdt
to S3

to+t
< / / W) |V |f| dedi
to B,
< e (ot ||T(u)||L4/3(Bl) ||Vu||L4(Bl)
< (C§Y/21/2(086—10) t/2
< O§Y2em1/2tE)t0) ot

Remark 12. Note that since r/(¢) = sinr and %r <sinr <r for r < 1, we have
et <r(t) < ell?
for t < 0.

Hence, if § is small, we obtain
Ft) < %atp(t) + Ce2 (e—%(tw)—to) + e—%(to—t(m») ot
Multiplying e~%* to both sides of the inequality, we have
(e 2F(t)) > —Ce? (e—%(t(é)—to) + e—%(to—t(AiR))) et

We assume without loss of generality that ¢(§) — tg < tg — t(A\;R). Then, we integrate the
above inequality from ¢t =1 to t = t(4) — to to get

F1) < e 201042 p(5) — ) + Ce? (e*%(t(fs)*to) n e*%(tO*t(AiR)))
< e (e—é(tw)—to) + e—é(to—twm)) .

Here we used (2.25).
Together with (2.22), we obtain

to+1
/0 / IV2ul? + |Vul?dodt < Ce? (e 39 —t0) | =3 (to—t(Ns R>>)
to S8
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Here V is the gradient of [t(\;R), £(8)] x S® with the product metric. Recall that ‘f(r) —t(r)|
is bounded by some universal constant and 0; and 0; are comparable. Hence, we can translate
the above decay estimate into a decay with respect to £ = logr.
to+1 - -
/ |V2u|? 4+ |Vu|?dodi < Ce? (e*%(log(‘s)*to) + e*%(t‘]*log(’\im)) ,
{071 S3
Direct computation shows that
1 fo-‘rl B B B
/ [V2ul> + —|Vul?dz < C / \V2ul? + |Vu|2dodt
B i5+1\B i5—1 |z| fo—1 Js3

N

S C€2 (e—%(long—t"o) + e—%(fo—logkﬂ{)) )
Then by Sobolev embedding and the eg—regularity (Theorem 3), we have
08C((fy—1/2,f0+1/2)x 53) U

1 T
< c(/B VRl gl Vulda) /2 + o))

cto+1 \Befof1

< Ce(emHorsR) 4 o orlosrim)

cto+1 \Be£071)

It is easy to derive the no neck estimate from here. Hence, we complete the proof of
Theorem.

3. BOUNDING WIDTH BY ENERGY

Let N be the manifold in the Theorem 1 and g be any Riemannian metric on N. Since
N = N'#T™, there is an embedded sphere S of dimension m — 1 in N which separates N
into N7 and Ny and N/Ns is homeomorphic to N’ and N/Nj is homeomorphic to T™. Here
N/N; is the quotient topology space by identifying all points in N; as one point.

Let N be a cover of N and § be the lift of g. For a continuous map u : S* — N, we define
the width of u as

W(u) = Jnax, d 5 (a(x), u(y))

for a lift @ of u. Since the lift is unique up to the action of the deck transformation of N,
the definition is independent of the choice of .

Remark 13. It is perhaps more natural to use the universal cover. Theoretically, any cover
will make the proof work. Since the main purpose is to construct examples, we use the
definition which is convenient for our purpose. Of cause, the width depends on the choice
of the cover.

Similarly, we can define the width of v from R* to N by
W(u) = sup dy g (a(z),a(y))
x,ycR4
for a lift «.

Remark 14. Since R* is non-compact, it is possible that W (u) is not finite. For application
in this paper, we shall only be interested in the bubble map u : R* — N. There are several
ways to see that for a bubble map with finite energy this width is finite. First, one can
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compose u with the stereographic projection and prove a removable singularity theorem
for a PDE system similar but not identical to the biharmonic map equation as Wang did
for quasi-biharmonic maps in Lemma 3.4 [16]. Second, the proof of removable singularity
theorem in [10] can be applied in this case. Finally, since all such bubble maps come from
the limit of some biharmonic map sequence, as remarked near the end of Section 2 of [10],
this is a consequence of the main theorem in [10].

The main result of this section is

Lemma 5. For any Cy > 0, there is another constant Cy depending on C1 and the geometry
of N such that any biharmonic map u from R* (or S* ) to N with £(u) < Oy satisfies that
W(U) < CQ.

The proof uses the compactness properties of biharmonic maps (taking the bubbling into
account). The non-compactness of R* causes some technical problem. We need the following
lemma to control the energy decay at the infinity.

Lemma 6. There is a constant €5 > 0 depending on N. If u : R* = N is a biharmonic
map satisfying

/ |V2u‘2+|Vu|4dx < &,
R4\ B,

then u is uniformly continuous at the infinity in the sense that for any e > 0, there is R > 0
independent of u such that

08CRr1\ B U < €.

Proof. The proof is just another version of Section 6 of [10]. The only difference is that for
a removable singularity theorem, we study B; \ {0}, which is

31\{0}:UA1

where
Ai = Be—(i—l)L \Be—iL,

while in this lemma, we study the asymptotic behavior of u on

0
R*\B; = | A

1=—0Q

In the proof of the removable singularity theorem, we prove exponential decay as i — oo
(|z| = 0), while here we prove exponential decay as i — —oo (|| — 00). We need e5 to be
small, so that we can use Theorem 4 on 4;_ 1 UA; UA;4q fori=—-1,-2,---.

This lemma follows from the exponential decay of |V gsu| and |Opul. O

Proof of Lemma 5. We only prove the case for R* and the case for S* is simpler. Recall that
the width of biharmonic map u from R? is finite as discussed in Remark 14. If the lemma
is not true, we can find a sequence of biharmonic maps ug : R* — N with £(uz) < C1, but

lim W(ug) = +o0.
k—o00
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Since &(uy) and W(ug) are invariant under the scaling, we may assume without loss of
generality that

(3.1) / |V2uk‘2 + |V de < es.
R4\ B,

(3.1) implies that the bubble points are restricted to Bj.

Let oo be the weak limit. Since there is no bubble outside By, u; converges to s, on
Bpg\ By uniformly for fixed R. Together with Lemma 6 and (3.1), the convergence is uniform
on R*\ By.

The bubbles are described as follows. Assume that there are [ bubbles (including ghost
bubbles, which is just trivial map), w;(i = 1,--- ,1) and there are m(m < [) blow-up points
pi(i=1,---;m) with p; C By. Each w; is the limit of

wi,k(x) = Uk(Ai7k£C + IEiyk).

Since there could be bubbles on top of w;, the convergence is strong on the domain

Qix = Br\ (U Ba(yk,s)> :

where we use s to parameterize the bubbles on top of w;. Moreover, for each bubble w;,
there is a neck region of the form B,,(x) \ B, (), which we denote by N;j. There is no
need to be precise about 71, ro and the centers of the balls, it suffices to notice that the no
neck theorem implies that

(3.2) lim oscy, ,ux = o(d, R),

k—o0

where o(d, R) goes to zero when ¢ — 0 and R — oo.
By definition, if 4y is a lift of ug, we have
(3.3) W) = sup dyg (@), i(2)
y,z€R%
1

< > SUp v ) (ke (i iy + i), k(A k2 + i 5))
i=1 Y,2€82; &

+ sup  dig g (Uk(y), i (z))
Y,2€EN; 1

+ sup (5 ) (U (y), i (2))-
y,2€RN\UI, Bs(pi)

Now we give an upper bound for the left hand side of the above equation. For the first
line, since w;  converges strongly to w; on €; 5, we have

) : < .
nax d(n,g) (Wi (y), wi(y)) < o(1)

Here o(1) goes to zero as k — oo. Noticing that g (X k2 + ;1) is a lift of w; x(x) (defined
on €2; %), we can find a lift of w;, denoted by w; such that

(il ). O < .
Jnax d g 5 (kN ky + wik), @i(y)) < o(1)

Therefore, we have

(3.4) limsup sup d g ;) (UM kY + @ik), Uk (N gz + Tik)) < Ww;).
k—oo y,2€Q; a
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For the second line, we need some general fact from Riemannian geometry as follows.
There is some small 0 > 0 depending on both (N, g) and (N, §) such that for any geodesic
ball B C N of radius o and its lift B C N, we have that (B, d(y,g)) is isometric to (B, d(N,g))
as metric spaces.

Thanks to (3.2), for small ¢ and large R so that the image ug(N; ;) lies in a geodesic ball
of radius o, we have
(3.5) liin sup sup dy g (Ux(y),ur(2)) < Co(d, R).

—00  Y,2EN; &

To bound the last line in (3.3), it suffices to note that uj converges uniformly on R*\
U, Bs(pi) to uao. To see this, we note that uj converges strongly on By \ UB,(p;) and uy
converges strongly on R*\ By as remarked earlier. Hence,

(3.6) lim sup sup dix 5 (g (y), g (2)) < W (o).
k—oo y,zeRN\UL,; Bs(pi)

(3.4), (3.5) and (3.6) add up to give an upper bound for W (uy), which contradicts the

assumption that limg_, . W(ug) = co and hence proves the lemma. O

4. PROOF OF THE MAIN THEOREM

Let u(t) be a solution to (1.1) with u(0) = ug. Along the flow,

d
th(u) <0.
Hence, E(u) is uniformly bounded (before the possible blow-up at least). Since the target
manifold is compact, u is bounded and hence £(u) is also uniformly bounded.
The key observation to the proof is that for some C > 0 and arbitrarily large C5, we can
choose ug with €(ug) < Cy and any smooth u’ homotopic to ug satisfies W(u') > Cs.
Assuming that such ug is found, we claim that «(¢) must blow-up in finite time and hence
Theorem 1 is proved. If otherwise, the solution exists for any ¢ > 0. Since

/ / |0yu|® dvdt < oo,
0 Js4

we may choose a sequence of t; going to oo such that

lim |0 ty) — 0.
Jim {|8pul] 2 (k)

For simplicity, we denote u(ty) by ug.

Since £(ux) is bounded and the e—regularity (Theorem 3) holds, the usual blow-up
analysis works. Assume that there are ! bubbles w;(i = 1,---,1), which is the limit of
Uk (Ai w2 + 24) and m(m < ) blow-up points p;. Let Q; ;, and N, j as before. We still have

1
W) < > sup A5 g (W (Niky + Tik), Uk (A2 + Tik))
i=1 Y#€8k

+ sup  diy o (Uk(y), i (z))
Y,2€N; ’

+ sup d 7,5 (U (y), Uk (2))-
¥,2€RNULL, Bs (i)



BIHARMONIC MAP FLOW 383

By Theorem 2, we can bound the right hand side by
l
Z W(w;) + W(uso) + 1.
i=1
By Lemma 5, each W(w;) and W(us) is bounded by a constant Cy depending on Cj.
Moreover, the number of bubbles is also bounded by a constant depending on C. Hence,
there is a constant C4 such that
lim sup W (uy) < Cy.
k—o0
This would be a contradiction and hence proves Theorem 1 if Cy < Cs.

Now let’s show how to construct ug.

Recall that N = N’#T™. There is a natural cover of N, which is obtained by modifying
R™. R™ is the universal cover of T™, with the deck transformation group G = Z™. Let pg
be any point of R™ and let the orbit of the action of G containing py be {p;};—,. Suppose
U; be a small neighborhood of p; diffeomorphic to the ball of dimension m and V. C N’
be an open set diffeomorphic to a ball. For each i = 0,1,---, we remove U; from R™ and
identify the boundary of U; with the boundary of a copy of N’ \ V, which we denote by W;.
The new complete non-compact manifold is denoted by N. G acts on N naturally and the
quotient is N. If N is equipped with a Riemannian metric g and g is the pull back metric,
then the projection 7 : N — N is isometric map.

Since m4(N') is not trivial, there is a smooth map h : S* — N’, which is not homotopic
to constant map. Since m > 4 and h is not surjective, assume by deforming it smoothly
that

(1) h(S*) c N"\ V;

(2) h maps the entire southern hemisphere to a single point ¢ € N'\ V.

Let h; be the copy of h from S* to W; and ¢; be the copy of ¢ in W;.

For any Cj3, pick ¢ such that

d(z\—,@(Wo,Wi) > Cf.
Let U(®) be the stereoprojection from R* to S, which maps the infinity to the south (north)
pole and maps 0B to the equator. Consider the map w : R* — W; defined by
w(zx) = h; o U(x).
w is a constant map outside By. Set
Ci1 = E(w)+ E(h) +1

We claim that for o very small, we can find smooth ug satisfying

(1)

7o ho(x) r € 8%\ B,(9);
=9 ow(qj;/(;)) x € B,2(9).

(2) E(ug) < C4.

By the above definition, we observe that uolas, (s) = qo and uo|ap_,(s) = ¢ The first
observation follows trivially from the definition of hg. For the latter, we notice that ’<I>_1 (:v)‘
is almost o2 for every o € B,2(S), because ® is almost an isometry near S and o is going
to be small.
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Since the energy is scaling invariant and @ is almost isometric in small neighborhood of
the south pole, we have

1
/ +/ |Aug? dv < E(h) + E(w) + =.
SNB.(S)  JB,2(8) 2

It suffices to show that we can define ug on B, (S) \ B,2(S) so that ug is smooth and the
contribution to the energy on this part is smaller than % By choosing ¢ small, the metric
of §* on B, is close to the flat metric. Hence, it suffices to check this with flat metric.

Let 7 : [0,1] — N be the shortest geodesic in N connecting qo to ¢;. Let ¢ : [0,1] — [0, 1]
be a smooth function satisfying

(1) ¢ > 0;

(2) p(x) =0forall 0 <z < § and p(z) =1forall L <z <1

(3) |¢'| + |¢"| < C for some universal constant C.

Set

log o — log ||
—logo '

wli) = o000
For simplicity, we write L for d(z\"/,g) (go, ¢;). Note that
[(moy)|=L.
Since v and 7 o vy are geodesics, we have
(mo7)"+ B(moy)((roq),(moy))=0
where B is the second fundamental form of N. Therefore,
(r07)"| = CL2,

We estimate the derivative of ug as follows.

CL
R —
1970l < r(—logo)
and
CL
2
< ——m——.
|8Tu0| ~ r2(—logo)
Hence,

/ | Aug|? da
B, \B,2
< cf

< 7CL2 / 0 1d?"
(logo)? Joo r
CcrL?
(—logo)’
For any L, we can choose o so that the above is as small as we want. Hence, we check
that ug satisfies F(ug) < C;. It remains to check that for any map «' homotopic to ug,

2

3
53110 + Z8,ug| ridr
r

<
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W (u") > C5. Let @' be the lift of u’, which is homotopic to the following lift of wq,

ho(z) x € 8*\ B, (5);
do =14 vor(EreElEl)  pe B,(S)\ By (S);
w(éaz/(;)) S BGZ(S)'

We claim that o' N Wy # 0 and « N W; # 0. To see this, consider a continuous map 7 from
N to N’ (precisely, a manifold homeomorphic to N’), which maps any point in N \ W to
one point. If %' N W, is empty, then 7 o @' is a constant map. However, 7 o &g is homotopic
to ho and hence is nontrivial. The proof for v/ N W; # @ is the same.

In summary, we have constructed a map ug such that E(ug) < C; and W (u') > Cjs for
any «' homotopic to ug. This finishes the proof of Theorem 1.
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NEW GEOMETRIC ESTIMATES FOR EULER ELASTICA

JOHN MCCUAN

ABSTRACT. Elastic curves, whose curvature depends linearly on height, were studied by
L. Euler. We generalize an elementary comparison theorem relating pairs of these curves.

1. INTRODUCTION

If a planar curve is given locally by the graph of a function « = u(x), and the correspond-
ing curvature satisfies

u/l

(1.1) 7(1 )T = u,

we say the curve is an elastic curve. The following comparison result for elastic graphs is
essentially due to R. Finn [Finl0].

Theorem 1. If u and v are solutions of (1.1) on a common interval [a,b] with u(a) < v(a)
and v (a) = v'(a), then

uw(z) <v(x) and u'(z) <v'(z) fora<az<b.

We wish to generalize Theorem 1 in several ways to allow for certain parametric elastic
curves. The curvature condition defining elastic graphs readily generalizes to parametric
curves, and it is customary to introduce an arclength parameter s and the inclination angle
1) along the curve defined by

Z(s) = cosp(s)
{ 2(s) = sinp(s).

The curvature condition then becomes
Wb(s) = 2(s).
Under this rephrasing, notice that the initial conditions of Theorem 1 may be rewritten as
21(0) = 22(0) = a, 21(0) < 22(0), and ¥1(0) = 1)2(0)

where the common value 11 (0) = 12(0) lies between —7/2 and /2. See Figure 1(left).
We wish to allow this initial value for ¢ to range also between —37/2 and —n/2 as indi-
cated in Figure 1(right). Notice that each of the curves indicated possesses a second point

2010 Mathematics Subject Classification. Primary: 53A04; Secondary: 49Q10.
Key words and phrases. Euler elastica.
Received 18/06/2015, accepted 12/11/2015.
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FIGURE 1. Elastic graphs (left) and parametric elastic curves (right)

(xj(0j),2(0;)) with 2;(c;) = a and z;j(0;) < z;(0). Among the conclusions of Theorem 2
below is that if z1(0) < 22(0), then

(12) 21(01) < 22(0'2) and ¢1(01) < ¢2(02).

Intuition might suggest that these assertions follow simply from the fact that “the curvature
of the higher curve is greater at corresponding points.” That the situation is more subtle and
that this intuition, though correct in the non-parametric case, is actually incorrect in the
parametric case may be illustrated by considering arcs of circles. Let 21(0) = 22(0) = a with
1 = 21(0) < by = 25(0) and 1 (0) = 9(0) € (—7/2,7/2) so that (z;,2;) parameterizes a
circular graph with curvature z;(0) for j = 1,2 over some interval to the right of z = a. See
Figure 2(left). We have then the conclusion of Theorem 1: If s1, s > 0 with 1 (s1) = z2(s2),
then

(1.3) z1(81) < z2(s2) and  1(s1) < a(s2).

If, on the other hand, the same conditions hold for arcs of circles with 1 (0) = 12(0) €
(—=3m/2,—m/2), then one finds immediately that

1/11(01) = 1/)2(02)

where o, is the first positive arclength for which z;(o;) = a, j = 1,2. Thus, there is clearly
something more involved in the parametric case of elastic curves.
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z z
21(0)
z2(02)

| e

FIGURE 2. Circular graphs (left) and parametric circles (right)

2. CORRESPONDENCE AND COMPARISON
We are primarily interested in solutions of

& =costy, z(0)=
(2.1) Z=siny, 2(0)

for which —37/2 < # < —7n/2 and there is some first positive arclength ¢ > 0 for which
x(0) = a. We begin with a characterization of solutions for which this is the case. This will
put us in a position to state a somewhat technical generalization of Theorem 1 to parametric
elastic curves. First observe that the initial value problem

{Zj=sinw, 2(0) =¢
Y=z 0)=0

decouples from the conditions on x, namely & = cos and z(0) = a, and admits a conserved
quantity

2’2 C2
h(y,z) = 5 +cosyp = 5 + cos#.

See Figure 3.

Lemma 1 (preliminary characterization of solutions). Given 0 with —37/2 < 0 < —7/2,
there is a unique value (— = (_(0) > 0 for which solutions of (2.1) with { > {_ are precisely
those having

sup z(s) > a.
5>0
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>>
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—37/2 —7/2
F1GURE 3. Phase plane diagram for ¢ and z.

For each ¢ > (_ there is a unique first positive arclength £ = £(0,() for which ¥(¢) = —x /2.
Moreover, there is a unique value (. = (.(0) > (_ determined by

2
(2.2) %" +cosf =1,

and we have
(1) If ¢ < ¢, then z(s) < a for s > 0.
(2) If (— < ¢ < (s, then there is a unique second positive arclength r = r(0,¢) for which

the solution is vertical; ¥(r) = —7/2, and
(a) #(s) =cosyp(s) <0 for 0 < s < ¥, and £(s) = cos(s) >0 for £ < s <r.
(b)
Jim 2(r(0,0)) = .
(c) .
dicx(r(9>g)) > 07 C* < C < C*
(d)

Cli/ng* z(r(8,¢)) = +oc.

(3) If ¢ = C, then &(s) = cosp(s) <0 for 0 < s < ¥, and &(s) = cosp(s) >0 for £ < s
with
2.3 li = +o0.
(2.3) Jim (s) = +o0
(4) If ¢ > (., then there is a unique second positive r = r(0,C) for which the solution is
vertical; ¥(r) = /2, and
(a) &(s) = cosy(s) <0 for 0 <s < ¥, and £(s) = cosp(s) >0 for £ < s <r.

(b)
Clim* z(r(6,()) = +oo.
() .
d—cx(r(G,C)) <0, (> (.
(d)

lim z(r(6,¢)) = a.

¢ o0
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Proof. The existence of (, determined by (2.2) and the conserved quantity z2/2+ cos = 1
is immediate; we start the proof from this point. The existence and uniqueness of the
values ¢ and r also follow from the phase diagram in Figure 3. Notice that ¢ and r will be
well-defined as long as { > v/—2cosf. We will see below that (_ > v/—2cos#.

To see the limit (2.3) of the third assertion, note that p=2>0s0x= z(s) may be
expressed as a function & = £(v) for § < ¢ < 0 with

d§ & cosy cos

&z 2/I-cos

since 22/2 4 cos v = 1. Thus, observing that 1(s) /0 as s 400,

cost

2(5) = £() f/ N

> at /_”/4 cost g+ Yool dt
a4 — il
- \/5 0 V1 —cost —r/a |t]
— 00 asy — 0,

and the third assertion is established. We next turn to the second assertion and consider
0 < ¢ < (. In this case, a maximum inclination angle Y € (—,0) is determined by

2 d
(2.4) COS Py, = €= 5 + cosf so that d—C =(¢ and dLCm = —(csc, > 0.
Note also in this case, the existence of a unique first positive arclength m = m(0,¢) > ¢ for
which ¢ (m) = v,,, and this is also the first positive arclength for which z(m) = 0.
If 0 < ¢ < +/—2cosb, then 9, < —7/2 s0 & = costp < 0 and x(s) < a for s > 0. The
same conclusion holds for ¢ < 0, so these cases comprise part of the first assertion. For

vV—2cos0 < ( < (s, we find
") 1 /_”/2 cost Ym cost it /2 cost dt

z(r)—a=— —dl — —_—

V2 \Jo Ve — cost _rj2 Ve —cost o \€—cost
L /‘”/2 ol [Tl
V2 \Jy \/c —cost —r/2 Ve —cost
cost Ym 9

\f dt +2V2 csc” ty/c — costdt.

Ve —cost —n/2

In particular, it follows from the last expression for z(r) that

d /2 cost Ymo esc?t

2.5 dt+ V2 ———dt]| >0
(25) dc z(r) ( f/ 2(c — cost)3/2 _rj2 Ve —cost

since cost < 0 for @ < t < —m/2. This establishes part (c) of the second assertion. Next,
using (2.2) and (2.4) we can write

2 2
7%+17C——coswm

Thus, using a Taylor approximation of ¢ — cost at t = 1,,, we obtain some small positive €
for which 0 < c—cost = sin ¥, (t—Pm) +o(|t —m|) < 2sint, (t—1ppm) for P, —e <t < Pp,.
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Using the second expression for z(r) and assuming ), — € > 7/4, we find

/—7T/2 cost 42 Yrm cosT/4 gt
(4 VE— cost PYm —€ \/2 Sin wm (t - 11[}771)

/ /2 cost dt+ 1 Ym 1 gt
o Ve —cost VIsin | Sy —e Vm — 1t

/”/2 cost dt 42 €
0 \c —cost | sin i)y, |
— 2(0(0,(+);¢) —a+oo as (G

since ¢, /0 as ( /(. and € > 0 is fixed. This establishes part (d) of the second assertion.
Part (b) of the second assertion and the rest of the first assertion now follow from the
monotonicity (2.5) if we let (_ be the unique value of ¢ for which z(r(6,();¢) = a

Finally, we turn to the fourth and last assertion of the lemma. In this case ¢ increases
monotonically and

xz(r) —a>

&\H Sl Sl

/2 cost /2 cost
—dt + —dt
0 v/ c—cost —x/2 V€ —cost

/”/2 COST__ . ™2 cost it
x4+ VC+cosT _x/2 V€ —cost

/ cosT +/0 cos /4 it
N B/ (el R

™2 cosT L1 /4
<_/7r+9 C+COSTdT+Slnh (,/<2_Q>>
(£(0,C); G) —a+00 as ( N\

This is part (b). To see the monotonicity of part (c), we return to the third expression for

x(r).
d ¢ /2 CcoST /2 cost
— =——|- —d ———dt
de(r) 2V/2 < /,T+9 (¢ + cosT)3/2 T /,r/Q (¢ — cost)3/?

C —7+0

- %

H

COST

< > [t
T o2V2 ) (c — cosT)3/2 T
< 0.

Finally, we return once again to the third expression for z(r) and estimate directly to find

T+0
(t
2(r) > a+ — B @t >a

\f _nj2 V€ — cost
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Furthermore,

lim z(r) <a ! lim " LStdt <a+ lim " dt=a+m hm — =a.
¢ oo \f 2 ¢ 00 J /2 Ve —cost /o0 ) _n/2 \f s \[
This establishes the last part of the fourth assertion. O

In view of Lemma 1, our first comparison result may be stated as follows:

Theorem 2. If (z1,21,%1) and (x2, z2,12) are solutions of (2.1) with —37/2 < 6 < —mw/2
and ¢ = ¢ = z1(0) and ¢ = (o = 22(0) respectively with (— = (_(0) < (1 < (2, then for
Jj=1,2, there is a unique first positive arclength o; for which x;(c;) = a and

{(z;(s), 2(s)) : 0 < s < 0;}

consists of an upper graph

U = {(x;(s),2(s)) : 0 < s < 45}
where £; = £(0,(;) and a lower graph

Lj={(z;(s),2(s)) : £; < s < 0}
The inclination angle v; increases monotonically from 6 to —mw /2 with s for 0 < s < {;, and
this provides a natural one-to-one correspondence between the upper graphs U; and Us.
1. FEach upper graph may be parameterized by inclination angle t — (o(t), B;(t )) =
(xj(s), zi(s)) fort € [0,—m/2] (and s € [0,¢;]). Comparison of the points p = (a1 (t), f1(t))
and q = (aa(t), B2(t)) in the upper graphs, as indicated in Figure 4 (left), is given by

(2.6) a1(t) < az(t) and Bi(t) < f2(t) for 0 <t < —m/2.

A one-to-one correspondence between the lower graphs L1 and Lo is determined as follows:
2. Let B; = Bj(§) forx;(¢;) <& < a express L; as a graph over the horizontal x-azis. Two
points P = (&1, B1(&1)) and Q = (&2, B2(&2)), in L1 and Lo respectively, correspond to one
another if for some t € [0, —7/2] (an inclination angle along the upper graphs) we have

Oél(t) = 51 and Oég(t) = 52,

e., the x coordinates of the points on the lower graphs are shared with points on the upper
graphs having the same inclination. This correspondence is illustrated in Figure 4(right).
Under this correspondence, if s1 > {1 and so > fo with

P = (21(51),21(51)) = ({1, B1(§1)) and  Q = (wa(s2),22(s2)) = (&2, Ba2(§2)),
then

(2.7) z1(s1) < z2(s2) and  1(s1) < ¥a(sa2).

The last assertion may be compared with (1.3). Among its corollaries is assertion (1.2)
mentioned in the introduction which is obtained by taking & = & = a and t = 6.

In the next section we will prove the following generalization of Finn’s result which allows
us to concatenate the nonparametric comparison onto the parametric comparison.

Theorem 3. If u and v are solutions of (1.1) on a common interval [a,b] with u(a) < v(a)
and u'(a) < v'(a), then either u =v or

u(z) <v(x) and u'(z) <v'(z) fora<az<b.



394 JOHN MCCUAN

FIGURE 4. One-to-one correspondence of the upper graphs by inclination
angle (left) and one-to-one correspondence of the lower graphs (right); the
points P and @ in the lower graphs correspond because they share abscis-
sas with p and ¢ respectively which correspond in the upper graphs (by
inclination angle).

Corollary 2. If (z1,21,%1) and (2, 22,12) are solutions of (2.1) with —37/2 < 0 < —m/2
and ( = ¢ = 21(0) and ¢ = (o = 22(0) respectively with (— = (_(0) < (1 < {3 as described
in Theorem 2, and both solutions extend as graphs over some common interval [a,b] on the
horizontal axis so that o; < s; for j =1,2 and a < x1(s1) = x2(s2) < b, then

(2.8) z1(s1) < z2(s2) and  i(s1) < Ya(s2).
Remarks

(1) A minor modification of the proofs below allows the generalization of the curvature
condition to z/) = Kz where & is a positive constant.

(2) The results can also be generalized (with some minor technical changes) to allow
the initial inclination angle § = —3x/2. It is probably possible to obtain some kind
of generalization for § < —3m/2 as well, but that would require some fundamentally
new ideas.

(3) The results for graphs, Theorem 1 and Theorem 3, can be generalized to graphs
whose curvature is given by any strictly increasing function of height. Our proof
below uses continuity of u and v on the closed interval [a, b], but the values of the
derivatives may be allowed to take the values oo at the endpoints.

3. PROOFS

We begin with a proof of Theorem 3 (which also provides a proof of Theorem 1)
proof of Theorem 3: If u(a) = v(a) and v/ (a) = v'(a), then u = v.
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In the complementary case, there is always some € > 0 for which u(z) < v(z) and
u'(z) < v'(x) for a < x < a+ €. Thus, taking

T, = min{z > a: u(z) > v(z) or v'(z) > v'(x)},

assuming such a point exists, we can set ¢ = max{v(z) —u(z):a <z < z.} and w =u+ec.
We see that w is a smooth function with w > v, and equality holds for at least one point
xp € (a,x4]. Also w'(zp) = v/(2). In a neighborhood of z, € (a,z.] we have w > v but
the graph of w has curvature strictly less than that of the graph of v. This leads to a
contradiction. O
Proof of the upper graph comparison of Theorem 2:

We begin with a general comparison which applies to any continuous correspondence by
inclination angle starting at ¢ = 6 with 51(0) < 52(6).

Lemma 3. 51(t) < SB2(t).

Proof. If for some ¢y > 6, we have 1 (tg) = B2(to), then the horizontal translation of the
first /lower curve parameterized by

t— (Oél(t) + 042(150) - al(to)aﬁl(t))

is an elastic curve which agrees with the second/upper elastic curve up to first order at
(aa(to), B2(to)). It follows that these two elastica are identical. In particular, 51 (6) = B2(6),
which is a contradiction. O

On an upper graph, cost < 0 and

, T;  cost
=5 TR

Thus, o] (t) < ab(t) < 0 with strict inequality except for t = —w/2. Thus, a1 (t) < as(t) for

0 <t < —n/2, and this completes the first part of the proof of Theorem 2.

Proof of the lower graph comparison of Theorem 2:

As might be expected, this is rather more complicated than the first part. However, we
have most of the framework set up in the statements of Lemma 1 and the result itself. As a
matter of technical convenience, we rename the points P, Q, p, and q as Py, P, P3, and Py
respectively so that P; = (21(s;),21(s;)) for j odd and P; = (z2(s;), 22(s;)) for j even. For
the lower graph comparison it is natural to use £ = & € [x2({3), a] as a parameter; it will be
noted that each of the arclengths s;, j = 1,2, 3,4 is uniquely and continuously determined
as a function of £, and the dependence is smooth for z5(¢3) < £ < a. Consequently, we can
attempt a direct comparison of the derivatives of the quantities in (2.7) with respect to &.

Lemma 4 (direct differentiation). The arclengths s1 and sq are increasing functions of &
and s3 and sy are decreasing functions of & for xo(€s) < & < a with

(1)

i,z 51) = tan (s 22(s4) an iz S9) = tan s (s
@ 1(s1) = tan ( 1)21(83) d dé 2(s2) = tan o (s2).
(2) (s1) (s4) (s2)
d ~ z1(s1 29(84 an i o) — A
€V = o) mGse) M 2 cosa(en)
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(3) If —m/2 < 1(s1) < 0 and Y1(s1) < Pa(s2) < /2, then

d—le(sl) < %22(82).
(4) 1f

(a) z1(s1) <

(b) 21(s1) < 22(82)

(¢) —=m/2 < 1(s1) <0, and

(d) ¥1(s1) < tpa(s2),

then p p
d?i/)l(ﬁ) < d?i/)z(SQ)-

Proof. Differentiating directly,
d dsy dsy

d—gzl(sl) = 21(s1)— i = siny(s1)— i
Also, since z1(s1) = x1(53) and 11 (s3) = Pa(s4),
cos 1/)1(31) d§ cosw1(53)%s§ and 21(53)(2—23 = 22(34)(2—24.
Finally, since z2(s4) = £, we have
dsg 1 4 (s) = cosPn(ss) z2(sa) _ za(s4)
% sl 4 ) =) e mte) - ) sy

The other differentiation formulas follow similarly.

Since we know from the comparison of the upper graphs that z5(s4) > 21(s3) and tan
is increasing for —m/2 < ¢ < 7/2, the inequality of the third assertion is immediate.

For the last assertion, we note that under the hypotheses cos1(s1) > 0, and cos is
increasing for —m/2 < ¢ < 0. If 23(s2) < 0 then w2(s2) < 0, and the inequality follows
immediately using the monotonicity of cos ). If z2(s2) > 0, then the inequality follows simply
because the quantity on the left is negative and the quantity on the right is non-negative. O

Starting at the left-most points, i.e., for £ = x5 (ls) where 81 (—m/2) < Bao(—n/2), we know
z1(s1) < z2(s2) at least initially simply by continuity. Unfortunately, v¥o(ls) = —7/2 =
¥1(£1), and we do not have the hypotheses of the fourth assertion in order to get started
with the desired inequality between 1 (s1) and t2(s2). Thus, an immediate application of
the direct differentiation lemma seems problematic.

We turn instead to a secondary comparison which applies to portions of the lower graphs
in one-to-one correspondence by inclination angle.

For each elastic curve, there is some maximal interval [¢;, m;“) on which 1/}j =2z;>0. In
fact, if for (;° < ¢; < G we let m; = m;(60,¢;) denote the first positive arclength m for
which z;(m) =0 and ¥;(m) = ¥ (0, (;), then

m { min{my,o;} if ¢ < ¢ < C(0)
o it ¢ > C.(0).

J
Thus, we see the parameterization ¢ — (a;(t), 5;(t)) by inclination angle is still valid for
0<t< qu(m;), and a one-to-one correspondence of the lower graphs is also possible for
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—7m/2 <t <T =min{th1(m7), ¥2(m3)}. Lemma 3 still applies on this interval, and we know

B1(t) < Ba(t).

Now we make the secondary comparison mentioned above.

Lemma 5. Let B;r = Bf (&) forx;(£;) <& < a expressU; as a graph over the horizontal -
azis. For each t with —7/2 <t < T = min{y1(m7),Ya(m3)} there are corresponding points
Py, = (a1(t), B1(t)) € L1 and Py = (az2(t), B2(t)) € L2. The second point Py = (aa(t), S2(t))
shares its x-coordinate with a unique point

Py = (& By (€)) = (az(t), By (a2(t))) = (z2(s4), 22(51)) € Uo.

The inclination angle 12(s4) for 0 < s4 < €y determines the point

P3 = (a1 (2p2(s4)), B1(12(s4))) € Uy

by the inclination angle correspondence. Under these conditions
(3.1) a1 (P2(s4(t))) < an(t) for —m/2 <t <T.

FIGURE 5. Secondary comparison: P, and P, correspond by inclination
angle; P3 and P, correspond by inclination angle. If P, and P, have the
same z-coordinate, then Pj is to the left of Py.

Proof. An alternative phrasing of the assertion (3.1) is as follows: Each & € (z2(¢2), 52(T)),
determines points

Py = (&, By(€)) = (x2(s2), 22(52)) € L2 and Py = (£, By (£)) = (w2(s4), 22(54)) € Uo.

Each of these points corresponds by inclination angle to a unique point in the first/lower
elastic curve:

Pi = (z1(51),21(51)) € L1 where ¢4 < & <7 (T) and ¢ (51) = ¥a(s2),
and
(3.2) Py = (x1(s3),21(s3)) € Uy  where 0 < s3 < £1 and ¢ (s3) = 12(s4).
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Assertion (3.1) then says
.1‘1(83) < $1(§1).

The arclength §; is also a continuous function of € [z2(¢2), a2(T)] which is smooth on the
interior of the interval. (Note that §; = s; when £ = z2({3); in this case (z1(s1),21(s1))
and (&, aa(—n/2)) are the left-most points of each curve. Generally, P; = (z1(s1), z1(s1)) is
a different point which lies directly below Ps.)

Differentiating as in the direct differentiation lemma, we find

ifE (Sd) =2z (83)@ — COS’L/}1(33) Z2<s4) _ 22(84)
d¢ 1 1 d¢ cos Yo (s4) 21(53) 21(33)'

Similarly,
d R o 22(82)
dfml(sl) = zl(§1) .
We see then that the result will follow if we can show
zo(s4)  z2(s2)
21 (83) Zl(él).

(3.3)

Given the correspondence of Py to P, and P; to Py by inclination angle ¢, we compute

d Py(t) _ sint (61 B ﬂz)
dt 31 (t) B2

B2 B
since df;/dt = 2;/1; = sint/B;. Tt follows that

d Ba(t)
dt B1(t)

>0 for max{—m,2(s4)} <t < min{0,T}.

We conclude
z(s4)  z22(la)  z2(s2)
z1(s3)  z1(61)  z1(51)

Note: It may be that —m < 6, but if so, then as(—m) is still well-defined and as(T) <
as(—m). One may also be concerned that T > 0; this can only happen if (s > (,, and in
this case, i.e., in case 4 of Lemma 1, we find

1 - t —7/2 ¢
O[Q(T):a+</ cos d cos
0

(3.4) for xo(ly) < &€ < min{as(T), as(—n)}.

—dt + —dt
V2 Ve —cost _» +Jc—cost
0 cost T cost
+ —dt + —dt
—x/2 V€ —cost 0o Vc—cost
1 0 cost cost T cost
2(=") ﬂ(/_ﬂ/g(\/c—cost \/c+cost> o vc—cost )

> 0[2(0)
> O[Q(—ﬂ').

(See the proof of Lemma 1.)
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It remains to establish (3.3) when we know min{as(T), ae(—7)} = ag(—7) < az(T') and
Pa2(s4(T)) < —m. For each ¢t with —37/2 < 0 < 1)9(s4(T)) < t < —m, and corresponding
points

Py = (21(s3), 21(s3)) = (cu(t), Br(t)) € Uh
and
Py = (22(s4), 22(54)) = (02(t), B2(t)) € Ua,

there are symmetric points

Py = (a1(=2m —t), B1(—2m — 1)) = (a1 (27w — 1), B1(t)) € Uy
and

]54 = (042(—27'(' — t),ﬁg(—Q?T — t)) = (042(—271' — t),ﬁg(t)) € Us.

Since —m < —27 — ¢ < —m/2 and the z-coordinates are the same, we have from (3.4) that

za(sa) _ Pa(t) - 215
z1(s3)  Bi(t)  z1(l)’

The same kind of symmetry applies to the lower graphs with respect to ¢t = 0 so that the
quotient inequalities of (3.4) hold also for z3(¢2) < & < as(T'). Thus, (3.3) follows and the
lemma is proved.

As a technical note, we mention that the lower bound on sg in (3.2) can be given somewhat
more precisely as follows. Consider the unique arclength py < ¢ for which zo(ug) = ao(T).
Consider also the unique arclength ps < ¢; for which ¢ (u3) = ¥2(p4). Then it is clear that
83 > 3. O

We are now in a position to determine how the correspondence of the lower graphs by
inclination angle comes to an end.

Corollary 6. T = min{t (m7),2(m3)} = 1 (mF) < a(m}).

Proof. Notice that m} is the first positive arclength s for which (z;(s), 2(s)) is not in the
open quadrant R = {(z,2) : ¢ < a,z > 0}.

Assume T = t2(m3) < t1(m7). This means there is some §; < mj for which P, =
(z2(s2), z2(52)) € IR and Py = (x1(51), 21(51)) € R as well.

By Lemma 3, we know that z1(81) < 22(s2). Since z1(81) > 0, this means z9(s2) >
and z2(s2) = a. But then & = & = a3(T') = a. In particular, z3(s4) = a and ¥a(s4) = 0.
This means x1(s3) = a = x1(81) as well, but this contradicts Lemma 5 which says z1(s3) <
1171(§1). O

)

0
0

Let pu3 < m3 be defined by

(z2(13), 22(13)) = (@2(T), B2(T)).

Corollary 7. If P = (&, B1(&1)) and Q = (&2, B2(&2)) correspond as in Theorem 2, and
wa(ly) < & < wa(us), then

z1(s1) < z2(s2) and  4hi(s1) < Pa(s2)

as asserted in Theorem 2.
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Proof. Comparing Figures 4 and 5, we see the identifications Q = P, and q = (&2, B (&) =
Py, and P; = p = (z1(s3),21(s3)) from the proof of Theorem 2 are consistent with the
secondary comparison of Lemma 5. Thus, the point P = P is directly below p = P5 on the
lower graph £1 while Py = (21(31), 21(51)) = (a1 (¢2(s2)), B1(1h2(s2))) is the point described
in the secondary comparison. By Lemma 5,

§1=z1(51) = 21(83) < 21(81) = 1 (Ya2(s2)).

Since x; and vy are both increasing for {1 < s < m} and ¢; < s1,8 < mj, this means
s1 < §1 and

(3.5) Y1(s1) < 1(81) = Pa(s2)-
Thus, we have the angle comparison of (2.7) at least for z3(f2) < & < zo(p3).
In view of (3.5), we can apply part 3 of the direct differentiation lemma (Lemma 4) to
conclude
21(81) < 22(82)
as long as —7m/2 < 1(s1) < 0.
If there are further points for which 0 < t1(s1) < t2(s2), then since s; < §; we have

21(81) < Zl(él) < 2’2(52)
by Lemma 3. This completes the proof of the corollary. O

We next consider the possibilities when £ = & > xa(u3). We know (z1(m3), z1(m7)) €
OR, and we consider various cases.
case 1. z1(m7) = a and z;(m7) > 0.

In this case, m] = o1. Let us assume that the closed set

F = {s3 € (3, m3] : 21(s1) > 22(s2) or P1(s1) = ¥a(s2)}

is nonempty. Then there is a first arclength s = si’ € F and a corresponding s” where
either 21 (sf") = 29(sL"), 11 (sf") = a(sL), or both.
case la. x1(m7) = z1(01) = a, 21(m7) = 21(61) > 0, and ¥ (01) < 0.

In this case ¥1(s1) < 0 for ¢; < 1 < 01, and part 3 of the direct differentiation lemma
(Lemma 4) applies for £; < s; < si" so that

(3.6) z1(81) < z2(s2) for xa(fly) <€ < xg(sg).
This means, in particular, that z9(s2) > 0 for u} < so < sf. Since 1/}2 = 29, it follows that

(3.7) ba(s2) = a(pz) = P1(on) > i(s1) for wa(la) <& < walsy).
Together (3.6) and (3.7) contradict the existence of s = min F.
case 1b. z1(m]) = z1(01) = a, z1(m]) = z1(01) > 0, and 91(o1) > 0.
In this case we know (3 > (. and z; > 0 globally. Since (o > (3, the same assertion holds
for the second /upper curve. It follows that

(3.8) Pa(s2) > h1(o1) > P1(s1) for wo(py) < & < wa(sy) < a,
and

29(82) > z1(01)  for mo(ud) < & < a.
Since the desired angle comparison of (2.7) is not violated, we must have

z1(s7) = 22(s5) > 21(01).
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The only way this can happen is if 1 (sf) < 0, i.e.,, Q = Pf = (22(s%), 22(sL)) is to the
right of the global minimum of the second/upper curve and Pf = (x1(st), z1(s1")) is to the
left of the global minimum on the first/lower curve. In summary, letting s?, j = 1,2 denote
the arclength for which the respective minima are achieved, we have

s9 < sk <my =09, 0 <si<sl and 2 (s)) = z(sh).
It follows that for € > 0 small enough, the point Q = Py = (z2(s5 — €), 22(s5 — €)) has

22(s3 —€) < 2(s3),
while the corresponding point P = (z(s$), z1(s)) for some 5§ < s¥ satisfies
21(s7) > z1(s7) = z2(s3).

Since &€ = xo(sL — €) < x9(s)"), this contradicts the fact that si” = min F.

These contradictions show that F© = 0 and the conclusion of Theorem 2 must hold in
case 1.
case 2. x1(m}) < a and z(m}) = 0.

We begin with zo(u3) > 0 = z1(m}) = z1(m1) and 1 (m3) = ¥1(m1) < e(pd). It will be
noted that the hypotheses of parts 3 and 4 of the direct differentiation lemma hold initially for
each £ > x3(pu}). These hypotheses continue to hold and imply (2.7) for zo(u7) <€ < a. O

In view of the foregoing proof, Corollary 2 may be sharpened/extended. In order to apply
the comparison of graphs in Theorem 3 on an interval extending to the left of z = a it is
only necessary to have an initial £ € [x2(¢2), a] for which

Bi(§) < By(§) and  Bj(§) < By(S).

These conditions will hold for ¢ = z5(u3) the termination point on the upper curve for
the inclination angle correspondence. Furthermore, B (z2(3)) < Ba(x2(u3)) as we now
explain.

In the situation of case 1 we know x1(s1) = z3(s3) < w2(84) = x2(s2) < x1(01) = @ and
z1(s1) < z2(s2) for xa(ly) < & < za(p3). But also, z1(51) < z2(s2) for xa(fs) < & < xo(u3)
by Lemma 3. Letting s7 denote the value of s; when & = x4(p3), this means

z1(s]) < w2(pz) <zi(o1) =a and  Ba(z2(uz)) > max{Bi(z1(s1)), Bi(z1(o1))}.

By convexity, Ba(xa(p3)) > Bi(z2(p3)). Also, since ¢2(p3) = 11(01) in this case, we have
VYo () > 1 (27 (Bi(z2(p3)))) where z7! is the inverse of the restriction of @1 to [¢1,01].
This implies Bj(z2(u3)) > Bi(22(p3)).

In the situation of case 2, we again let s7 be the value of s; when & = z5(u3), and we
find

Bsy(2(p3)) > 0=21(m1) and  Ba(wz(pz)) > 21(s7)
while
V2 (pz) = tha(ma).

If 1(s7) < wa(pd) < x1(my), then the convexity argument we used in the situation of casel
applies.

If z1(m1) < x2(p3) < a, then it is immediate that Ba(xa(p3)) > 0 > Bi(xa(p3)) and
By(w2(p3)) = Bi(z1(ma)) = Bi(z2(p3)).
Final remark/summary: We have considered three different kinds of comparisons be-
tween pairs of elastic curves. The first (Theorem 2 part 1 and Lemma 5) is a simple
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comparison by inclination angle which applies for some continuous intervals 0 < s < mj
and 0 < s < p3 when v;(0) =0 € (—37/2, —m/2). The second (Theorem 2) is a somewhat
complicated combination of inclination angle correspondence (on the upper graphs) and
vertical correspondence by shared z-coordinates. The third (Theorems 1 and 3) is simple
comparison of graphs over the z-axis. The three corresponding ranges of application overlap
with the first comparison extending into the lower graphs (Lemma 5), the second applying
precisely to the lower graphs, and the third applying at least where the first ceases to apply.
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AN EXTRAPOLATION THEOREM IN NON-EUCLIDEAN GEOMETRIES
AND ITS APPLICATION TO PARTIAL DIFFERENTIAL EQUATIONS

JONAS SAUER

ABSTRACT. We prove a generalization of an extrapolation theorem in the fashion of
Garcifa-Cuerva and Rubio de Francia towards R-boundedness on weighted Lebesgue
spaces over locally compact abelian groups. This result can be applied to show maximal
LP regularity for differential operators that correspond to parabolic evolution equations
subject to more general spatial geometries, for example the partially periodic Stokes op-
erator. As a main tool, we generalize the classical Muckenhoupt theorem on maximal
operators to locally compact abelian groups.

1. INTRODUCTION

In the setup of R™ the concept of Muckenhoupt weights has been studied extensively
throughout the last four decades or so, with many remarkable results in the fields of harmonic
analysis, weighted inequalities and partial differential equations (cf. [2], [9], [11], [12], [13],
[14], [19], [20], [25]). For ¢ € (1,00), a nonnegative weight function w € L{ (R") is said to
be in the Muckenhoupt class A, (R™) if

a
7

1 1 a’ ¢
Ay (w) :=sup sup 7/ wdzx / w e dx < o0,
! r>0yen \ [Br()] /B, @) 1Br ()| /. ()

where B,.(x) denotes the open ball of radius r around the center z, and where ¢’ is the Holder
conjugate of ¢q. The weight w is said to be in A;(R™) if there is a constant ¢ > 0 such that
Mpgrw(z) < cw(zx) for almost all z € R™. Here, Mg~ denotes the usual (centered) Hardy-
Littlewood maximal operator on R™. These classes of weights have been introduced by
Muckenhoupt, who considered such weights for bounded intervals and products of intervals
[21].

Muckenhoupt weights are known to possess several interesting properties. In particu-
lar, the maximal operator is bounded on weighted L%-spaces for ¢ € (1,00), see Theorem
V.3.1 in [25]. This result was used by Garcia-Cuerva and Rubio de Francia to show their
Extrapolation Theorem in Section IV.5 of [13], which states that if a family of operators
is uniformly bounded in LZ(R™) for one ¢ € [1,00) but all w € A4(R™), then it is already
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bounded in L?(R") for all p € (1,00) and all v € A,(R™). Strengthening this result towards
R-boundedness of families of operators as defined in Section 4, Frohlich [12] proved maximal
LP-regularity of the Stokes operator on weighted spaces L% (), where Q is the whole space,
the half space or a bounded domain of class C''!. For details about maximal LP-regularity,
see e.g. [6], [17].

In this paper, we wish to generalize the theory of Muckenhoupt weights and extrapolation
towards locally compact abelian groups G. We apply the abstract methods obtained here
in [23], [24] in order to obtain maximal regularity of the partially periodic Stokes operator
and to treat a spatially periodic nonlinear model describing the dynamics of nematic liquid
crystal flows. Let us briefly discuss how the results of the present paper affect the Stokes
equations in R" exhibiting a periodic behaviour in some of the space dimensions. For
simplicity, assume that there is exactly one direction of periodicity, say in z,-direction.
That is, we consider for a fixed time T > 0 the set of equations

ou—Au+Vp =f in (0,7) x R™,
diveu =0 in (0,7) x R™,
(1.1) u(0) =g in R™,
u(t, ', xn + 27) = u(t, 2’ z,),
lim w(t,2’,z,) =0,
|z’ | =00

with periodic external force f(¢,2', x,,) = f(t,2', x,+27). We analyze this problem in an L9-
setting, whence the decay condition in the last line of (1.1) will always be fulfilled, at least in
the sense of summability. Taking the work of Kyed [18] on the time-periodic Stokes equations
as an inspiration and introducing the locally compact abelian group G := R"~! x R/27Z, we
can use the Fourier transform on G to define the Helmholtz projection P : LY(G) — Li(G),
1< g < oo, via

FalPfl(n) = (I — W)]—"G[f](n), 0£nel =R1x2,

and equivalently reformulate (1.1) as an abstract Cauchy problem on the Banach space
L1(G) via

ou+Au = f in (0,7),
(1.2) { w(0) = uo,
where the partially periodic Stokes operator A is defined as usual, i.e., A := —PA. We

wish to establish maximal LP-regularity of the partially periodic Stokes operator, which is
equivalent to the R-boundedness of the family of resolvent operators {A\(A+A4)"H X € Sy, =}
with ¥yyz :={A € C: |arg\| <9+ §, A # 0} for some J € (0,7/2). Thus, the question is
how to obtain the corresponding R-bounds. In [24] we show that at least uniform bounds
can be obtained via Fourier analysis on the group G. These uniform bounds hold true
not only in L4(G), but in fact in all Muckenhoupt weighted L% (G)-spaces as introduced in
Section 3 below. Therefore, the aim of this paper is to establish an extrapolation theorem
which ensures that R-boundedness follows already from uniform boundedness in all weighted
spaces. Theorem 2 gives exactly this.

Note that on locally compact abelian groups one can define a nontrivial, translation in-
variant, regular measure p, called Haar measure [1], [4], [15], [27], with u(K) < oo for
all compact K C G. Furthermore, such a measure is unique up to multiplication with a
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constant. However, we often deal with the measure du,, := w dy, which is not translation in-
variant anymore. Therefore, if not stated otherwise, we shall drop the translation-invariance
condition on p. For ¢ € [1,00] one can thus introduce the space LI(G) of g-integrable func-
tions f : G — R, which turns into a Banach space if equipped with the usual norm

1l = ( / Ifl“du>q . qelLoo),

I = p-esssup 1.

Further we introduce the notion L?*°(G) for the weak L7(G)-space, as introduced e.g. in
[26]. Note that the space of continuous functions with compact support Cy(G) is dense in
L1(@G) for all ¢ € [1,00), see Appendix E.8 of [22] for details.

As we wish to carry over as many concepts known from classical harmonic analysis as
possible to the general setting, we will have to assume that the group G is furnished with
something that resembles the concept of balls and that the measure p enjoys a doubling
property with respect to these balls. We therefore make the following assumption.

Assumption 1. Suppose that G is a locally compact abelian group equipped with a non-
trivial and regular measure pu, such that u(K) < oo for all compact K C G. Furthermore,
assume that there is a local base of 0 € G consisting of relatively compact measurable
neighbourhoods Uy, k € Z, such that
(i) UU=G,
keZ
(ii) Ux C Up, if k < m,
(iii) there exist a positive constant A and a mapping 6 : Z — Z such that for all k € Z
and all x € G

k< 0(k),
Uk — Ux C Upry,
(x4 Ugary) < Ap(x + Uy).
Observe that necessarily A > 1 because Uy C Ug(y)-

Remark 1. From now on, we will always assume that the locally compact abelian group
G admits a family of sets (Uy)xez satisfying Assumption 1. We will call any set of the form
x+Uy, x € G, k € Z a base set. 1t is instructive to think of such base sets as an equivalent of
balls in the R™ with center in = and radius 2¥. Observe that by the following considerations
we can assume without loss of generality the base sets to be symmetric and the function 6
to be non-decreasing.

(i) Replace 0 by 6 defined via
(k) :=min{l € Z: 1 > k with Uy, — Uy C Uy }.

The thusly defined function is non-decreasing and satisfies f(k) < (k) for all k € Z.
Therefore, for all x € G and k € Z,

1Ugy) < mUpy) < Ap(Uk),

and hence we may assume that 6 is non-decreasing.
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(ii) We call a set U C G symmetric if U = —U. Since G is abelian, the set V :=U —U
is symmetric for any U C G. Replacing the base sets Uy by the symmetric sets
Vi := Uy — Uy, and replacing the doubling constant A by A2, we may assume that
all of our base sets are symmetric. Indeed, the Vj still form a local base of 0 € G
consisting of relatively compact neighbourhoods, see e.g. Appendix B.4 of [22].
The inclusion Vi, C V;, for k < m is obvious and the union of the Vi (D Ug) covers
the whole group.

Concerning condition (iii) of Assumption 1, we see

Vie = Vi C Uy — Ugre) = Vai)-

Moreover, the doubling property will be fulfilled with constant A2, since for all
re€Gandal keZ

(@ + Vo)) < (@ + Ugzy) < Apa + Up) < Ap(a + Vi).

Thus, from now on we will assume the base sets Uy to be symmetric and we will
write Uy — Uy, = Uy, + Uy =: 2Uj,.

Remark 2. Among the most prominent groups satisfying Assumption 1 are the groups R,
Z, the torus T and finite products of these groups.

(i) In the case of the real numbers R equipped with the Lebesgue measure, define
Up = (—2F 1281 A =2 and O(k) = k + 1.
(ii) For integers, an analogous construction to (i) corresponding to the counting measure
satisfies Assumption 1. Namely, choose Uy := (=2F"1 2F-1)N7Z A = 3 and
(k) =Fk+ 1.
(iii) If one chooses the arc length as a measure on the torus, possible choices are
Upg:={2€C:|argz| <2F}, A=2and § =k + 1.
Moreover, if G is a locally compact abelian group with an increasing sequence (Ug)gez of
compact open subgroups, such that

keZ kez
then Assumption 1 is fulfilled if and only if A := sup,cy |Uy : Uk—1| < 00, and one may take
0(k) = k41 in that case. See Examples 2.1.3 in [10] for details.

Let us define the (centered) mazimal operator on G. Suppose f € L (G) and define the
sublinear operator

1
(13) Mof(e)i=sup s [ fld
rez (T + Uk) Jotu,
Note that Mg f is obviously lower semi-continuous and therefore measurable.
Our two main theorems can be viewed as direct generalizations of their equivalents in the
classical R™-setup. For the definition of A,(G)-consistency see Section 3.

Theorem 1. Let G be a locally compact abelian group satisfying Assumption 1 and assume
g€ (1,00) andw € Ay(G). Then Mg is bounded in LL(G) with an Ay(G)-consistent bound.

Theorem 2. Let G be a locally compact abelian group satisfying Assumption 1. Suppose
that r,q € (1,00), w € Ay(G) and that Q C G is measurable. Moreover, assume that T is a
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family of linear operators such that for all v € A,.(G) there is an A, (G)-consistent constant
¢r = ¢r(v) > 0 with

ITfllLr ) < crllfllLr

forall f € LT(Q) and all T € T. Then every T € T can be extended to LL(Q) and T is
R-bounded in L(LZ(K2)) in the sense of Definition 4 with an A,(G)-consistent R-bound c,.

This paper is organized as follows. In Section 2 we provide further properties of the group
G subject to Assumption 1 and the maximal operator M. In the case of a translation-
invariant measure p, most of the results in this section are known and can be found in
Chapter 2 of [10]. Section 3 is devoted to establishing Theorem 1. Finally, in Section 4, we
provide basic information about R-boundedness and prove Theorem 2.

2. HARMONIC ANALYSIS ON LocALLY COMPACT ABELIAN GROUPS
We first provide some basic properties that follow directly from Assumption 1.

Proposition 1. Suppose Assumption 1 is satisfied.

(i) For every x € G and k € Z it holds p(xz + Uy) > 0.
(ii) The interiors of the base sets Uy cover G, i.e., Upey Ur = G. In particular, for
every compact K C G there is k € Z such that K C Uy.

Proof. (i) By Assumption 1 (i) and the regularity of measure p, we easily deduce
w(x +Ug) = u(G) as k — oo. Since p is nontrivial, we have p(G) > 0 and hence
there exists K € Z with u(x + Ug) > 0. Then for k € Z, Assumption 1 (iii) gives
k < 6(k), which shows that for all k € Z there exists N € N with 6V (k) > K.
Hence

0 < e+ Ux) < pla+ Upviy) < ANp(e + U),

proving the assertion.

(ii) It suffices to show that for every k € Z we have Uy, C Tofg(k) and then use property
(i) of Assumption 1. So fix k € Z and choose an open neighbourhood O of 0 € G
such that O C Uy. Then we have

Uy CO = | (z+0)C 20Uy

xzeUy

Observe that O’ is open, since it is the union of the open sets x + O. It follows
Ur C O" C Uy(yy and by definition of the interior even Uy C O" C (?g(k), which is
what we wanted to show. )

For the assertion about the compact set K we note that {Ug}rez is an open
cover of K and we thus find a finite subcover by compactness. But since the base
sets Uy are nested, so are their interiors, and so the finite subcover consists only of
the largest element. Hence there is k € Z with K C [j'k C Uy. O

One can define the uncentered maximal operator Mg in an analogous way, if one takes
the supremum in (1.3) not only over all k € Z, but also over all centers y € G such that
x € y+Uy. By a similar reasoning as for the centered maximal operator, M¢ f is measurable.
In fact, the uncentered maximal operator is comparable to the centered maximal operator.
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Lemma 1. Let f € L} _(G). Then

loc
(2.1) Maf < Maf < A*Mgf.
Moreover, for all x € G it holds

1
M f(x) ;== sup sup

_ Fldn < M f(x).
keZ y+Us sz 1Y + Upz (1)) /y+Uk| | c/(@)

Proof. The first inequality of (2.1) is obvious. For the second inequality, let =,y € G and
k € Z be such that x € y + Uy. Hence, we obtain x + Uy C y + Uy, and the doubling
property yields

1wz + Ugry) < Ap(z + Ui) < Ay + Ugry) < A%uly + Uy).
On the other hand y + Uy, C = + Uy, and thus

1 / 1
- fldp < ——— / fldp
M(y + Uk) y+Us ‘ | /L(y + Uk) z+Ug (k) l
A2
e fldg.
p(x + UQ(k)) /96+Ue(k) | ‘

Taking the supremum first on the right-hand side and then on the left-hand side yields (2.1).
The second assertion follows analogously if one observes that = + Up) C y + Upgz(x)- |

As the measure i possesses the doubling property, we expect the weak estimate

A
(2.2) p{z € G: Maf(z) >th) < - fl, t>0,
and even the stronger form
2A
(23) ploeGiMef@) > <0 [ fjdn t>0
{1f1>¢/2}

In order to show this, we need the following covering lemma due to Edwards and Gaudry
[10] to apply the known technique from the R™-setting.

Lemma 2. Let E be a subset of G and k : E — Z a mapping bounded from above such that
for every kg € Z the set {x € E : k(x) > ko} is relatively compact in G. Then there is a
sequence (x,) C E, finite or infinite, such that

(i) the sequence (k) := (k(zy)) is decreasing,
(i) the sets x, + Uy, are pairwise disjoint and
(iii) E C U (xn + 2Us,).

Proof. The lemma has been proven in Lemma 2.2.1 of [10] in the case of an translation
invariant measure u. The proof in the more general case considered here needs some modi-
fications.

If there is a finite sequence x1, ..., %, of points of E such that (ii) and (iii) are satisfied,
then one can always achieve (i) by relabelling and there is nothing further to prove. Hence,
assume that there is no such finite sequence.
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Then, arguing exactly as in [10], we find a sequence of points (z,,)nen C F such that (i)
and (ii) are satisfied and such that k,, = max{k(z) : x € A,_1}, where

A, :E\ U l’l+2Ukl
1<i<n

It remains to proof (iii), i.e, that the intersection over all A4, is empty. Were this not the
case, there would exist a point @ € E belonging to every A,, yielding k, > k(x) for all
n € N. Therefore, by assumption, the set M := {x,, : n € N} is relatively compact in G.
Since Uy, C Uy, and Uy, is relatively compact, it follows that

Fo= ] (@n+Us,) C M+ U,
neN

is relatively compact and so u(F) < u(F) < oo. On the other hand, the compact set
M is contained in a base set Ux, K € Z, by Proposition 1 (ii). Hence z,, € Uk for all
n € N. Furthermore, by the monotonicity of §, we find N € N with 8V (k(z)) > K, and so
0e Ty + UGN(k(JL)) This shows

Uk C (J,‘n + UON(k:(;z))) + Uk Cxp + 2U9N(k(,£)) Czp+ UON+1(k(x)).
Since the z,, + Uy, are disjoint, this finally yields
WF) ="l +Ui,) > > il + Usay)

neN neN
> A-(NHD Z [1(@n + Ugnat (j(ay)) = A~ Z w(Uk) = oo,
neN neN

since u(Uk) > 0 by Proposition 1 (i). This contradicts the finiteness of p(F). Hence
Mnen An is empty, finishing the proof. [

Theorem 3. Let ¢ € (1,00]. Then the mazimal operator Mg is bounded in LY(G). Fur-
thermore, M¢ is weakly bounded in L*(G), i.e., estimate (2.2) (and even (2.3)) holds true.

Proof. Since Mg f is lower semi-continuous for f € L, (G) and obviously Mg f(z) < || f]lo
almost everywhere, the maximal operator extends to a bounded operator in L™ (G).
Let us now establish (2.2). Assume that ¢ > 0 is such that (G) > 2| ||, since otherwise

the assertion is trivial. As we want to apply Lemma 2, consider the set

E,:={x € G: Mgf(zx) > t}.
If E; is empty, there is nothing to prove. Otherwise, choose a compact subset E; C E; and
define a function k : Ef — Z via

k(x):max{kGZ: f|du>t}.

o ).

This mapping is certainly well-defined. Indeed, if there was no maximal k € Z, then we
would find a sequence (k,,) C Z with k,, — 0o as n — oo such that for all n € N it holds

A 1 1
- > = > =
ST

/ |fldp > w(x + Uyg,) — pu(G), as n — oo,
tJarun,

contradicting our assumption.
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We have to show that the mapping k is bounded from above. Assume again otherwise.
Then we find (2, )neny C E} such that &, := k(z,) — 00 as n — oo. Since Ej is compact,
there is a K € Z with {J,cn{zn} C Ef C Ux by Proposition 1 ii. Taking sufficiently large
n € N, we obtain k, > K. Therefore 0 € x,, + Uy, and consequently Uy, C x, + Up,)-
Hence, we see

w(Uk,) < p(@n + Usr,)) < Ay + Uy,).

But then
A

A
Sl =% [ 14> Auta+ ) > n(U,) = w(G). a5 n = .
Tn+Uk,

yielding again a contradiction.

Since for every ko € Z the set {z € Ej : k(x) > ko} is a subset of the compact Ej
and therefore relatively compact in G, we can invoke Lemma 2 to obtain a finite or infinite
sequence of points z, such that E; C J (z, + 2Uy, ), but the sets z,, + Uy, are pairwise
disjoint and it holds p(zy + Uy, ) < ¢ on UL |f] dpe. Assume the obtained sequence to be
infinite, the finite case being even easier. This yields

WE) <Y plan +20,,) < A wlen + Us,)

n=1 n=1

A& A
<23 [ inans S
n=1

Observe that this estimate is independent of the compact subset E] C E;. Since E; is open by
the lower semi-continuity of the maximal operator and since the measure p is inner regular,
we may take the supremum over all compact subsets of E; to obtain (2.2). Therefore Mg
is continuous from L'(G) to L1>°(G).

Inequality (2.3) can be verified by a standard argument using (2.2), see e.g. Chapter 1.3.1
of [25].

Since M is weakly bounded in L*(G) and bounded in L*(G), it is also bounded in L4(G)
for ¢ € (1,00) by the Marcinkiewicz interpolation theorem, see Appendix A in [10]. (]

n+Uk,

3. MUCKENHOUPT WEIGHTS

Assume that G is a locally compact abelian group with a measure p satisfying Assumption
1.

Definition 1. Given a weight function w € L. (@), we denote by f, the measure defined

via ji,(E) := [pwdp and by LL(G) the space of all measurable functions such that the
g-norm with respect to the measure y,, is finite. Furthermore we denote by Mg, the
maximal operator defined as in (1.3) with respect to the measure p,.

Definition 2. Let ¢ € (1,00). A function 0 < w € L}, (G) is called an A,(G)-weight if

00 i (i [o) (i [ <

where the supremum runs over all base sets U € G. In that case, A4(w) is called the A,(G)-
constant of w. We say that w belongs to the Muckenhoupt class A4(G) or even w € A,(G)
if it is an A4(G)-weight.
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Furthermore, we call a locally integrable, nonnegative function w an A; (G)-weight if there
exists a constant ¢ > 0 such that

(3.2) Megw(z) < cw(z), a.a. x € G.

The infimum over all these constants is called the A;(G)-constant of w and is denoted by
Al (w)

We call a constant ¢ = ¢(w) > 0 that depends on A,(G)-weights A,(G)-consistent, if for
each d > 0 we have

sup{c(w) : w is an A,(G)-weight with Ag(w) < d} < oco.
Let us note some important observations on basic properties of the Muckenhoupt classes.

Proposition 2. (i) Let w € Ay(G) for g € (1,00). Then the following hold true.
(a) w € Ap(G) for p € (¢,00) and Ap(w) is Ag(G)-consistent. Here, even the
end—/pomt case ¢ =1 1is allowed. )
(b) w T € Ay (GQ), where ¢’ is the Hélder conjugate of q. Moreover, Ay (w_q?) is
A4 (G)-consistent.
(i) Let 0 < w € L}, (G) and let q € [1,00). Then w € A, (G) if and only if there
is an A,(G)-consistent constant ¢ > 0 such that for every nonnegative measurable
function f: G — R and every base set U C G it holds

(i) (a) Let r,q € [1,00) with ¢ < r and let wy € A4(G), w1 € A1(G). Then it holds
wo - wi "€ A (G) and
A (wo - wi™") < Ag(wo)Ag(wr)" 1.
(b) Let r,q € (1,00) with r < q and let wy € A4(G), w1 € Ai1(G). Then it holds
(wo™t - wi MY € A (G) and

q—r

A (™ wd YD) < A (wo) T Ay (wr) 5T

(iv) Let g € [1,00) and w € A4(G). Then
(a) the measure u,, is reqular and has the doubling property, i.e.,

,U'w(x + U@(k)) < Cw,ufw(x + Uk)

for all x € G and k € Z, where c,, > 0 is an Ay(G)-consistent constant,
(b) slightly more general, for any base set U and any measurable subset S C U we
have

#(SHN? _ p(S)
(34 (u(U)) SCuw(U)’

where ¢ > 0 is the bound appearing in (3.3),

(c) it holds L>°(G) = L°(G) with equal norms,

(d) Mg, is bounded in L?(G) for all 1 < p < 0o and weakly bounded in L} (G)
with an A4(G)-consistent bound.
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Proof. Parts (i) and (ii) are analogous to [13]. The respective consistencies are apparent
from the proof given there. Part (iii) is analogous to Lemma 2.1 of [9]. Thus, we concentrate
on part (iv).

Regularity follows by Lebesgue’s Theorem on Dominated Convergence. To verify the
doubling property, simply use (3.3) with U = = 4 Up(xy and f = Xp4v,. Since p has the
doubling property with doubling constant A, we obtain (iva) with ¢, = cA?.

For (ivb), we argue analogously, using (3.3) with f = xs.

To show (ivc), recall that the norm on L2°(G) can be represented via

[ fllzee () =sup{r € R: p,({x € G : f(x) > r}) > 0},

and a similar expression for the norm on L*°(G), if we replace the measure p,, by the mea-
sure ji. Since ju,, is absolutely continuous with respect to j, clearly || f||ec(a) < [|fllze(q)-
Moreover, w > 0 almost everywhere, excepting the trivial case w = 0. Indeed, if w = 0 on
a set S such that u(S) > 0, we get in virtue of (3.4) that u,(U) = 0 for every base set U
containing S. If S is not contained in any base set, then consider the set S := SN U for

some base set U large enough such that p(S) > 0, which certainly exists, since otherwise

u(S)z,u(U(SﬂUk)> <> uSnU) =0.

kEZ keZ

Hence, w = 0 almost everywhere on every base set containing S and thus on the whole
group G. This shows that for every nontrivial Muckenhoupt weight w we have w > 0
almost everywhere. Thus, p is absolutely continuous with respect to p,. Consequently
1l (c) = IfllLe (e)-

The boundedness of the maximal operators follows by Theorem 3. Marcinkiewicz’ inter-
polation theorem yields together with part (iva) the A,(G)-consistency of the bound. O

The Muckenhoupt weights can be characterized as those weight functions such that the
maximal operator is weakly bounded in the weighted function space LE (G). In fact, Theorem
1 states that for ¢ € (1, 00) the maximal operator is bounded in L%(G) even in the strong
sense. However, we first focus on the weak boundedness, which is true also for ¢ = 1.

Theorem 4. Let 0 <w € L}, (G) and let ¢ € [1,00). Then w € A,(G) if and only if Mg

loc

is bounded from LL(G) to LL™(G) with an A4(G)-consistent bound.

Proof. Assume w € A,(G). We can apply Proposition 2 (iv) to obtain that Mg, is weakly
bounded in L} (G) with an A,(G)-consistent bound. Therefore, the “only if” implication
follows by the arguments given in Chapter V.2.2 of [25].

Conversely, assume that Mg is bounded from L% to LL>°. Let f > 0 be measurable and
let U C G be a base set. If

1
(fU)izm/deNZ(),

there is nothing left to prove. Hence, assume (fy7) > 0 and observe that for every x € U it
holds (fy) < Mg f(z) < A2Mg f(x). Fixing 0 < t < (fy), we obtain

U={zeU: Mgf(x)> (fu)/A’}
ClreU: Magf(z) >t/A?} C {z € G: Mgf(x) > t/A?},
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and by the weak boundedness of the maximal operator we obtain

cA%1
po) < = [ £ du
U

Letting ¢t — (fy), we finally see

(o)) < e [ |71 ap
U
and in virtue of Proposition 2 (ii) we obtain w € A,4(G). O

If we want to strengthen Theorem 4 towards strong boundedness, we will necessarily have
to exclude the case ¢ = 1: There are counterexamples even for the group G = R™. Take
for example w = 1. It is easy to see that applying the maximal operator to a nontrivial
nonnegative integrable function never yields an integrable function.

However, if 1 < g = p, then we do obtain such a strong estimate. In the classical setting
G = R", this is called the Muckenhoupt theorem. It is usually proven via the so-called reverse
Hélder inequality (cf. [14], [25]), which in turn shows for ¢ € (1, 00) that w € A4(G) implies
w € A,(G) for some smaller p < g. Then the Marcinkiewicz interpolation theorem may
be applied to show the assertion. Unfortunately, the proof of the reverse Holder inequality
heavily relies on the existence of dyadic cubes. In our situation, we lack of such a concept.
However, Jawerth [16] found a different approach avoiding the reverse Holder inequality
and hence suitable to adapt to our situation. Later, Lerner [19] significantly simplified the
argument.

Proof of Theorem 1. Let f € L9(G) and assume that U := z + Uy, € G, k € Z is a base

set. Define
e = (i fo90) (55 o = 00)
, W) = — w u —_— w 4 u .
@ w(@) Ju 1(0) Jorv,

Note that A, 7(w) can be estimated by A%7A,(w). We write v := w™7/9 and observe that
v € Ay (G) by Proposition 2 (ii). We calculate

’
a

U)/U|fd,“_~’4f1)U(w)%; (/ff(U[])) (,LLV(-T+U02(k) / |flv! duu>(1'> :

a’
q

q

< 4 4, 0) (u‘ff{}) (ing 8. (v 1)@))“)

< a0 (s [ ML an)

q

1
(U)
< A2 A (w) (1 /MGV u),

where the last estimate has been proven in Lemma 1. Therefore we deduce

Q

q a
£ q

Maf(x) < A% Ay(w) T (Maw(Mau(fr=) 7w ™))
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Consequently,
1M Flzzier < A% Age) F 1Mo (Mau(fr ) Fa DI %,
39 < 4% A4, ¥ Mol By IMen (D lssic)
< A% 4,() ¥ 1Ml ¥y IMauligio W s
Here, ||[Mg o ‘LZ,(G) is the operator norm which is bounded by an A,(G)-consistent bound

C(w) by Proposition 2 (iv). Similarly, Mg .| 1) is bounded by an A,(G)-consistent
bound C(w) by Proposition 2 (ii) and (iv). Hence, the assertion follows. O

Remark 3. As remarked in [19], in the classical case G = R™ the bounds of Mgn ,, and
Mg~ ,, are uniform in w € A,(R™) by the Besicovi¢ covering theorem. Therefore, the bound
of the maximal operator in (3.5) reduces to cAy(w)?/? with ¢ = ¢(n,q) > 0 in this case.
Buckley [3] showed that this estimate is sharp, i.e., the exponent ¢’/q is the best possible. It
would be interesting to investigate if one can achieve a sharp result also in the more general
setup considered here.

4. R-BOUNDEDNESS AND EXTRAPOLATION THEOREM

This section is devoted to establishing an extrapolation theorem generalizing the classical
extrapolation theorem due to Garcia-Cuerva and Rubio de Francia towards R-boundedness.
Therefore, we first provide some basic facts about R-bounded families of operators.

Definition 3. We call the sequence of functions (r;);en defined via
Tj- [07 1} - {_L l}a
7;(t) := sgn [sin(2/ "' t)],
the sequence of Rademacher functions.
Remark 4. Note that the Rademacher functions are symmetric, independent and {—1,1}-
valued random variables on the probability space ([0, 1], B, A), where B is the Borel algebra
on [0,1] and A is the corresponding Borel measure. In fact, all arguments used in this section

can be be transferred from Rademacher functions to symmetric, independent, {—1, 1}-valued
random variables on [0, 1] without any changes.

Definition 4. Let X be a Banach space. A subset 7 C L(X) is called R-bounded, if there
exists a constant ¢ > 0 such that
1
dt<e /
x 0

(4.1) /0 1

for all Ty,..., Ty € T, x1,...,2, € X and n € N. Here, (rj)jen is the sequence of
Rademacher functions.

The smallest constant ¢ > 0 such that (4.1) holds is called R-bound of T and is denoted
by Rl (T)

n

> )T

j=1

n

> )z,

j=1

dt
x
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For 1 < p < oo, we can replace the condition (4.1) in Definition 4 by

P 1
dt < RP(T)/
X 0

due to the following lemma, which is known as Kahane’s inequality.

(4.2) ()T,

)

Lemma 3. Let (r;)jen be the sequence of Rademacher functions. Then there is a constant
kp > 0 such that for every Banach space X and for all x1,...x, € X

1 1 P » 1
/ dt < ( dt) §kp/
0 x 0 0

Hence, (4.1) holds with a bound R1(T) := kyR,(T T)# if (4.2) holds with a bound Ry(T),
and (4.2) holds with a bound R,(T) := (kpR1(T))? if (4.1) holds with a bound R1(T).

Proof. See Theorem 11.1 in [7]. O

n

> it

=1

dt.
x

(t)z; (t)z;

In the particular case that X is an L?(X, pux)-space, where (X, ux) is a measure space,
we can give a characterization of R-boundedness that is much easier to handle. It relies on
the following Khinchin’s inequality.

Lemma 4. Let 0 < ¢ < oo and (r;)en be the sequence of Rademacher functions. Then

there is a constant cq > 0 such that
n 1 1
an g (Xlek) < ( / )’ < cq(Z o)
j=1
Proof. See Theorem 1.10 in [7]. O

aj

forallay,...,a, € C and all n € N.

Proposition 3. Let (X, A, ux) be a measure space, q € (1,00) and write X := LY(X, px).
Then T C L(X) is R-bounded if and only if there is a constant ¢ > 0 such that

(4.4) H (Z ij7‘2> <c- H <Z|fj|2)

j=1 & j=1 &
forallTy,.... T, €T, fi,..., fn € X and n € N.
Proof. See e.g. Lemma 4.2 of [12]. |

Remark 5. If in the situation of Proposition 3 the constant ¢ appearing in (4.4) is A4(G)-
consistent, then also the R-bound of T is A,(G)-consistent. Indeed, from the proof of Lemma
4.2 in [12] it is apparent that R4 (T) = cZc is A4(G)-consistent; here, ¢, is the constant from
Khinchin’s inequality (4.3) which is independent of w. But since Ry (T) = k,R,(T)'/? by
Lemma 3, and since k, is independent of the underlying Banach space and therefore in
particular A,(G)-consistent, we see that R1(7T) is A,(G)-consistent.

Proposition 3 suggests that a vector-valued extrapolation theorem is sufficient to pass
from uniform to R-bounds. In fact, in the classical situation G = R"”, such a vector-valued
theorem has been proven by Garcia-Cuerva and Rubio de Francia already in their book
[13]. Since then, their original arguments have been improved and simplified several times,
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see for example [5] and [9]. We will state here a more abstract version following the latter
approach.

Proposition 4. Let G be a locally compact abelian group satisfying Assumption 1 and let
Q C G be measurable. Moreover, let r € [1,00) and assume that there is

Fc{(f,9): f,9: 92— R are nonnegative, measurable functions},
such that for every v € A,.(G),
(4.5) lgllzr ) < el fllzr ), (f,9) € F,

with an A,(G)-consistent constant ¢ = ¢(v) > 0. Then for every q € (1,00) and every
w e AQ(G)7

(4.6) ||9||L$(Q) < CHfHL&(Q)v (f,9) € F,

with an A4(G)-consistent constant ¢ = ¢(q,w) > 0.
If the constant é(w) appearing in (4.5) is of the form N (A, (w)), where N is an increasing
function, then one obtains for the constant in (4.6)

(g, w) = {N(Aq(w)(2||MG|LZ(G))r_q)v if g <,

(4'7) r—1 a-r .
N(Ag(@) T (2| Mall g ) F5), i g >

/
where v = w=7/4,

Proof. See Theorem 3.1 of [9] for a proof in the classical case R™. A quick inspection shows
that the arguments given there only use elementary calculations, Holder’s inequality, the
theorem of Hahn-Banach, the factorization properties stated in Proposition 2 (iii) and, as
the main ingredient, the boundedness of the maximal operator in L? and qu,/. Hence, the
assertion carries over to our setting. O

Remark 6. The bound obtained in (4.7) is of particular interest in regard of Remark 3,
since it provides sharp bounds for the extrapolation theorem in the classical case G = R" due
to the sharp dependence of the maximal operator on the Muckenhoupt weight, as pointed
out by Dragicevié¢, Grafakos, Pereyra and Petermichl [8].

Remark 7. Proposition 4 contains an extrapolation theorem on locally compact abelian
groups in the style of Garcia-Cuerva and Rubio de Francia.

(i) Choose
Fer = {(f,|Tf]) : f: Q2 — R continuous with compact support}.

IfT: L7 (Q) — L () is bounded with an A, (G)-consistent bound, then we always
have

l9llzy ) = ITflly @) < clflleye, — (f,9) € Fa,
and thus Proposition 4 gives us
ITfllze ) = l9llLr @) < ellflle s (f,9) € Fa,

with an A,(G)-consistent constant ¢ = ¢(¢,w) > 0. By density, this yields the
A, (G)-consistent boundedness of T' in LZ ().
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(ii) We also get a vector-valued version of Proposition 4, i.e., under the assumption of
the theorem we have for all p, ¢ € (1,00) and for all w € A4(G)

I£) ..., A(E5)

for all finite sequences {(fj,g;)}7—1 C F, where ¢ = c(g,p,w) > 0 is A4(G)-
consistent. To see this, consider

7= {(r.6) - ((Z_:f)/ <¥g)/) AU < F ),

and observe that Proposition 4 applied with ¢ replaced by p gives for all v € A,(G)
and (F,G) € F,

161 e = Z [ e < cz [ < el

with an A,,(G)—cons1stent constant ¢ = ¢(p,v) > 0. Thus, taking the pth-root, we
obtain |G| zr(ey < cl|F|pp(q) for all (F,G) € F,. If we apply now Proposition 4
again, but this time with exponents r = p, ¢ = ¢ and F = F,, we obtain

I(£)" (27)

with an A,(G)-consistent constant ¢ = ¢(q,p,w) > 0.

1/p

3

L)

Li(9Q)

1/p
=Gy < cllFllra@) =c

LZ(Q),

Li()

We can finally give the proof of our main theorem.

Proof of Theorem 2. We will choose
F ={Uf,ITfD) : f: Q= R continuous with compact support, T € T }.

Then using the vector-valued extrapolation estimate in Remark 7 (ii) with p = 2, we obtain

H<Z|ijj|2> 2 <Z|fj|2> )
j=1 j=1

for all Ty,...T, € T, f1,...,fn and all n € N. Hence, Proposition 3 yields the R-
boundedness of 7 and Remark 5 shows that the R-bound is A,(G)-consistent. g

)

L () L)
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